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Abstract work. Maximizing the performance of such a distributed
memory machine requires both efficient load balancing and
We introduce an efficient algorithm for sorting on clus- regular balanced communication.
ters of symmetric multiprocessors (SMPs). This algorithm | this paper, we examine the problem of sorting on SMP

relies on a novel scheme for stably sorting on a single SMP ¢,sters because of its demanding requirements for irregular
coupled with balanced regular communication on the clus- nemory access and interprocessor communication. From

ter. Our SMP algorithm seems to be asymptotically faster yhe perspective of the cluster, any algorithm which performs
than any of the published algorithms. The algorithms were e for gistributed memory machines would be a reason-
implemented in C using POSIX threads and the SIMPLE li- gpje candidate. In particular, we have identified two such
brary of communication primitives and run on a cluster of algorithms in our previous work [8, 7, 10]. The first is

DEC AlphaServer 2100A systems. Our experimental results, yariation on sample sort and the other is a variation on

verify the scaIabiIi_ty and efficiency of our proposed solution {he approach of sorting by regular sampling. On the other
a_nd illustrate the importance of (_:o_nS|der|ng both Memory hand, from the perspective of the individual SMP, there
hierarchy and the overhead of shifting to multiple nodes. 516 fewer choices for sorting on hierarchical shared mem-
ory machines. These include the algorithms described in
[3,11,12, 2,6, 13]. Unfortunately, none of these algorithms
1 Introduction by itself is sufficient to achieve efficient performance on
an SMP cluster. Efficient algorithms for distributed mem-
Clusters of symmetric multiprocessors (SMPs) have ory ma_chines tend to confine interprocessor communication
emerged as a primary candidate for large scale multiproces!© & Minimum number of regular balanced exchanges. By
sor systems. In spite of this trend, relatively little work has Contrast, algorithms for shared memory machines typically
been done to develop techniques for designing algorithmscap'tal'ze on the.fact that accessing data assomate_d Wlth an-
that make effective use of the resources available on suchPtN€r Processoris no more expensive than accessing its own
platforms. This task is made difficult by the contrasting re- dat@ in the shared memory.
quirements of the platform. On the one hand, each SMP  We introduce a sorting algorithm for clusters of SMPs
must be viewed on its own as a hierarchical shared memorywhich is a hybrid of our modified algorithms for parallel
machine. Good performance requires both good load dis-sorting by random sampling and parallel sorting by deter-
tribution and the minimization of the overhead incurred by ministic sampling. Our algorithm was implemented in C
simultaneous main memory access. On the other hand, fronusing POSIX threads and runs on a cluster of DEC Al-
the perspective of the cluster, each node is in effect a superphaServer 2100A systems. We ran our code using a vari-
processor, and therefore the cluster of SMPs is a collectionety of benchmarks that we have identified to examine the
of powerful processors connected by a communication net-dependence of our algorithm on the input distribution. Our
S— o NSE No. CCR.9627210 and NSE experimental results verify the scalability and efficiency of
HPCCl:J/%p(?Ag ggntpaNr:). B}llR-9318£11r8aSr7t Tr?énks to David Bad{?r of the O_UI’ p_roposed solution and illustrate the importance of an-
University of New Mexico for the use of his SIMPLE communication ~Sidering both memory hierarchy and the overhead of shift-
primitives. ing to multiple nodes.




The organization of our abstract is as follov&ection 2

Using this cost model, we can evaluate the communication

presents our computational model for analyzing algorithmstime T, (n, N) of an algorithm as a function of the in-
for SMP clustersSection 3describes our sorting algorithm  put sizen, the number of noded’, and the parameters

for this platform. Finally,Section 4describes the exper-

andg. The overall complexity of the clustéy,, v is given

imental performance of our sorting algorithm on an SMP by the sum off'sy, p andZ .y (1, N). See [9] for a more

cluster.

2 Computational Model

For our purposes, the cost of an algorithm needs to in-

extensive discussion of computational models.

3 Sorting Algorithms

For simplicity of presentation, we first consider an al-

clude a measure that reflects the number and type of memgorithm for sorting on a single SMP, and then describe an

ory accesses. A memory access can either be to a loc
cache, a local main memory, or a remote main memory.
A number of models have already been proposed to cap-
ture the performance of multilevel hierarchical memories,
including the D-disk model of Vitter and Shriver [14], the
Hierarchical Memory with Block Transfer Model of Aggar-
wal et al. [1], and the Uniform Memory Hierarchy Model of
Alpern et al. [4]. However, we believe these models are un-
necessarily complicated for use with clusters of SMPs and
would require significant refinements to capture the corre-
sponding hybrid architecture.

