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Abstract including the one proposed in [5]. Minieka showed that
all the eight problems can be solved in polynomial time
except the one of finding the maximum distancesum tree
of a specified length, which was proved to be NP-hard
later in [8]. Recently, in [6,7], Peng and Lo have proposed
efficient parallel algorithms on the EREW PRAM for
optimally locating in a tree network a path and a tree of a
specified length. They considered all the eight problems
studied in Minieka's paper. In [6,7], it was assumed that
the tree network is unweighted. Peng and Lo's results are
summarized in Table 1. Note that under the assumption
that the tree network is unweighted, the problem of
finding a maximum distancesum tree of a specified length
is not NP-hard.

In this paper, we propose efficient parallel algorithms
on the EREW PRAM for optimally locating in a weighted
tree network a tree-shaped facility of a specified length.
Two optimization criteria are considered: minimum
eccentricity and minimum distancesum. Let n be the
number of vertices in the tree network. Both the two
algorithms we shall propose take O(log nloglog n) time
using O(n) work.

1. Introduction
Optimally locating a facility in a network is an

important problem in the fields of transportation and
communication [10]. The criteria for optimality
extensively studied in the literature are the minimum
eccentricity criterion in which the distance to the farthest
vertex from the facility is minimized and the minimum
distancesum criterion in which the total distance to the
vertices from the facility is minimized.

In this paper, efficient parallel algorithms on the
EREW PRAM are proposed for finding in a tree network
the minimum eccentricity tree and the minimum
distancesum tree of a specified length. Edges in the tree
network have arbitrary positive lengths. Thus, as
compared with Peng and Lo's results, our algorithms are
more general. Besides, our algorithms are more efficient
from the aspect of work. Both the two algorithms we shall
propose take O(log nloglog n) time using O(n) work. In
the sequential case, our algorithms give improvements on
Minieka's O(n2) time algorithms in [4].

Traditionally, network location theory has been
concerned with the optimal location of a single-point
facility. In [9], Slater extended the network location
theory to include a facility that is not merely a single
point but a path. This extension has practical applications
in improving a stretch of road in a highway and in
establishing a high-speed transmission line in a
communication network. Slater's work confined to tree
networks. A path in a tree network with the minimum
distancesum is defined as a core.

The remainder of this paper is organized as follows. In
the next section, notation and preliminary results are
presented. Then, parallel algorithms for finding the
minimum eccentricity tree and the minimum distancesum
tree are proposed in sections 3 and 4, respectively.
Finally, in section 5, some concluding remarks are given.

Slater placed no constraint on the length of the path
selected as the core. Minieka and Patel [5] first studied
the problem of finding in a tree network a core of a
specified length. Later, in [4], Minieka extended the
studies in [5] to consider the problems of optimally
locating in a tree network a path and a tree of a specified
length. In Minieka's paper, two kinds of facilities are
discussed: paths and trees; and four optimization criteria
are considered: minimum eccentricity, minimum
distancesum, maximum eccentricity, and maximum
distancesum. Totally, there are eight  different   problems,

2. Notation and Preliminary Results
Let T=(V, E) denote the tree network under

consideration, where V is the vertex set and E is the edge
set. Let n=|V|. The tree network T is undirected. The n-1
edges in E are labeled with 1, 2, ..., and n-1, respectively.
Let W(e) denote the length of an edge e∈E.

A tree-shaped facility in T is a subtree in T, possibly
with partial edges. The length of a facility denotes the
sum of the lengths of all the edges and partial edges in the
facility. Let l be the specified length of the facility to be
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 located in T. that R(e) is the distance from p(u) to the farthest leaf in
the subtree rooted at u. We call R(e) the importance of e.
We say that an edge e is more important than another
edge g iff (1) R(e)>R(g) or (2) R(e)=R(g) and e is with a
larger label than g. The rank of an edge e∈E, denoted by
rank(e), is the number of edges in E that are more
important than or as important as e. In other words,
rank(e)=i iff e is the i-th most important one among the
edges in E, 1≤k≤n-1. Throughout this subsection, we
denote ak, 1≤k≤n-1, as the k-th most important one
among the edges in E. Besides, for easy description, we
denote an as a null edge with  importance 0.

