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Abstract

Multiple-valued residue arithmetic circuits using integers
47 and 4* £ 1 as moduli of residue number system(RNS)
are presented. Conventional residue arithmetic circuits
have been designed using binary number arithmetic sys-
tem, but the carry propagation arises which limits the
speed of arithmetic operations in residue modules. In this
paper, a radiz-4 signed-digit(SD) number system is intro-
duced, and the compact SD adder based on the multiple-
valued current-mode circuits 1s applied for the implemen-
tation of high-speed and compact residue arithmetic cir-
cwits. The modulo m addition, m = 4P or m = 4P + 1,
can be performed by an SD adder or an end-around-carry
SD adder with the multiple-valued circusts and the addi-
tion time s independent of the word length of operands.
Modulo m multiplier can be compactly constructed using
a binary modulo m SD adder tree based on the multiple-
valued addition circuits, and the modulo m multiplication
can be performed in a time proportional to logyp.

1. Introduction

The residue number system(RNS) has the well-known
property that the ith residue digit of sum, difference,
and product is exclusively dependent on the ¢th digits of
the operands[1]. This property determines that truely
parallel operations can be performed on all residue digits.
Various methods of applications of RNS in digital signal
processing have been proposed|2].

Integers 2" and 2" + 1 are commonly used as moduli
for RNS, because the additions modulo 2" or 2" £ 1 can
be implemented by r-bit binary adders[1, 3]. Some mod-
ulo 2" +1 multipliers have been proposed[4, 5]. However,
since these modulo 2" £ 1 adders and multipliers are de-
signed based on the ordinary binary arithmetic system,
the carry propagation arises during additions and limits
the speed of arithmetic operations in residue modules.

It is known that carry propagation is limited to one po-
sition during additions of signed-digit (SD) numbers[6].
A number of high-speed arithmetic circuits based on
SD number systems have been presented [7, 8, 9]. For

residue arithmetic, radix-5 SD multiple-valued arith-
metic circuits have been proposed based on the con-
cept of the pseudo-primitive root[10]. We have also pre-
sented a modulo 2P — 1 arithmetic algorithm using radix-
2 SD number representation[11]. In this paper, a radix-4
SD number representation is introduced to the residue
number system, so that high-speed and compact residue
arithmetic circuits can be implemented using multiple-
valued current-mode circuits and a radix-4 SD number
is easily converted to binary one.

First we give the definition and some properties on re-
dundant modular representation for RNS, by which the
efficient modular arithmetic algorithm with SD numbers
can be constructed [12]. Then by using a set of integers
4P and 4P £ 1 as moduli m and applying the radix-4 SD
number representation to the RNS, the modulo m ad-
dition may be implemented simply using a p-digit SD
adder or an end-around-carry SD adder. The SD adder
can be compactly implemented using the multiple-valued
current-mode circuits. Thus the complexity of the mod-
ulo m adder is the same as that of a p-digit SD adder,
and the modulo m addition time is independent of the
word length of the operands. A modulo m multiplier
can be implemented by a binary modulo m SD adder
tree, whose layout for VLSI may be simpler than that
of SD multiplier because all of modulo m adders in the
multiplier have the same word length structure. In this
case, the time required for the modulo m multiplication
is proportional to logsyp.

2. Residue Number System Using
Redundant Modular Representation

In order to simplify the residue arithmetic with the
radix-4 SD number representation, we use a set of posi-
tive integers as the moduli, represented in the following
forms: 47, 47 — 1 and 47 + 1, where p is a positive inte-
ger. Different values of p can be selected by satisfying the
condition that the moduli are relatively prime in pairs.
At least, a set of integers with same p value, for example
{4% —1,48, 48 + 1}, can be used as the moduli in an RNS.

Conventionally, a nonnegative integer A is represented
by the n-tuple (4;, Ag,---, A,) in an RNS with moduli



mq, Mo, -, My, where A; is in the range [0, m;) by

Ai=Amod m; = |4, i =1,2,--- n). (1)

In this paper, to replace the binary number by the radix-
4 SD number for high-speed residue arithmetic, we define
the redundant modular representation by expanding the
value range in each residue digit as follows.