In our complexity model, each SMP is viewed as a two-
level hierarchy for which good performance requires both
good load distribution and the minimization of the over-

head incurred by secondary memory access. The cluster

is viewed as a collection of powerful processors connected
by a communication network. Maximizing performance on
the cluster requires both efficient load balancing and regular
balanced communication. Hence, our performance model
combines two separate but complementary models.

More specifically, in our SMP model, memory at each
SMP is seen as consisting of two levels: cache and main
memory. A block ofw contiguous words can be read from
or written to main memory irﬁe + %) time, where is the
latency of the bus; is the number of processors competing
for access to possibly distinct blocks in main memory, and
k is the bandwidth. By contrast, the transferohoncon-
tiguous words would require (e + Z) time.

We capture performance on an SMP cluster in exactly
the same way as described in [8, 7, 10]. We view a parallel
algorithm as a sequence of local SMP computations inter-
leaved with communication steps, where we allow compu-
tation and communication to overlap. Assuming no con-
gestion, the transfer of a block consistinguefcontiguous

words between two nodes takés + % time, wherer

is the latency of the network and is the bandwidth per
node. We assume that the bisection bandwidth is suffi-
ciently high to support block permutation routing amongst
the N nodes at the rate df/ 8. In particular, for any subset
of r nodes, a block permutation amongst theodes takes

(T + %) time, wherew is the size of the largest block.

aﬁlgorithm for sorting on clusters of SMPs.
3.1. Sorting on a Single SMP

Our algorithm is an adaptation of our sorting by regular
sampling [8, 10], which we originally developed for dis-
tributed memory machines. As modified for an SMP, this
algorithm is similar to the parallel sorting by regular sam-
pling (PSRS) algorithm, except that our algorithm can be
easily implemented as a stable integer sort.

The pseudocode for our algorithm is as follows, where
C' is the size of the cache aridis the cache line size:

e (1) Each processoP; (1 < i < p) sorts the

subsequence of the input elements with indices
(“71)" + 1) through(%) as follows:

p

— (A) Sort each block ofn input elements us-
ing an appropriate sequential algorithm, where
m < C. For integers we use the radix sort al-
gorithm, whereas for floating point numbers we
use the merge sort algorithm.

— (B)Forj = 1lupto (%), merge the
sorted blocks of sizgmz(/~1)) using z-way
merge, where < <.

(i—1)n n th
e (2)Each processar; selects eac6 + kﬁ)

p
element as a sample, f¢t < k < s) and a given
value ofs (p <s < ).
P

(3) Processor”, merges they sorted subsequences
of samples and then selects thies)!* sample as
Splittefk], for (1 < k < p — 1). By default, thep”
splitter is the largest value allowed by the data type
used. Additionally, binary search is used to compute
for the set of samples with indicéghrough(ks) the
number of samples B&{ which share the same value
as Splittefk].

e Step (4): Each processaP; uses binary search to de-

fine an index; ;, for each of thep sorted input se-
quences created iStep (1) If we defineT(; ;, as



It is straightforward to see how this algorithm can

a subsequence containing the fisgt;) elements in
the jt* sorted input sequence, then the sep aiub-
sequenceq T(; 1y, 1(i,2), ---» T(s,p)} Will contain all
those values in the input set which are strictly less 3.2. Sorting On a Cluster of SMPs
than Splittefi] and at most(Est[i] X pls) elements

with the same value as Splitfdr

analysis, since they depend on a variety of factors besides
those captured in our model.

We have already developed both a deterministic [8, 10]
and a randomized [8, 7] sample sort algorithm which we
Step (5): Each processoP; merges those subse- have shown to be very efficient for message passing plat-
guences of the sorted input sequences which lie be-forms. Either would be an appropriate choice for a clus-
tween indice$(;_1) ;) andby; ;) usingp-way merge. ter of SMPs, but we chose the randomized sample sort be-
It can be shown [8, 10] that no processor will merge cause it proved to be slightly faster in its implementation.
more than(ﬂ 4+ p) elements. We repeat the pseudocode here for convenience, where we

L replace each sequential step where appropriate by a multi-
threaded SMP implementation. Note that the communica-
tion primitives mentioned are described in detail in [9].