For any two points a and b on the edges of T, the
distance of a and b, denoted by d(a, b), is the length of the
unique path connecting a and b. The distance from a
vertex to a facility is defined as the shortest distance from
the vertex to any point in the facility. We denote d(v, F)
as the distance from a vertex v to a facility F. The
eccentricity of a facility is defined as the distance from
the farthest vertex to the facility. The distancesum of a
facility is defined as the total distance to the vertices from
the facility. The eccentricity and distancesum of a facility
F are denoted by ECC(F) and Sum(F) respectively.

Using the Euler-tour technique and tree-contraction
[3], the following two lemmas can be easily obtained on
the EREW PRAM.

For each non-leaf vertex v in T, let M(v) denote the
most important one among the edges connecting v and v's
children. Clearly, we have the following lemma.

Lemma 1 [3]: An undirected tree can be oriented into
a rooted tree with a specified root in O(log n) time using
O(n) work.

Lemma 4: For each non-leaf vertex v in T,
height(v)=R(M(v)).

Let F1 be the tree-shaped facility that contains only
the vertex c. And, for k=2, 3, .., and n, let Fk be the tree-
shaped facility obtained from Fk-1 by adding ak-1. Note
that Fk contains all the edges that are more important
than ak in E. And, ak is the most important one in E that
is not contained in Fk. Also note that Fn=T.

Lemma 2 [3]: For each vertex v in a rooted tree, in
O(log n) time using O(n) work, we can compute the depth
of v (the distance from v to the root), the height of the
subtree rooted at v, and the number of vertices contained
in the subtree rooted at v.

In the algorithms we shall propose in the next two
sections, T will be oriented into a rooted tree frequently.
In case T is oriented into a rooted tree, for each vertex v in
T, we denote p(v) and depth(v) as the parent and the depth
of v respectively. And, we denote height(v) and size(v) as
the height of the subtree rooted at v and the number of
vertices contained in the subtree rooted at v respectively.

Lemma 5: ECC(Fk)=R(ak), 1≤k≤n.
Proof: Since Fn=T, we have ECC(Fn)=R(an)=0. In the

following, we show that the eccentricity of Fk is R(ak), for
1≤k≤n-1.

Let x be a vertex in T that is not in Fk and y be the
vertex in Fk that is closest to x. Let w be the second last
vertex on the path from x to y and Tw be the subtree
rooted at w. Note that y=p(w), (w, y) is not in Fk, and x is
a vertex in Tw. Since R((w, y)) is the distance from y to
the farthest leaf in Tw, we have d(x, y)≤R((w, y)). Clearly,
the distance d(x, y) is maximized by letting (w, y)=ak and
x be the farthest leaf from y in Tw.  Q.E.D.

The center of T is the unique point of T whose
eccentricity is minimum. A median of T is any point of T
whose distancesum is minimum. In [6], Peng and Lo had
proposed parallel algorithms for finding the center and a
median of an unweighted tree. Their algorithms can be
easily extended to a weighted tree to obtain the following
lemma.

An edge e=(u, p(u)) in Fk is external if u is a leaf in
Fk, and is internal otherwise. Clearly, an edge e=(u, p(u))
in E is an external edge in Fk iff e is more important than
ak and all the edges connecting u and u's children are not.

Lemma 3: Finding the center and a median of a tree
can be done in O(log n) time using O(n) work.

3. Minimum Eccentricity Tree Let g=(u, p(u)) be an external edge in Fk. Let q be the
point on g that is at a distance of R(ak)-height(u) from u.
Note that R(ak)-height(u)≥0, since height(u)=R(M(u)) and
M(u) is not more important than ak. Also note that W(g),
the length of g, is not smaller than R(ak)-height(u), since
height(u)+W(g) = R(g) ≥ R(ak). Let Tu be the subtree
rooted at u. Clearly, the distance from q to the farthest
vertex in Tu is height(u)+(R(ak)-height(u))=R(ak). Thus,
removing the partial edge (u, q) from Fk does not increase
the eccentricity. Let Gk, 1≤k≤n, be the rooted tree that is
obtained from Fk by cutting down each external edge
g=(u, p(u)) by a length of R(ak)-height(u). We have
ECC(Gk)=R(ak). Let Ik and Xk be the sets of internal
edges and external edges in Fk respectively. The length of

Trivially, l is feasible only when l is not larger than
the total length of the edges in T. Let c be the center of T.
For easy discussion, we assume that c is located at a
vertex of T. (In case c is a point on an edge (u, v), we can
simply introduce a new vertex at c and split the edge (u,
v) into two edges (u, c) and (c, v).) It was shown by
Minieka [4] that for any feasible l, the minimum
eccentricity tree of a length l is unique and contains the
center c. Throughout this section, we assume that T is
rooted at c. Note that since c is the center of T,
ECC(c)=height(c). For each edge e=(u, p(u)) in T, we
define the function R(e) to be R(e)=height(u)+W(e). Note
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6.2: For each edge e in Frank(w), determine whether
it is an external edge.