Definition 1: Let X be an integer and m be a positive
integer. Then z = (X),,, is defined as an integer in the
range [—m,m] as follows:

= (XY = sign(X) x |abs(X)|m, (2)

x=(X),, = sign(X) x |abs(X)|,, — sign(X) x m, (3)

where

sign(X) = { 1_1 )X; ; 8
and

abs(X) = { ;(X f\{;g .

[}

For example, (17)7 = 3 by Eq.(2) or —4 by Eq.(3). Ob-

viously, for a given integer A satisfying |abs(A)|,, = 0,

there are three possible values , that is, —m. 0 and m.

Thus, the addition, subtraction and multiplication of n-

tuples A = (A1, As,--+,A4,,) and B = (By,By,--+, By)
in an RNS can be represented as follows:

A+B = ({(A1xB)ms {4t By)m,), (4)

Ax B (<Al X Bl)m'm"'*,(An X Bn>mn)- (5)

A modulus m can be represented by m = m(p,h) =

4P + h, where h € {—1,0,1}. Since (4),,(, n) = —h, we

have the following property which is very useful for our

modulo m(p, h) arithmetic.
Property 1: Let k£ be a positive integer. Then

4k kE<p
()41 = { ;

(—h)("’ div p) o gkl g >p 0
where h € {—=1,0,1} and (k div p) is the integer part of
the division result.

(6)

O

For example, <410>m(3,1) = (—1)010 div ) y[10ls = _4,

Obviously, the following properties exist in the redun-
dant modular representation.
Property 2: Let ¢ and b be integers. Then

(a) abs({a)m) < m,

(b) {a+ b)Y = {a)sn + (B s

(©) {a X by = ((@)m X (D)m)om;
and

(d) (=) = ~{am:
where = indicates a binary congruent relation with mod-
ulo m. ad

3. Residue Arithmetic Based on the

Radix-4 Signed-Digit Number
Representation

Integer @ is represented by the ¢-digit radix-4 SD num-
ber representation as follows:
Tgo149 g 04T 4 2y,
z; €{-3,-2,-1,0,1,2,3} (i=0,1,---,q—1),
(7)

r =

which can be rewritten as x = (x4 1,249, -, %) sD-
Obviously,
—Z _(wqflamqua"':;EO)SD
= (_wq—h_wq—b'":_l'O)SD-

The SD number representation has redundancy; for ex-
ample, 13 may be represented by (0,3, 1)sp, (1, -1,1)sp
or (1,0,—3)sp for ¢ = 3.

With the properties mentioned above, modulo m(p, h)
SD addition using the radix-4 SD number representation
can be performed by the following algorithm.
[Algorithm 1 (Calculation of (a + b, 4))] Let a
and b be two integers in the p-digit radix-4 SD num-
ber representation, and c¢;, z; and s; be the intermediate
carry, intermediate sum and sum at the ith SD digit
(¢t = 0,1,---,p — 1), respectively. For each digit, the
following three steps are performed.

1)

w; = a; + by,

where w; is a linear sum of a; and b; and —6 < w; < 6.
2)

w;+4 if w; <=2
Zi = w; if —1<w; <1
w; —4 if w; > 2
and
-1 if w; <=2
ci = 0 if —1<w; <1,
1 if w; > 2

where z; € {-2,-1,0,1,2} and ¢; € {-1,0,1}.
3) si=zi+cio fori#0and sg =z + (—h) x ¢p_1.
Thus,

<f’/ + b>m(p,h) =85= 5p714p_1 + 5p724p_2 + -+ 5.

