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Abstract

In this paper, weropose efficienparallel algorithms
on the EREWPRAM for optimally locating in a weighted
tree network a tree-shaped facility of a specifiedgth.
Two optimization criteria are considered: minimum
eccentricity and minimum distancesum. Len be the
number of vertices irthe tree network. Both the two
algorithms we shalpropose takeD(log nloglog n) time
usingO(n) work.

1. Introduction

Optimally locating a facility in a network is an
important problem inthe fields of transportation and
communication [10]. The criteriafor optimality
extensively studied irthe literature are theminimum
eccentricitycriterion in which the distance to the farthest
vertex fromthe facility is minimized and theminimum
distancesuncriterion in which the total distance to the
vertices from the facility is minimized.

Traditionally, network location theoryhas been
concerned with the optimal location of a single-point
facility. In [9], Slater extendedhe network location
theory to include a facilitthat is not rerely a single
point but apath. Thisextensiorhas practical applications
in improving a stretch of road in a highwand in
establishing a high-speed transmission line

in a

including the ongroposed in [5]. Miniekashowedthat
all the eightproblemscan besolved in polynomiatime
exceptthe one of finding the maximum distancesum tree
of a specifiedlength, whichwas proved to bé&P-hard
later in [8]. Recently, in [6,7], Peng and Lo have proposed
efficient parallel algorithms on th&REW PRAM for
optimally locating in a tree networkpath and aree of a
specifiedlength. They considereall the eightproblems
studied in Minieka's paper. In [6,7],\itas assumethat
the tree network is unweighted. Pesogd Lo's results are
summarized in Table MNote that under theassumption
that the tree network is unweighted, thproblem of
finding a maximum distancesum tree dfpgecified €ngth
is not NP-hard.

In this paper,efficient parallel algorithms on the
EREW PRAMareproposed foffinding in a tree network
the minimum eccentricity tree and the minimum
distancesum tree of a specifieshgth. Edges in the tree
network have arbitrary positivedengths. Thus, as
compared with PengndLo's results, oualgorithms are
more generalBesides, ourlgorithms are morefficient
from the aspect of work. Both titeo algorithms we shall
propose takéD(log nloglog n) time usingO(n) work. In
the sequential case, our algorithgige improvements on
Minieka‘sO(nZ) time algorithms in [4].

The remainder of this paper is organized as follows.

n

communication network. Slater's work confined to tree the next section, notatioand preliminaryresults are

networks. Apath in a treenetwork with the minimum
distancesum is defined asare

Slater placed no constraint on the length of plagh
selected ashe core. Miniekaand Patel [5] first studied
the problem of finding in a tree network eore of a
specified length. Later, in [4], Minieka extended the
studies in [5] to consider the@roblems of optimally
locating in a tree network path and aree of aspecified
length. In Minieka's paperwo kinds of facilities are
discussedpaths andrees;andfour optimization criteria
are considered: minimum eccentricity, minimum
distancesum, maximum eccentricitygnd maximum

presented. Then, parallel algorithnier finding the
minimum eccentricity tre@nd the minimundistancesum
tree areproposed in sections &nd 4, respectively.
Finally, in section 5, some concluding remarks are given.

2. Notation and Preliminary Results

Let T=(V, E) denote the tree network under
consideration, wher¥ is thevertex seandE is theedge
set. Letn=|V|. The tree networH is undirected. Tha-1
edges irE arelabeled with 1, 2,.., andn-1, respectively.
Let W(e) denote the length of an edgéeE.

A tree-shaped facilityn T is a subtree T, possibly

distancesum. Totally, there are eight different problems,With partial edges.The length of a facility denotes the
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sum of the lengths of all the edges and partial edges in the
facility. Let | be thespecifiedlength of thefacility to be



located inT.