6.3: Obtain the minimum eccentricity tree of a length
l from Frank(w) by cutting down each external
edge g=(u, p(u)) by a length of R(w)-
height(u)+(Lrank(w)-l)/|Xrank(w)|. And then,
compute the minimum eccentricity as R(w)+
(Lrank(w)-l)/|Xrank(w)|.
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The correctness of the above algorithm is ensured by
lemmas 5~7. The parallel running time of the algorithm
is discussed as follows.

Clearly, removing any partial edge from Gk will increase
the eccentricity. We have the following lemma.

Lemma 6: Gk is the unique minimum eccentricity tree
of length Lk in T. The eccentricity of Gk is R(ak). Step 1 needs to sum up n-1 values. Thus, it requires

O(log n) time using O(n) work. By lemmas 1~3, steps 2
and 3 take O(log n) time using O(n) work. Step 4 can be
implemented by finding for each vertex v in T the second
most important edge among the edges incident to v,
which are stored in the adjacent list of v. Note that the
most important edge in the list is (v, p(v)). With the help
of Cole and Vishkin's optimal algorithm for computing
the prefix sums of a linked list [2], step 4 can be done in
O(log n) time using O(n) work. Step 5 is the most critical
step of algorithm Min_Ecc_Tree. We will discuss its
running time later. In step 6.1, we determine for each
edge e in E whether it is more important than w. Since
broadcasting of w is needed, step 6.1 requires O(log n)
time using O(n) work. An edge g=(u, p(u)) in Frank(w) is
external iff M(u) is not in  Frank(w). Thus, step 6.2
requires only O(1) time using O(n) work. In step 6.3, we
need to compute the values of |Xrank(w)| and Lrank(w).
Clearly, the computation can be done in O(log n) time
using O(n) work. Therefore, except step 5, all steps of
algorithm Min_Ecc_Tree can be performed in O(log n)
time using  O(n) work.

Lemma 7: Let z be the integer satisfying Lz-1 ≤  l < Lz.
The length of each external edge in Gz is not smaller than
(Lz-l)/|Xz|.

Proof: Let g=(u, p(u)) be an external edge in Fz. To
obtain Gz from Fz, g is cutting down by a length of
(R(az)-height(u)). Let g' be the partial edge leftover after
g is cutting down. The length of g' is W(g)-(R(az)-
height(u)), which is equal to R(g)-R(az). Since az-1 is the
edge with the smallest importance in Fz, we have
R(g)≥R(az-1). Thus, each external edge in Gz is with a
length not smaller than R(az-1)-R(az). To complete the
proof, in the following, we show that R(az-1)-R(az) ≥ (Lz-
l)/|Xz|.

Let Q be the tree-shaped facility obtained from Gz by
cutting down each external edge by a length of R(az-1)-
R(az). There are |Xz| external edges in Gz. Thus, the
length of Q is Lz-|Xz|(R(az-1)-R(az)). The eccentricity of
Q is ECC(Gz)+(R(az-1)-R(az)) = R(az-1). Removing any
partial edge from Q will increase the eccentricity. Thus,
from lemma 6, we can easily conclude that Q=Gz-1 and
Lz-|Xz|(R(az-1)-R(az)) = Lz-1. And thus, we have (R(az-
1)-R(az)) = (Lz-Lz-1)/|Xz| ≥ (Lz-l)/|Xz| (since Lz-1≤l.). The
lemma holds. Q.E.D.

In the following, we discuss the running time of step
5. First, we give a lemma that is useful for computing
Lk's.Lemma 7 provides the basis of our following

algorithm for finding the minimum eccentricity tree of a
specified length l.