O
The above algorithm is the same as the SD addition
method by Kawahito el.[8] except the step 3) fori = 0. It
is always true that 4¢; + z; = a; + b; and s; € {—3,-2 —
1,0,1,2,3}. Thus the carry propagation is limited to
one digit. The modulo m(p, h) addition algorithm can
be implemented efficiently using an SD adder for h =0
or an end-around SD adder for h € {-1,1}.



i 4 3 2 1 0 i 4 3 2 1
a 1 0-2 1 a 1 0-2 1
2 1-1 0 3 b:2 1-1 0 3
1) 1)
w: 3 1-3 3 4 w: 3 1-3 3 4
2) 2)

z -1 1 1-1 0 z -11 1-1

clOlll

0
: - 1 c:lO-lll’
3) 3)

-1 0 2 0-1
(b) m=1025

S -1 0 2 0 1 S
(a) m=1023

Figure 1: Example of modulo m addition by algorithm

1

The calculation of (@ — b)m(})’;l) can be realized by re-
placing b with —b in the above algorithin.
Example 1 : Let p=5,a=(1,0,-2,3,1)sp and b =
(2,1,-1,0,3)sp, so that m(5,—1) = 1023, m(5,0) =
1024 and m(5,1) = 1025, @ = 237 and b = 563. Fig.1 il-
lustrates the calculations of <a+b>m(p7h) using the above

algorithm. The results are (237 + 563)1023 = —479,
(237 + 563)1924 = —480 and (237 + 563)1925 = —481.
O

To calculate {a X b>m('p‘h), where @ and b are integers
in the p-digit radix-4 SD number representation, a X b
can be extended as follows:

axb = (4,47 " +a,0477 + -+ ag)

X (bpo14P ! 4 by 24P 4 - 4 by)
= Zb AT ( L pa, 94772
+--+ap).
Thus,

p—1

((L X b>m(p,h) = <Z<b 4 X ( lp— 1477 + a/p_24p*2
i=0

_|_ P + a‘0)>‘l'l't(}f),}l)>‘l'l'l,(p,h)
p—1
<Z ppi>m(p,h)a
=0

where pp; denotes as a partial product.
We express b; with a sum of three items:

bi=b; +b; +4b; , (8)

;0,0 € {=1,0,1} are determined as radix-2
signed digits by Table 1,

where b., 0" . b,

Table 1 Decomposition for radix-4 signed digit b;

7 77 777

abs(b;) b; b, b;
0 0 0 0
1 b; 0 0
2 /2 b2 0
3 —sign(b;) 0 sign(b;)

Replacing b; by bl, bl ,bz and using Property 1 shown
in Eq.(6), we have
ppi = (bi4 ( P ap a7 4 00)) e )
= <<b —|— (1 24]372 —|— ree —|— (1‘0)>m(p,h)

=+ Z) 4 ((Lp 1417 +a 72417_2 +-- 4 a/(]))m(/),h)

(b;
(;

()4 (apy 47T+ g aP
+oot (”04)>m(p,h)>m(p,h)
= <b;((1‘p7i714p71 + flpfi—24p72 +-+ au4i
—h(ap,14i_l + o tap_ipid+ap_i))
b7 (apmim1 4P+ api o4V TR o g
—h(ap- 471y ap—it1d+ a,_i))
4b; (ap_i 94" da, i 4724 4 qeait!

_h(ap714i R ap7i4 + ap*ifl))>m(p,h)'

(9)
In the above equation, the sum of three radix-4 signed
digits at each position has the value range [-6,6], because
one of the three SD numbers must be zero. Therefore,
(@ X b)yu(p,ny is represented by a modulo m(p,h) sum
of p partial products, and can be implemented by the
following three steps.
[Algorithm 2 (Calculation of (a X b),,4))] Let a
and b be two p- dlglr radlx 4 SD numbers.
1) Determine b.,b; b, from b; using Table.l for ¢ =

17 77
0,1, — 1.
) Calculate partial products, pp; (: =0,1,---,p —1),
as follows: let
pp; - bi(ap—i—17ap—i—27" sy 40, _ha/p—la
s, —hap_ip1, —ha,_;),
ppi = bi(api1,ap i 2,0+, a0, —hay 1,
-, —hap_it1, —hay_;)
pp; = by (ap—i—2, -, a9, —ha,_1,
~,—hap_iy1,—hay_;, —hay,_;_1),
then

ppi = <pp: +ppj/ +pp;”>m(p,h)7 (10)

where subscripts are in the range [0,p — 1].