For anytwo pointsa and b on theedges ofT, the
distance of andb, denoted byl(a, b), is the length of the
unique path connecting and b. The distance from a
vertex to a facility is defined a@he shortest distandeom
the vertex to any point irthe facility. We denoted(v, F)
as the distance from wertex v to a facility F. The
eccentricityof a facility is defined ashe distancdrom
the farthestvertex tothe facility. The distancesunof a
facility is defined ashe total distance to theertices from
the facility. The eccentricityand distancesum of a facility
F are denoted b CC(F) andSungF) respectively.

Using the Euler-tour techniquand tree-contraction
[3], the following two lemmas can beasily obtained on
the EREW PRAM.

Lemma 1[3]: An undirected tree can be oriented into

a rooted tree with apecified root inO(log n) time using
O(n) work.

Lemma 2[3]: For each vertex in a rooted tree, in
O(log n) time usingO(n) work, we carcomputethe depth
of v (the distance fronv to the root), the height of the
subtree rooted at, and the number ofertices contained
in the subtree rooted wat

In the algorithms we shalpropose inthe next two

sections,T will be oriented into a rooted tree frequently.

In caseT is oriented into a rooted tree, for each vextax

T, we denot@(v) anddepthV) as the parent and the depth

of v respectivelyAnd, wedenoteheigh{v) andsizgv) as
the height of thesubtree rooted at and the number of
vertices contained in the subtree rooted espectively.

The center of T is the unique point off whose
eccentricity isminimum. Amedianof T is any point ofT
whosedistancesum is minimum. In [6], Peagd Lo had
proposedparallel algorithmdor finding the centeand a
median of an unweighted tre€heir algorithms can be
easily extended to a weighted tree to obthmfollowing
lemma.

Lemma 3 Finding the centeand a median of &ee
can be done i®(log n) time usingO(n) work.

3. Minimum Eccentricity Tree

Trivially, | is feasible only whehis not largetthan
the total length of thedges inT. Letc be the center of.
For easy discussion, we assunt@at c is located at a
vertex of T. (In casec is a point on an edge,(v), we can
simply introduce a new vertex atand split theedge (,
V) into two edges |, c) and €, v).) It was shown by
Minieka [4] that for any feasiblel, the minimum
eccentricitytree of a length is unique and contains the
centerc. Throughout thissection, we assum#at T is
rooted atc. Note that since ¢ is the center ofT,
ECC(c)=heigh{c). For each edge=(u, p(u)) in T, we
definethe functionR(e) to beR(e)=heigh{u)+We). Note

that R(e) is the distance from(u) to the farthesteaf in
the subtree rooted at. We callR(e) theimportanceof e.
We saythat anedgee is more important tharanother
edgeq iff (1) R(e)>R(g) or (2) R(e)=R(g) ande is with a
largerlabelthang. Therank of an edgeeJE, denoted by
rank(e), is the number ofedges inE that are more
important than or asimportant ase. In other words,
rank(e)=i iff e is thei-th most important one among the
edges inE, 1<k<n-1. Throughout thissubsection, we
denote &, I<k<n-1, as thek-th most important one
among theedges inE. Besides, for easglescription, we
denotea, as a null edge with importance O.

For each non-leaf vertexin T, let M(v) denote the
most important one among tkdges connectingandv's
children. Clearly, we have the following lemma.

Lemma 4 For each non-leaf vertew in T,
heigh{v)=R(M(V)).

Let F1 be the tree-shapefcility that containsonly
thevertexc. And, for k=2, 3, .., and, let Fy, be the tree-
shaped facility obtained frorfiy_q by addingay_q1. Note
that F contains all theedgesthat aremore important
thanay in E. And, a is the most important one i that
is not contained ifff. Also note thaF,=T.

Lemma SECQFy)=R(ay), 1=ksn.

Proof. SinceF=T, we haveECOF)=R(a;))=0. In the
following, we show that the eccentricity B is R(ay), for
1<k<n-1.

