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Abstract
A new algorithm, called the Frontiers algorithm,

for optimizing the number of product terms required
for the implementation of monotonic and permuted
monotonicMVL functions is proposed. An experimen-
tal system restricted to the case of 2-variable 4-valued
set of logic functions has been programmed using the
C language and was interfaced to the HAMLET CAD
tool to implement the proposed algorithm. The sys-
tem was tested using 2231 randomly generated mono-
tonic and permuted monotonic functions. The results
obtained indicate that the frontiers-based algorithm
compares favorably to existing heuristic minimization
techniques with the added advantage that it requires
less number of implicants to represent the target func-
tions.

1 Introduction
Consider an r-valued logic system where the radix

R = f0, 1, 2, ..., r-1g. Let X=fx1; x2; :::; xng be a
set of n variables, where each xi can take on values
from the set R. An n-variable r-valued function f(X)
is the mapping: Rn ! R. A minterm of a function is
de�ned as a function value corresponding to a speci�c
assignment of values a1; a2; :::an to variables in X such
that 0 < f(a1; a2; :::; an) < r.

There exists a number of functionally complete sets
of operators each of which can be used to represent
MVL functions [6]. The possible functionally complete
sets include:

1. The set consisting of the operators Maximum
(max), Minimum (min), and window literal.

2. The set consisting of the operators truncated-sum
(tsum), Minimum (min), and window literal.

3. The set consisting of the operators Maximum
(max), Minimum (min), and the cycle.

The �rst two sets of operators have been used exten-
sively in the literature and therefore will used in this
paper. For de�nitions of the operators used on these
two sets, see [6].

PLAs are of special interest for the implementation
of MVL circuits in VLSI. The structure of a MVL
PLA consists of a min plane and a max (tsum) plane.
Inputs to the min plane consist of the constants 1, 2,
..., r-1 and the window literals of all input variables
x1; x2; :::; xn . The outputs of the min plane consist of
the product terms needed for the implementation of
the given function(s). These product terms are com-
bined in the max (tsum) plane in order to produce the
target function(s) [3]-[7].

Absolute minimization of SOP expressions of MVL
functions is prohibitively expensive. For example, ab-
solute minimization of only 2-variable 4-valued func-
tions can require in the order of days to be performed
[11]. Therefore, heuristic-based algorithms and min-
imization of special MVL functions, e.g. monotonic
functions, are becoming increasingly attractive [5]-
[10]. A number of heuristic algorithms has been de-
veloped for producing a near minimal realization for
MVL functions [2]-[4], [10]. Most of these algorithms
are based on an extension of the direct cover approach
used in binary systems.

This paper is an attempt in the direction of optimiz-
ing MVL functions for implementation using PLAs.
The paper proposes extending existing binary Fron-
tiers algorithms [8]-[9] for use in the MVL domain.
We also propose a MVL frontiers algorithm to op-
timize the SOP expressions of MVL monotonic and
permuted monotonic functions.

2 The Binary Frontiers Algorithm
The frontiers algorithm has been used to detect the

extensional equality of two monotonic functions [9]. It
is based on the idea of representing all the arguments
of a given function in a �nite lattice f0, 1g with 0 <
1. Fig. 1 shows the lattice representation of three
variables x, y, and z.

Consider the binary function f(x; y; z) = x + yz.
The lattice argument values for such function is shown
in 2.

In this �gure, if the application of the function to
a node in the lattice results in a 0, then that node is
called a 0-node; otherwise the node is called a 1-node.
For example, node (x,y,z) = (1,0,0) is a 1-node, while
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Figure 1: The lattice for a 3-variable function.

node (0,0,1) is a 0-node. In Fig. 2 all 0-nodes are
marked with *. There are three such nodes in Fig.
2. It should be noted that a boundary line can be
drawn such that all nodes above this boundary line
are 1-nodes and all nodes below the boundary line are
0-nodes. This is a property of all monotonic func-
tions. Such property provides a way for e�cient rep-
resentation of monotonic functions. Instead of listing
all the 0- and the 1-nodes, a monotonic function can
be completely characterized by the set of nodes that
constitute the boundary between the 0-nodes and the
1-nodes. This set of nodes are called the Frontiers of
the function. The 0-frontier is the set of the 0-nodes
on the boundary and the 1-frontier is the set of 1-
nodes on the boundary. For example, for the function
f(x; y; z) = x+yz, the 1-frontiers are (0,1,1), (1,1,0) &
(1,0,0) and the 0-frontiers are (0,0,0), (0,0,1) & (0,1,0).