3) Calculate the modulo m(p, k) sum of these partial
products by performing the steps in Algorithm 1 repeat-
edly.

(@ X OYm(p.ny = (LPo +pP1+ -+ + PPp—1)m(p,h)



BASIC | Current Current Mirrors Threshold  |Bidirectional
CIRCUIT | Source N-ch.Type P-ch.Type Detector Current Input
Simbol | Xe—=jm @Yl ”‘Yl X Y | o-Xx-
X .| Xo o E ol Xol =
SIS T B P
Y=0 . ) .
if X="1"; Y =- g X fori=l..n Y=0ifX T;i& xExx=0 ifX Oz
Function B .
Y;W)'( g & :Scale Factor Y=mif X>T. x=ox =X ifX<0.
Figure 2: Symbols and functions of the current-mode circuits
O
Example 2 Let p = 4, a = (-3,0,2,-1)sp and
b=(2,-3,1,—1)sp. That is m(4,1) = 257, a = ~185 N
and b = 83. ]}y Algo”rithn}”; 1) bu = -1, bo = b[)” =0 —or C‘_’o‘_ X
forbg = —1; 0y = 1,0, =0, =0for by =1; by =1,by, = X2 iy X |
0,0y = —1 for by = —3; by = 1,0y = 1,by = 0 for — O_—o-X
bop = 2. Then, 2) the partial products are calculated as P
follows:
pro = ((=1)(=3,0,2, =1)sp +0(=3,0,2, -1) (a) Crcuit (b) Synbol
+0(0 2, —1,—1(=3)))2s7
= (3.0,-2,1)sp
o = (10,2, _17(_ )(=3))sp Figure 3: Sign inverter
+0(07 2, -1, (_1)(_3))
+0(2, =1, (=1)(=3), (=1)(0)))257 presented based on the key idea that the addition can be
= (0,2.-1,3)sp easily implemented by wiring some signal lines[13, 8]. In
N _ 1/ 2’ 1 3 0 this paper, we suppose that both input and output of the
pz = (U2 ’( D(=3). (=1)(0))sp residue arithmetic circuits are expressed by current sig-
+0(2, =1, (=1)(=3). (=1)(0)) nals. In the case of voltage-mode input and output, the
-1-(—1)( 1, -1(- 3), — (0),( 1)2))257 conversion circuits between current-mode and voltage-
= (=2,1,0,-3)sp mode signals are required.
pps = (L1 (=1)(=3),(=1)0, (_ )2)sp 4.1 Basic current-mode circuits and modulo m

+1(=1,(=1)(=3), (=1)0,
+0((=1)(=3), (=1)(0), (- )
= (3,2,-1,1)sp;

-1)2)sp
S(=1)(=1)))25

™M
3

and 3) the modulo m(p, h) sum of the partial products
is calculated by applying algorithm 1 repeatedly.

(a x b)asr = {({ppo + pp1)2s7 + (pp2 + pp3)est
((0,=3,2,=1)sp + (2,1, -2,2)5p)257
(=3,0,0,0)sp.

The result is ((—185) X 83)957 = —192. a

4. Residue Arithmetic Circuits based on
the Current-mode Circuits

The bidirectional current-mode MOS circuits are very
suitable for the radix-4 SD number system, so that high-
speed and compact SD adder and multiplier have been

SD adder

Fig.2 illustrates the basic current-mode circuits whose
detailed explanation is found in Ref.[13]. Based on these
basic circuits, compact SD full adder(SDFA) implemen-
tation has been discussed[8]. Fig.3 shows the circuit of a
sign inverter which inverts the polarity of the input cur-
rent, and can have multiple fanouts. Using one sign in-
verter and p SDFAs, modulo m SD adder(MSDA), where
m = m(p,1), can be constructed to implement Algo-
rithm 1 as shown in Fig.4. In the cases of m = m(p, —1)
and m = m(p,0), the sign inverter and the end-around
carry are not required, respectively.