be implemented as a stable integer sort, and [9] con-
tains an informal proof. The analysis of our algo-
rithm is as follows. The cost of sequentially sorting
2 elements in blocks of sizen in Step (1A) depends
on the data type - sorting integers using radix sort re-

quiresO (% +e+ %) time, whereas sorting floating point
numbers using merge sort requir@s(% logm + € + %)
time. Step (1B)involves (%) rounds of z-way

merge beginning With(pim) blocks of sizem, which

requires onlyO (%log (ﬁ) + omet %%) time
because of spatial locality. The reading ©fnoncon-
tiguous samples irtep (2) requiresO (s + s (€ + 2))
time. Step (3) involves a p-way merge of blocks
of size s followed by p binary searches on segments
of size s.  Since only one processor is active in
Step (3) it requiresO (splog(p) + pelog(s) + £2) time.
Step (4) involves p binary searches on segments of
size %. Since these reads are noncontiguous, they

require O (plog (%) + plog (%) (e+ %)) time. Fi-
nally, Step (5) involves ap-way merge ofp blocks
of total maximum size(% + 2 p), requiring at most

) ((% _|_%) log p + pe + (%+ %) %) time. It can be

shown that the overall complexity can be approximated by:

log(—")
n pm ) N
Ol -1 _
P ogn+ log(z) &

T(n,p) =~
The analysis suggests that the parametersnd z should
be as large as possible, subject to the stated constraints. In-
deed, in such a case we believe our algorithm to be asymp-
totically faster than the performance achieved by any of the
other known algorithms on our model. However, our ex-
perimental investigation shows that the optimal choices for
m andz are actually slightly smaller than suggested by our

e Step (1): Usingp threads, each nodé; (1 <i < N)

randomly assigns each of ifs elements to one oV
buckets. With high probability, no bucket will receive
more thare; 57 elements, fofc; > 2).

Step (2): Each nodeV; routes the contents of bucket
j to nodeN;, for (1 < i,j < N). Since with high
probability no bucket will receive more than <
elements, this is equivalent to performinganspose
operation with block size; 57 .

Step (3): Usingp threads, each nod§; sorts at most
a1 (< ¢p) values received ilstep (2)with the
appropriate version of our SMP sorting algorithm, de-
pending on the data type.

Step (4): From its sorted list ofy 5 (v < ) ele-

ments, nodeV; selects eacf(jy%)th element as
Splitteffj], for (1 < j < N —1). By default,
SplitteN] is the largest value allowed by the data
type used. Additionally, for each Splitf¢}, bi-
nary search is used to determine the values Hrac
and Frag[j], which are respectively the fractions of
the total number of elements at nodg with the
same value as Splitfgr— 1] and Splittefj] which
also lie between indef(j — 1) v+ + 1) and index
(j77%), inclusively.

Step (5): Node NV, broadcaststhe Splitter, Frac,
and Frag arrays to the otheN — 1 nodes.

Step (6): Each nodeN; uses binary search on
its sorted local array to define for each of the
splitters a subsequence; SThe subsequence asso-
ciated with Splittefj] contains all those values which
are greater than Splitigr—1] and less than Splittgf,

as well as Frac[j] and Frag|j] of the total number

of elements in the local array with the same value as
Splittefj — 1] and Splittefj], respectively.



e Step (7): Each nodeN; routes the subsequence as- is the limit of the secondary cache. This is expected, since
sociated with Splittdlj] to processorV;, for (1 < sorting a block inStep (1A) now requires that data be re-
i,j7 < N). Since with high probability no sequence peatedly swapped to main memory. It is more difficult to

will contain more thanc, x> elements, for(c; > explain why the optimal values fan andz were 32K and
5.42), this is equivalent to performing sanspose 32, respectively, since this block size exceeds the 16KB pri-
operation with block size; 57 mary cache but falls well short of the secondary cache size.

) Part of the explanation might lie in the fact that the over-
e Step (8): Using p threads, each nod¥; merges the log

N sorted subsequences receivedsiep (7)to pro-  all complexity of O <% logn + Ti%%) obscures the
duce thei"* column of the sorted array. Note that, fact that the complexity of the block sort Btep (1a)is
with high probability, no node has received more than 0 (% logm + € + %), which is an increasing function of

as = elements, fofas > 2.62). .
’N (e 2 ) m. The value ofz = 32 is reasonable when we note than

A detailed analysis of this algorithm can be found in [9], the actual cache line size is 32 bytes. Our tree of losers is
and we merely repeat its conclusion here for convenience implemented withz 12-byte records, so the entire process
Wwith high probability, the overall complexity of our sample could easily take place in the 16KB primary cache.