Let x be a vertex il that is not inF andy be the
vertex inFy that isclosest tox. Letw be thesecond last
vertex onthe pathfrom x to y and T, be thesubtree
rooted atv. Notethaty=p(w), (w, y) is not inFy, andx is
a vertex inTy,. SinceR((w, y)) is the distance frory to
the farthesteaf in Ty, we haved(x, y)<R((w, y)). Clearly,
the distancel(x, y) is maximized by lettingw, y)=ay and
x be the farthest leaf fromin T, Q.E.D.

An edgee=(u, p(u)) in Fy. is externalif u is a leaf in
Fk and isinternal otherwise. Clearly, an edge(u, p(u))
in E is an externagdge inFy iff e is more importanthan
a and all the edges connectingndu's children are not.

Let g=(u, p(u)) be an externatdge inFy. Letq be the
point ong that is at alistance oR(ay)-heigh{u) from u.
Note thatR(ay)-heigh(u)=0, sinceheigh(u)=R(M(u)) and
M(u) is not more importarthanay. Also notethat\W(g),
the length ofg, is not smallethanR(ay)-heigh(u), since
heigh(u)+W(g) = R(g) = R(ay). Let T, be thesubtree
rooted atu. Clearly, the distance from to the farthest
vertex in T, is heigh{u)+(R(ay)-heigh{u))=R(ay). Thus,
removing the partial edge,(q) from F, does not increase
the eccentricity. LetGy, 1<k<n, be therooted treethat is
obtained fromFy by cutting down eachexternal edge
0=(u, p(w) by a length ofR(ay)-heigh{u). We have
ECOGy)=R(ak). Let I and X be thesets ofinternal
edges and external edgesHprespectivelyThe length of



Gy, denoted by, is

Ly = YW(9 + > (W ¢ - (R@)- heigft))
e, e=(u (V)0 X

= ZemkW(@ + Ze=(u, o Y)o )&( Ré¢- R@)
(sinceR(e)=heigh{u)+We).)

=2 WO+ oy R XIR@).

Clearly, removing anyartial edge fromGy will increase
the eccentricity. We have the following lemma.

Lemma 6 Gy is the unique minimureccentricity tree
of lengthLy in T. The eccentricity oGy is R(ay).

Lemma 7Letzbe the integer satisfyirlg, 1 < | < L,.
The length of each external edgedpis not smallethan
(L)/IX).

Proof. Let g=(u, p(u)) be an externaédge inF,. To
obtain G, from F,, g is cutting down by alength of
(R(ay-heightu)). Let g' be the partiakdge leftover after
g is cutting down.The length ofg' is W(g)-(R(ay)-
heigh(u)), which is equal tdx(g)-R(a,). Sincea,.1 is the
edge with the smallest importance i, we have
R(9)=R(a;.1). Thus, each externadge inG; is with a
length not smallethan R(az.1)-R(a,). To complete the
proof, inthe following, we showthatR(az.1)-R(a,) = (L
N/1X,).

ZLet Q be the tree-shaped facility obtained fr@pnby
cutting down eachexternaledge by dength ofR(a,.1)-
R(ay). There are|X, externaledges inG, Thus, the
length ofQ is L|X(R(az1)-R(ay). Theeccentricity of
Q is ECAGy)+(R(az.1)-R(ap) = R(az.1). Removing any
partial edge fromQ will increase thesccentricity. Thus,
from lemma 6, wecaneasily concludehat Q=G,.1 and
L-IX4(R(az.1)-R(ay)) = L,1. And thus, we haveR(a,.
1-R@p) = (LyL.1)/IX4 = (LA1)/|X] (sincel, 1<l.). The
lemma holds. Q.E.D.

Lemma 7 providesthe basis of our following
algorithmfor finding the minimumeccentricity tree of a
specified length.

ALGORITHM Min_Ecc_Treel=(V, E), )

Step 1. ComputeL=3 o, gWMe). If I>L, return 'no
solution’. Otherwise, ifl=L, return T as the
minimum eccentricity tree.

Find the centerof T, and then orienT into a
rooted tree with root.

Determinéeightv) for each vertex in V. And
then, computé&(e) for each edge in E.