Lemma 8: Let ak-1=(u, p(u)). If p(u) is the root c or
ak-1 ≠≠≠≠≠≠≠≠≠≠≠≠≠ M(p(u)), we have Ik=Ik-1 and Xk=Xk-1∪{ ak-1}.
Otherwise, we have Ik=Ik-1∪{ g} and Xk=Xk-1∪{ ak-1}-
{ g}, where g=(p(u), p(p(u))).

ALGORITHM Min_Ecc_Tree(T=(V, E), l)
Step 1: Compute Ln=∑e ∈∈∈∈∈∈∈∈∈∈∈∈EW(e). If l>Ln return 'no

solution'. Otherwise, if l=L n return T as the
minimum eccentricity tree.

Proof: By definition, from Fk-1, we can obtain Fk by
adding ak-1. Clearly, in Fk, ak-1 is an external edge.
Thus, if p(u) is the root c, we can easily conclude that
Ik=Ik-1 and Xk=Xk-1∪{ ak-1}. In the following, we
assume that p(u) is not the root c. Let g be the edge
connecting p(u) and p(u)'s parent. Since R(g)>R(ak-1), g
is in Fk-1. If g is an external edge in Fk-1, after ak-1 is
added to obtain Fk, it becomes an internal edge. Thus, if g
is an external edge in Fk-1, we have Ik=Ik-1∪{ g} and
Xk=Xk-1∪{ ak-1}-{ g}. Otherwise, we have Ik=Ik-1 and
Xk=Xk-1∪{ ak-1}. It is not difficult to see that g is an

Step 2: Find the center c of T, and then orient T into a
rooted tree with root c.

Step 3: Determine height(v) for each vertex v in V. And
then, compute R(e) for each edge e in E.

Step 4: For each non-leaf vertex v in V, determine M(v).
Step 5: Find the edge w in E∪{ an} satisfying Lrank(w)-1

≤ l< Lrank(w).
Step 6: // Construct the minimum eccentricity tree. //

6.1: Compute Frank(w) as {e| e∈E and e is more



external edge in Fk-1 iff ak-1=M(p(u)). Q.E.D.   Step 5.3:Repeat the following sub-steps to prune away
edges from Q until |Q|<n/log n.In the proof of lemma 7, we have shown that Lk=Lk-1

+|Xk|(R(ak-1)-R(ak)). On the basis of the equation and
lemma 8, a simple way to implement step 5 of algorithm
Min_Ecc_Tree is as follows.

       5.3.1:Find an edge z in Q with the property
|Q1|≤3|Q|/4 and |Q2|≤3|Q|/4, where Q1 (Q2
resp.) is the set of edges that are more
important than z (less important than z resp.).

Step 5:
       5.3.2:Partition Q into three sub-sets Q1, {z} and Q2  Step 5.1:For each edge e=(u, p(u)), if p(u) is the root c

or e ≠≠≠≠≠≠≠≠≠≠≠≠≠ M(p(u)), set delta_xne=1; otherwise set
delta_xne=0. (Note that by lemma 8,
|Xk|=∑1≤i≤k-1

delta_xnai.)

       5.3.3:Compute IWQ1
= delta iwee Q _∈∑

1
, XRQ1

=

delta xre
e Q

_
∈
∑

1

, and XNQ1
= delta xne

e Q
_

∈
∑

1

. And

then compute Lrank(z)=(cumulate_iw_xr

+ IWQ1
+ XRQ1

)-(cumulate_xn+ XNQ1
)R(z).

  Step 5.2:Obtain the sequence (a1, a2, ..., an) by sorting
the edges in E∪{ an}.

  Step 5.3:Compute the values of |Xk|'s as ∑1≤i≤k-1
delta_xnai

's. And then, compute the values of
Lk's as ∑1≤i≤k-1|Xi|(R(ai-1)-R(ai))'s.

       5.3.4:If Lrank(z)≤l, then set Q=Q2, cumulate_iw_xr

=cumulate_iw_xr+ IWQ1
+delta_iwz+ XRQ1

+

delat_xrz, and cumulate_xn=cumulate_xn+

XNQ1
+delta_xnz. Otherwise, set Q= Q1∪{ z}.

  Step 5.4:Set w as the edge at with the property that Lt-
1≤  l< Lt.