n_
m

sort algorithm is given (for floating point numbers) by For the remaining discussion, the times reported are for
the experimentally optimal values ot andz and for the
T(n,p) =~ Teomp(n,N,p) + Teomm(n, N,p) number of samples = 8. The relative performance of the
1 n algorithm on different benchmarks seems to confirm that
= ol Mroen 4 28 (Npm) M, ., " | thiswasareasonable choice for
Np 8 log(z) N& NB
Block Denomination of z-Way Merge
Size [ 2 4 8 | 16 | 32 [ 64 | 128] 256| 512
for N2 <« -, 2K_[7.24]5.50]4.37[4.24] 3.83[ 3.80[ 3.98] 4.08]3.64
3lnn 4K 16.57(5.13|4.45|3.91| 3.68| 3.91 3.86| 3.53

8K 6.25(4.89|4.24|3.76|3.77| 3.92| 3.43

4 Performance Evaluation Il s

64K |5.14|4.29(4.29|3.78
. . . 128K |5.20(4.81|4.41
Our algorithms were implemented using POSIX threads 556K [5.98/5.56

and run on a DEC Alpha Cluster. Our DEC Alpha clus- 512K [7.68 ] | ]

ter consists of 10 AlphaServer 2100A systems, each of LM [9.86 - (Noz-way merge is necessary for this block sipe)

which holds 4 Alpha 21064A processors running each at  Tgpje 1. Time (in seconds) required to sort 4M

275 MHz. Each Alpha 21064A processor has a 16KB  4guples using four threads as a function of M

primary data cache and a 4MB secondary data cache. g4 ,.

The AlphaServers are connected using the Digital Gi-

gaswitch/ATM and OC-3c adapter cards, which have a peak

bandwidth rating of 155.52 Mbps. Internode communica-  Taple 1 also provides an interesting illustration in the

tion is effected by calls to the SIMPLE collective commu-  jmportance of minimizing secondary memory access. If we

nication primitives [5]. consider the data for a block size of 2K, the execution time
We tested our code on a variety of benchmarks, each ofyyops as we move from = 2toz = 4to z = 8. This

which had both a 32-bitteger version and a 64-bitdouble 5 reasonable since we require 9 rounds of 2-way merge, 5

precision floating point numbetl¢uble) version. See [9]  rounds of 4-way merge, and only 3 rounds of 8-way merge,

for a detailed description and justification of these bench- and each round of-way merge is obviously another round

marks. where all the input elements must be brought in from main
) _ memory. Moving fromz = 8 to z = 16 has little effect
4.1. Experimental Results for a Single SMP on the execution time since it does nothing to reduce the

memory requirements, but moving4o= 32 saves a round

We begin by experimentally determining the optimal val- of memory access and, hence, the execution time is further
ues of the parameters andz, wherem is the block size  reduced. However, the most dramatic illustration of the im-
in Step (1A)andz is thez-way merge used istep (1B) portance of minimizing secondary memory access can be
Table 1 displays the times required to sort 4bdubles us- found by comparing the optimal sorting time &1 sec-
ing four threads as a function ef andz. Clearly, per- onds form = 32K andz = 32 with the time 0f9.86 sec-
formance suffers dramatically when the block size reachesonds required to sort using only binary merge sort. Reduc-
4MB (512K eight byte double precision numbers), which ing memory access by a combination of block sorting and

4



z-way merging improved performance nearly threefold.
Tables 2displays the performance of our sorting algo-

rithm as a function of input distribution for a variety of input Scalability in Threads
sizes. Notice that the he performance is essentially similar on DEC Alpha

for benchmarkgU], [G], and[WR] and for benchmarks

[Z], [DD], and[RD]. The reason why the benchmarks in 100

the second group ran significantly faster than the bench-
marks in the first group is that the second group of bench-
marks all contained values restricted to a very small range
({0},{0,1,2}, and {0, 1, ..., 32}) which results in signifi-
cant savings in time required for sorting and merging. Be-
cause there was little difference in the performance of the
benchmarks in the first group, the remainder of this section
will only discuss the performance of our sorting algorithm
on the single benchmaflJ] (uniform distribution).

10

Time (secs)

Input Benchmark 1 2 4
Sze | DT 6] [ A [TWR [T [TRD Number of Threads
M _[0.428]0.430]0.319] 0.405[0.274[0.311

2M_[0.973]0.930/ 0.586] 0.922[0.5360.597
4V [ 1.96] 1.97| 1.25] 1.86 | 1.23]| 1.30 =+ 4M Integers - 4M Doubles
8M | 4.06]| 4.05| 2.66| 3.81] 2.68] 2.74 \

Table 2. Sorting integers (in seconds) using 4 Figure 1. Scalability of sorting integers and
threads on a DEC AlphaServer 21000A. doubles with respect to the number of
threads.