For each non-leaf vertein V, determineM(v).
Find the edgein E{an} satisfyingLrankw)-1
< I<Lyankw)-
Step 6: // Construct the minimum eccentricity tree. //

6.1: ComputeFyanyw) @s fel elE and e is more

Step 2:
Step 3:

Step 4:
Step 5:

important tham}.

6.2: For each edgein Frany). determine whether
it is an external edge.

6.3: Obtain the minimuneccentricity tree of aehgth
| from Frankw) by cuttingdown eachexternal
edge g=(u, p(u)) by a length of RW)-
heightu)+(Lrankw))/Krankw)l- And then,
compute the minimum eccentricity asR(w)+
(Lran k(w)'l)/ |Xrank(w) |

The correctness of thabovealgorithm is ensured by
lemmas 5~7. The parallelinningtime of the algorithm
is discussed as follows.

Step 1 needs to sum upl values.Thus, it requires
O(log n) time usingO(n) work. By lemmas 1~3, steps 2
and 3take O(log n) time usingO(n) work. Step 4can be
implemented by findindor each vertex in T the second
most importantedge among theedgesincident to v,
which arestored in the adjacent list of Notethat the
most importantdge inthe list is ¢, p(v)). With the help
of Cole and Vishkin'soptimal algorithmfor computing
the prefix sums of a linked list [2], stepcdn bedone in
O(log n) time usingO(n) work. Step 5 is the most critical
step of algorithm Min_Ecc_Tree. We williscuss its
running time later. In step 6.1, we determifi@ each
edgee in E whether it is more importarthanw. Since
broadcasting ofv is needed, step 6.1 requir€log n)
time usingO(n) work. An edgeg=(u, p(u)) in Frank(w) is
externaliff M(u) is not in Franyw)- Thus, step 6.2
requiresonly O(1) time usingO(n) work. In step 6.3, we
need to computéhe values of Xrankw)l andLrankw)-
Clearly, the computation can ®ne inO(log n) time
using O(n) work. Therefore, except step &ll steps of
algorithm Min_Ecc_Tree can heerformed inO(log n)
time using O(n) work.

In the following, we discusghe runningtime of step
5. First, wegive alemma that isuseful for computing
Li's.

X Lemma 8 Let ay_1=(u, p(u)). If p(u) is the rootc or
-1 # M(p(u)), we havely=ly_1 and Xy =Xy_10{ay.1}.
Otherwise, we havéy=l,_10{g} and X, =X,_10{ay.1}-

{ g}, whereg=(p(u), p(p(u))).

Proof. By definition, fromFy_1, we can obtairFy by
adding a_1. Clearly, inFy, a1 is an externakdge.
Thus, if p(u) is the rootc, we caneasily concludehat
I=lk-1 and Xp=Xg.10{ay.1}. In the following, we
assumethat p(u) is not the rootc. Let g be theedge
connectingp(u) andp(u)'s parent. Sinc®(g)>R(ak.1), 9
is in Fy_1. If g is an externakdge inFy_4q, afteray_q is
added to obtaifry, it becomes an internal edge. Thug if
is an externakdge inFy_q, we havel,=l;_10{g} and
Xk=Xk-10{ak-1}-{ g}. Otherwise, we havd=l,_q and
Xk=Xk-10{ak-1}. It is not difficult to seethat g is an



external edge iffy_q iff a,_1=M(p(u)). Q.E.D.

In theproof oflemma 7, we have showhatLy=L}_q
+[Xkl(R(ak-1)-R(ay)). On thebasis ofthe equation and
lemma 8, a simplavay toimplement step 5 of algorithm
Min_Ecc_Tree is as follows.

Step 5:

Step 5.1:For each edge(u, p(u)), if p(u) is the rootc
or ez M(p(u)), setdelta_xrp=1; otherwise set
delta_x=0. (Note that by Ilemma 8,
XK=3 1<i<k- 10818 X; )

Step 5.2: Obtain theequenced), ay, ..., a,) by sorting
the edges ifE[{ ap}.