In expressing a given function using the 0-frontiers
(1-frontiers), it is possible to use only a subset of the
0-frontiers (1-frontiers) to fully express the function
in the SOP form. For example, consider the func-
tion whose lattice shown in Fig. 2. It is possible to
fully express this function using the subset f(0,1,0),
(0,0,1)g of the 0-frontiers. Such subset is called a max-
imal 0-nodes. The set of maximal 0-nodes (1-nodes)
is the set of 0-nodes (1-nodes) in which only incom-
parable nodes are included. Incomparable nodes are
those nodes which when a bit-wise XOR is performed
on them will result a non-zero value in more than one
bit position. A straightforward way for �nding the 0-
frontiers of a given function is to explore the lattice of
the function from top to bottom.

An isomorphism between frontiers and canonical
forms for monotonic binary functions has been es-
tablished in [8]. According to this isomorphism,
every monotonic function of the type Tn ! T
has a unique irredundant SOP representation which

can be derived directly based on the 1-frontiers
(or the 0-frontiers). For example, assume the
1-frontiers of a monotonic function, f, is A =
f(a1;1; a1;2; :::; a1;n); :::; (am;1 ; am;2; :::; am;n)g where m
is the number of frontiers, and n is the number of vari-
ables of the function, then it has been shown that the
irredundant SOP expression of the function is given
by [8]:

f =
mX

i=1

nY

j=1

ai;j � xj

Consider, for example, a 3-variable function whose 1-
frontiers are given by (0, 1, 0), (1, 0, 1), then using
the above relation we can derive the irredundant SOP
for the function to be f1(x; y; z) = y+xz. Conversely,
given the irredundant SOP expression for a function,
the 1-frontiers of the function can be obtained without
searching the lattice of the function. It should also be
noted that using the duality property, an isomorphism
between the 0-frontiers and the irredundant product-
of-sum (POS) form can be established [8].

3 MVL Frontiers Algorithm
In this section, we extend the binary frontiers con-

cept into the MVL domain. In order to be able to do
so, we �rst introduce the concept of the MVL argu-
ment lattice and frontiers into the MVL system.

3.1 MVL Argument Lattice
The arguments lattice of an n-variable r-

valued function, f(x1; x2; :::; xn), form an n-tuple
(a1; a2; :::; an), where ai 2 R = f0; 1; :::; r � 1g. In
the domain of the argument tuple, we can de�ne the
following partial order (�).

De�nition1
For two arguments A = (a1; a2; :::; an) and B =

(b1; b2; :::; bn) if ai � bi for all i = 1, 2, ..., n, then
A � B.

De�nition 2
The argument lattice for an r-valued n-variable

function is a �nite lattice which is formed by repre-
senting all possible argument tuples of the function as
a directed graph based on the partial order, �, given
in de�nition 1. Each node in the lattice stands for an
argument tuple.

De�nition3
For an r-valued n-variable function, f, if the result of

applying f to an argument tuple denoted by the node
A in the argument lattice is k 2 R = f0; 1; 2; :::; r�1g,
then the node A is called a k-node of function f.

The argument lattice for 2-variable 4-valued func-
tions is shown in Fig. 3.

De�nition 4
For an r-valued n-variable function, f, a node A is

said to be a maximal k-node of f if there is no other
k-node B such that A � B.

De�nition 5
For an r-valued n-variable function, f, a node A is a

minimal k-node of f if there is no other k-node B such
that B � A.

An r-valued n-variable function, f(x1; x2; :::; xn), is
said to be monotonically increasing (decreasing) over
one of its variables, xi, if for each valuation of the other
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Figure 2: The 0-nodes and the 1-nodes for a three-
variable function.

remaining variables the function value remains con-
stant or increases (decreases)when increases. A mono-
tonic function is de�ned as one which increases (de-
creases) over all of its variables [1]. If the given MVL
function is monotonic, then all the k-nodes are above
the (k-1)-nodes and below the (k+1)-nodes in the ar-
gument lattice. This will mean that the k-nodes rep-
resent the boundary between (k-1)-nodes and (k+1)-
nodes in the lattice.

De�nition 6
The k-frontiers of a monotonic r-valued n-variable

function f are the minimal k-nodes of f, which consti-
tute the boundary between (k-1)-nodes and k-nodes
in the argument lattice of f.

In an r-valued system, there are r-1 possible fron-
tiers. These are 1-frontiers, 2-frontiers,..., (r-1)-
frontiers. Consider, for example, the 4-valued 2-
variable function shown in Fig. 3. The frontiers are:
1-frontiers (1,1), (2,0), 2-frontiers (1,2), (3,1), and 3-
frontiers (1,3),(3,2).