The results inFigure 1 examine the scalability of our
sorting algorithm as a function of the number of threads.
Results are shown for sorting bothtegers anddoubles.
Bearing in mind that these graphs are log-log plots, they

show that for dixed input size ithe execution time nearly Scalability in Problem Size
halves when the number of thregds doubled.
The graph inFigure 2 examines the scalability of our on DEC Alpha
sorting algorithm as a function of problem size, for differing 100
numbers of threads. They show that fofixed number of
threadsthere is an almost linear dependence between the
execution time and the total number of elements ‘é‘ 10
'
4.2. Experimental Results for a Cluster of SMPs L e i
o "
For each experiment, the input is evenly distributed E 1 -
amongst the nodes. The output consists of the elements in
non-descending order arranged amongst the nodes so that
the elements at each node are in sorted order and no ele- _
ment at nodeV; is greater than any element at processor 256K512K 1M 2M  4M
Nj, foralli < j. Note that in all casethe results shown for Number of Doubles
a single node were obtained using the sorting algorithm for
a single SMP +1+2+4

Table 3 displays the performance of our sorting algo-
rithm as a function of input distribution for a variety of in-
put sizes. In each case, the performance is essentially inde-
pendent of the input distribution. Because of this indepen-
dence, the remainder of this section will only discuss the
performance of our sorting algorithm on the single bench-
mark[U] (uniform distribution).

Figure 2. Scalability of sorting doubles with
respect to the problem size, for differing num-
bers of threads.



Input | Benchmark | .

Size [TOT [ 1G] 12-GIT [BI [ [SI [ [Z] [TWRITIODI [[RDT] Scalability in Nodes
2M [ 2.76] 2.79]| 2.72| 2.74] 2.73| 2.61] 2.81] 2.64] 2.60
8M | 4.80| 4.86| 4.80| 4.76| 4.85| 4.57| 4.80 | 4.61| 4.54 8M Integers
16M | 9.36| 9.54] 9.30| 9.19| 9.28| 8.94] 9.25 | 9.01] 8.90
32M |18.71]19.31] 18.68| 18.27| 18.54| 18.16| 18.98] 18.23] 18.31 100

Table 3. Total execution time (in seconds) re-
quired to sort a variety of doubles bench-
marks on an 8 node cluster using 4 threads.

Time (sec)
o

The results inFigure 3 examines the scalability of our
sorting algorithm as a function of the number of nodes, for e
a variety of threads. To understand these results, consider
the step by step breakdown of the execution times shown in 1
Table 4 for sorting 8Mintegers with both 1 and 4 threads.
Moving from one node to two introduces the overhead of
Steps 1-2and 4-8, which together account for approxi-
mately 35% and 50% of the total execution time on one
node with 1 and 4 threads, respectively. This consumes the
majority of the time we could hope to save by sharing the  Figure 3. Scalability of sorting integers with
work of sorting amongst two nodes. The effectis more pro-  respect to the number of nodes, for differing
nounced for multiple threads because as our model predicts numbers of threads.
internode communication is independent of the number of
threads. The effect of this overhead would be even more

pronounced were it not for the fact that the time required for differing numbers of nodes and for 1 and 4 threads. For one
Step 3for both 1 and 4 nodes is considerably higher than we thread, they show that forfixed number of nodekere is an

\évould expec;)t from SO{tIngd4‘|1\dntzgers 0(;‘1‘3 sw:jgflse nc(>jde. H almost linear dependence between the execution time and
ut moving between 1 and 4 nodes and 1 and 8 nodes, th&y o 143] number of elemenis The results for 4 threads in

time required foiStep (3)scales inversely with the number

1 2 4 8
Number of Nodes

Lo ) . Figure 5 are seemingly more problematic. However, a step
of nodes, Wh'Ch. IS Fhe faxpectatlon of our modgl. The fail- by step breakdown of the running times in [9] shows that
ure of communication |rStep_s 2and7_ to scale '”Vers‘?'Y the communication costs dominate the execution time and
with the ”“”.‘ber of nodes m_lght at first appear surprising. y,a as the problem size increases from 1M to 2M integers
However, this performance is actually quite reasonable if he communication costs actually decregs@sumably be-

we recz_ill thalt for 2, 4, and 8dn0des, each node has tr(]) S€NQause of a change in the communication protocol. Once the
approximately 2M, 1.5M, and 0.875b&tegers across the 1000 is switched, the relative costs of communication

network, respectively. The clear implication of these results decline and the execution time scales with problem size as
is that an algorithm must be both efficient and scalable to

o . our model anticipates.
justify the use of multiple nodes. P

| I OneThread || Four Threads | References
Steps)|| T [ 2 [4]8[1T[2]4T] 8|
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