Step 5.3:Computethe values of Xy|'s as Y 1<j<k-1
delta_xiy's And then,computethe values of
Li's asy 1<j<k-1il (R(3j.1)-R(@))'s.

Step 5.4: Setv as theedgea; with the propertythat L.
1= I< Lt'

Step 5.1 take€D(1) time usingO(n) work. Using
Cole'sparallel merge sort [1], step 5¢an bedone in
O(log n) time usingO(nlog n) work. Using an optimal
algorithmfor computingthe prefix sums of values, step
5.3 can beperformed inO(log n) time usingO(n) work.
Using binary search, step 5.4 can be dor@(iog n) time
using O(log n) work. Therefore, the above
implementation of step 5 tak€%log n) time using a total
of O(nlog n) work. We have the following theorem.

Theorem 1Theproblem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specifiedlength can besolved in O(log n) time using
O(nlog n) work.

The aboveimplementation of step 5 uses a total of
O(nlog n) work, since sorting is performed. Later, using

the prune-and-search technique, we wille a second
implementation of step 5, which uses o@¥n) work. Our
second implementation is motivated lifie parallel
selection algorithm proposed by Vishkin [11]. The
following lemma is needed for the implementation.

Lemma 9[11]: Let Q be a set ofn distinct elements.
In O(log m) time using O(m) work, we can find an
element z in Q with the property Qq|<3nv4 and
|Qol<3nv4, whereQq and Qy is the sets of elements
smaller than and larger thamespectively.

Our second implementation of step 5 is as follows.

Step 5:

Step 5.1:For each edge(u, p(u)) in E, if p(u) is the
root ¢ or ez M(p(u)), set delta_inw=0,
delta_xg=R(e), anddelta_xr=1; otherwise set
delta_iwe=W(g), delta_xg=R(e)-R(g), and
delta_x=0, whereg=(p(u), p(p(u))).

Step 5.2: SeQ=E, cumulate_iwxr=0, andcumulate_xn
=0.

Step 5.3:&peatthe following sub-steps t@rune away
edges fronQ until |Q|<n/log n.
5.3.1:Find anedge z in Q with the property
|Q1I<3IQ1/4 and Qo[<3|Q|/4, where Q1 (Q2
resp.) is the set ofedgesthat are more
important thare (less important thamresp.).
5.3.2:Partitiol into three sub-set34, {Z} and Qo

5.3.3Compute W, = ZeDQLdelta_ W XRy =

> delta_xg , and XNg = 3 delta_xn . And
elQ elQ
then  compute  Lygnkz)=(cumulate_iw_xr

+1Wg, + XRy, )-(cumulate_x# XNQl YR(D).
5.3.4:IfLrgnk(z)=l. thensetQ=Qp, cumulate_iw_xr

=cumulate_iw_x# W, +delta_iw+ XRq +
Q Q
delat_xg, and cumulate_xrcumulate_x

XNg, +delta_xn. Otherwise, seQ= Q10{Z.

Step 5.4UseCole'sparallel merge sort to determine the
edgewin Q.

It is easy to sethatstepsb.1, 5.2, and 5.4ake O(log
n) time using a total o©(n) work. The runningime of
step 5.3 is estimated dellows. Consider an arbitrary
iteration of step 5.3Let m=|Q|. By lemma 9, step 5.3.1
takesO(log m) time usingO(m) work. Using an optimal
prefix sum algorithm, step 5.3d@hd 5.3.3, can beasily
done inO(log m) using O(m) work. Clearly, step 5.3.4
can be implemented i®(log m) time usingO(m) work.
Therefore, each iteration of step 5.3 tak¥bg |Q|) time
using O(|Q]) work. Since the size d is reduced by a
factor of 3/4, O(loglog n) iterations of step 5.3 are
sufficient to reduce the size @fbelown/log n. Thus,step
5.3 takesO(log nxloglog n) time, using a total of
O(n+(3/4n+(3/4Pn+ ..)=0(n) work. We have the
following theorem.