It is possible to extend the algorithm for �nding
the frontiers of a given binary function to the case of
MVL functions. This can be done by searching the
lattice of the MVL function upward from the bottom
r-1 times, each time �nding a speci�c set of frontiers,
say k-frontier, for k 2 f1; 2; :::; r � 1g. An algorithm
that can be used to �nd the frontiers of a given MVL
function has been developed (see Fig. 4).

4 Permuted Monotonic Functions
In this section, a method that can be used in or-

der to explore the idea of permuting the logic values
of a given function for the purpose of determining
whether the function can be transformed into a mono-
tonic function [12]. A function for which there exists a
logic permutation that can transform it into a mono-
tonic function is called a permuted monotonic func-
tion. Consider, for example, the 2-variable 4-valued
function whose map is shown in Fig. 5.

The function shown in Fig. 5(a) is not monotonic
and therefore the frontier algorithm cannot be applied
to such function. However, if the following permuta-
tion

0) 1; 1) 2; 2) 3; 3) 0, is applied, then the result-
ing function , f1, is monotonic (see Fig. 4(b)). The
frontiers algorithm can then be applied to the function
to obtain a reduced expression for such function. The
original function can then be restored by applying the
reverse permutation 0) 3; 1) 0; 2) 1; 3) 2.

5 Implementation and Results
Based on the MVL frontiers algorithm and the

functional transformation using permutation, the pro-
posed MVL optimization algorithm can be summa-
rized as a procedure as shown in Fig. 4. The proposed
optimization algorithm is applicable for any n-variable
r-valued function. However, we have restricted our im-
plementation of the algorithm using C programming
language to an experimental system for the 2-variable
4-valued functions case. This is done due to a number
of practical reasons. We have applied the algorithm
to 2231 randomly generated monotonic or permuted
monotonic functions. The results obtained using our
experimental system together with those obtained us-
ing Dueck and Miller (D&M) using HAMLET [11] are
summarized below. The following speci�c example

Table 1: Summary of the results obtained.
Attribute Frontiers D& M

#functions tested 2231 2231

Total # product terms used in all functions 8320 8672

Average # product terms per function 3.729 3.887

Max. # product terms in a given function 6 8

Min. # product terms in a given function 1 1

# functions with fewer terms using Frontiers 709

92 functions with 3 terms fewer
139 functions with 2 terms fewer
478 functions with 1 term fewer

# functions with fewer terms using D & M 608
18 functions with 3 terms fewer
107 functions with 2 terms fewer
483 functions with 1 term fewer

Number of functions having equal terms 914 914

functions were optimized using both the Frontiers al-
gorithm and the D&M algorithm.

Table 2: Optimization of sample functions.
Thefunction # terms using Frontiers # terms using D& M

0 2 2 2 5 6
0 2 1 3
1 1 3 3

1 1 3 3

1 1 2 2 3
1 1 2 2

1 0 0 0
2 0 0 0

0 0 1 1 6 6
1 1 1 3
1 2 2 3
2 3 3 3

2 2 3 3 4 5
2 2 3 3
2 1 1 1
3 1 1 1

1 1 1 1 3 4
1 1 0 0
1 1 2 2
1 2 2 2
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Figure 3: The MVL Frontiers of a 2-variable 4-valued monotonic function.

6 Concluding Remarks
In this paper, we have extended the concepts of

frontiers and argument lattice to the case of MVL
systems. A MVL frontiers algorithm to determine all
frontiers of a monotonic MVL function is introduced.
In addition, a frontiers-based algorithm for optimiza-
tion of MVL functions is proposed. An experimental
system restricted to the 2-variable 4-valued functions
has been implemented using the C language. The sys-
tem was tested using 2231 randomly generated mono-
tonic or permuted monotonic functions. The results
obtained using the D&M algorithm and the frontiers-
based algorithms using the HAMLET CAD tool have
been presented and compared. As an extension to
the proposed system, we are currently working on ex-
tending the restricted system to include a larger set of
MVL functions.
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Procedure Optimization-using-Frontiers(f)
begin

� Test the function f for being monotonic

{ if f is not monotonic, then

{ �nd a permutation � which can transfor f to
a monotonic function;

� if � exists, then

� perform the permutation on f;

� save the permutation results in f
00

;

� else f is not a permuted monotonic func-
tion;

� exist;

{ else;

{ f
00

 f;

{ save the permutation to �;

� �nd all the frontiers of f
00

using the MVL Fron-
tiers algorithm;

� generate a SOP expression for f
00

using Frontiers;

� output the optimized expression and the reverse
permutation ��1;

end.

Figure 4: The proposed algorithm.
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Figure 5: Example of a permuted monotonic function.