4.2 Modulo m SD multiplier

To construct the modulo m SD multiplier implement-
ing Algorithm 2, we first consider the circuit of partial
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Figure 4: Block diagram of modulo m SD adder(MSDA)
based on Algorithm 1

product generator. Suppose that multiplicand a and
multiplier b are p-digit SD numbers expressed by the
current-mode signals. We divide each digit b; of b into
three radix-2 signed-digits by Table.l. A radix-2 num-
ber g is encoded into two-bit binary code as shown in
Table.2, which can be expressed by two-valued voltage
signals.

Table.2 Binary representation of radix-2 signed digit

g | gs(sign) | go(magnitude)
-1 1 1

0 * 0

1 0 1

Thus a decoder circuit for a radix-4 signed-digit is im-
plemented as shown in Fig.5 and the voltage-mode out-
puts of the decoder are used to switch pass MOS tran-
sistors for generating partial products. Fig.6 shows a
multiply unit by a radix-2 signed digit(MU), which im-
plements the following function:

X (gs=0)
Y=00 (g0=0). (11)
-X (.(]S = 1)

=D

5: Decoder of a multiplier using I-V converter

L]
Npa =Y . —
Xo— MJ Y
o
9s o 9s Y9
(a) CGrecuit (b) Synbol

Figure 6: Multiply unit by radix-2 SD number(MU)

Thus, partial product generator(PPG) can be con-
structed using 3p MUs and one MSDA for m = 4P 4 1
as shown in Fig.7. For m = 47 — 1 and m = 4P, the
inputs —a;(j = p—4i—1,---,p — 1) in Fig.8 are re-
placed by a; and 0 respectively. That means, specially
for m = 4P, the corresponding circuits with zero-input
are not required. The circuits shown in Fig.5 and Fig.7
implement steps 1) and 2) of Algorithm 2, respectively.
Therefore, modulo m SD multiplier can be designed us-
ing a binary adder tree as shown in Fig.8. In the case
of multiplier, the longest addition path is log,p + 1. A
compact design of the multiplier can be realized: for ex-
ample, about 8000 transistors are requierd to construct
the modulo m(8, £1) multiplier, in which the multiply
time is estimated to be less than 33ns based on 2um
CMOS technology. For m = 4P, moreover, half of SD-
FAs can be saved.

For VLSI implemetation of the modulo m multiplier,
the chip layout methods proposed in Refs.[8] can be ap-
plied, because similar adder cells and binary adder tree
may be constructed. Since the same MSDAs are used
in the adder tree, the layout may be much simpler than
that of an SD multiplier.



Figure 8: Block diagram of modulo m SD multiplier with
a binary adder tree.

5. Conclusion

VLSI-oriented hardware algorithm for residue arith-
metic using signed-digit number representation has been
presented based on the multiple-valued current-mode cir-
cuits. Using integers m € {47,4 &+ 1} as moduli, the
modulo m addition is implemented by an SD adder or
an end-around-carry SD adder with the current-mode
MOS SD full adders and the modulo m multiplier can
be constructed with a binary SD adder tree. Thus the
modulo m multiplication is performed in a time propor-
tional to log,p.

High-speed computations can be performed based on
the assumption that input and output data of the residue
arithmetic circuits are in the residue SD number form,
because some computing system applications, such as
digital filtering, require repeated calculations of sums of
products before the final results are obtained. For inte-
gration with conventional binary systems, efficient cir-
cuits are required to convert into and out of the residue

SD systems. Our studies also focus on the application of
the presented residue circuits to computation systems,
such as digital signal processing and digital control sys-
tems.
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