Theorem 2The problem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specifiedlength can besolved inO(log nloglog n) time
usingO(n) work.

Clearly, if we perform step 5.3 ofecond
implementation of step bnly r<loglog n times, we can
obtain the following theorem.

Theorem 3The problem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specifiedlength can besolved in O(log n+rlog n) time
usingO((3/4) xnlog n) work, where 8r<loglogn.

4 Minimum Distancesum Tree
Letm be a median of. It was shown bMinieka [4]



that for all feasiblel, there is a minimum distancesum n) time algorithm usingd(n) work can befound in [12],

tree-shaped facility of kengthl that containsn. Foreasy
discussion, in this section, we assume thag a vertex in
T. And, we assume thatis a rooted tree with a root

In this section, we redefine thimmportanceof an edge
e=(u, p(u)) in T, denoted byr(e), to beR(e)=sizgu). The
rank of an edgel]E, denoted byank(e), is the number of
edges inE that aremore importanthan or asmportant
ase. Denoteay, 1<k<n-1, as thek-th most important one
among the edges B

Our algorithmfor finding the minimum distancesum
tree is similar tothat wehave proposed fofinding the
minimum eccentricity tree. It is as follows.

ALGORITHM Min_Sum_Tree(=(V, E), )

Step 1. ComputeL=3 gmgWMe). If I>L, return 'no
solution'. Otherwise, iEL , returnT.

Find a mediam of T, and then orienT into a
tree that is rooted am.

Determin&(e)=siz€u) for each edge=(u, p(u))
inT.

Find anedgew in E with the property that
Lrankw)-1< | = Lrankw) Wwhere Li=
Y 1<i<kWM#@) fork=0, 1, ...n-1.

Step 2:
Step 3:

Step 4:

Step 5:
length| from T by removing alledgesthat are
not more importanthan w and cuttingdown w

by a length ot rgpKw)-l-

It is not difficult to seethe correctness of algorithm
Min_Sum_Tree. With an analysis similar that of
algorithm Min_Ecc_Tree, we can obtain tfalowing
theorem.

Theorem 4 The problem of finding in a tree network
the minimum distancesum tree-shapéatility of a
specifiedlength can besolved in O(log n+rlog n) time
usingO((3/4) xnlog n) work, where &r<loglogn.

5. Concluding Remarks

In [4], eight different problemsvere considered by
Minieka. In this paper, parallel algorithmsere proposed
for only two of the problems. Itwas showedthat the
problem of findingthe maximum distancesusubtree of
a specifiedength in aweighted tree network is NP-hard
[8]. In thefollowing, we discusshe parallelcomplexities
of the other five problems on the EREW PRAM.

For theproblems of findinghe maximumeccentricity
path and the maximureccentricity subtree of a specified
length, Pengand Lo [6] proposed anO(log n) time
algorithm usingO(n) work for unweighted tree networks.
It is not difficult to seghat PengandLo's algorithm can

be easily extended to weighted tree network without

losing any efficiency. Forthe problems of finding the
minimum eccentricitypath of aspecifiedlength, anO(log

Obtain the minimum distancesum tree of a[7]

which improvesthat proposed in [6] fronthe aspect of
work. For the problems of finding a minimum
distancesunpath and a maximurdistance-sunpath of a
specified length in a tree networksQO(log n) time
algorithms using)(nz) work can be found in [12].
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Time Work
Min-Ecc Path O(log n) O(nlog n)
Min-Sum Path O(Iog2 n) O(nlog n)
Max-Ecc Path O(log n) O(n)
Max-Sum Path O(Iog2 n) O(nlog n)
Min-Ecc Tree O(log n) O(nlog n)
Min-Sum Tree O(log n) O(nlog n)
Max-Ecc Tree O(log n) O(n)
Max-Sum Tree O(Iog3 n) O(n3log3 n)

TABLE 2. Complexities of Peng and Lo's algorithms.