Step 5.1 takes O(1) time using O(n) work. Using
Cole's parallel merge sort [1], step 5.2 can be done in
O(log n) time using O(nlog n) work. Using an optimal
algorithm for computing the prefix sums of n values, step
5.3 can be performed in O(log n) time using O(n) work.
Using binary search, step 5.4 can be done in O(log n) time
using O(log n) work. Therefore, the above
implementation of step 5 takes O(log n) time using a total
of O(nlog n) work. We have the following theorem.

  Step 5.4:Use Cole's parallel merge sort to determine the
edge w in Q.

It is easy to see that steps 5.1, 5.2, and 5.4 take O(log
n) time using a total of O(n) work. The running time of
step 5.3 is estimated as follows. Consider an arbitrary
iteration of step 5.3. Let m=|Q|. By lemma 9, step 5.3.1
takes O(log m) time using O(m) work. Using an optimal
prefix sum algorithm, step 5.3.2 and 5.3.3, can be easily
done in O(log m) using O(m) work. Clearly, step 5.3.4
can be implemented in O(log m) time using O(m) work.
Therefore, each iteration of step 5.3 takes O(log |Q|) time
using O(|Q|) work. Since the size of Q is reduced by a
factor of 3/4, O(loglog n) iterations of step 5.3 are
sufficient to reduce the size of Q below n/log n. Thus, step
5.3 takes O(log n×loglog n) time, using a total of
O(n+(3/4)n+(3/4)2n+ ...)=O(n) work. We have the
following theorem.

Theorem 1: The problem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specified length can be solved in O(log n) time using
O(nlog n) work.

The above implementation of step 5 uses a total of
O(nlog n) work, since sorting is performed. Later, using
the prune-and-search technique, we will give a second
implementation of step 5, which uses only O(n) work. Our
second implementation is motivated by the parallel
selection algorithm proposed by Vishkin [11]. The
following lemma is needed for the implementation.

Lemma 9 [11]: Let Q be a set of m distinct elements.
In O(log m) time using O(m) work, we can find an
element z in Q with the property |Q1|≤3m/4 and
|Q2|≤3m/4, where Q1 and Q2 is the sets of elements
smaller than and larger than z respectively.

Theorem 2: The problem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specified length can be solved in O(log nloglog n) time
using O(n) work.

Our second implementation of step 5 is as follows. Clearly, if we perform step 5.3 of our second
implementation of step 5 only r<loglog n times, we can
obtain the following theorem.

Step 5:
  Step 5.1:For each edge e=(u, p(u)) in E, if p(u) is the

root c or e ≠≠≠≠≠≠≠≠≠≠≠≠≠ M(p(u)), set delta_iwe=0,
delta_xre=R(e), and delta_xne=1; otherwise set
delta_iwe=W(g), delta_xre=R(e)-R(g), and
delta_xne=0, where g=(p(u), p(p(u))).

Theorem 3: The problem of finding in a tree network
the minimum eccentricity tree-shaped facility of a
specified length can be solved in O(log n+rlog n) time
using O((3/4)r×nlog n) work, where 0≤r≤loglog n.

4 Minimum Distancesum Tree  Step 5.2:Set Q=E, cumulate_iw_xr=0, and cumulate_xn
= 0. Let m be a median of T. It was shown by Minieka [4]



that for all feasible l, there is a minimum distancesum
tree-shaped facility of a length l that contains m. For easy
discussion, in this section, we assume that m is a vertex in
T. And, we assume that T is a rooted tree with a root m.

n) time algorithm using O(n) work can be found in [12],
which improves that proposed in [6] from the aspect of
work. For the problems of finding a minimum
distancesum path and a maximum distance-sum path of a
specified length in a tree networks, O(log n) time
algorithms using O(n2) work can be found in [12].

In this section, we redefine the importance of an edge
e=(u, p(u)) in T, denoted by R(e), to be R(e)=size(u). The
rank of an edge e∈E, denoted by rank(e), is the number of
edges in E that are more important than or as important
as e. Denote ak, 1≤k≤n-1, as the k-th most important one
among the edges in E.
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Time Work

Min-Ecc Path O(log n) O(nlog n)

Min-Sum Path O(log2 n) O(nlog n)
For the problems of finding the maximum eccentricity

path and the maximum eccentricity subtree of a specified
length, Peng and Lo [6] proposed an O(log n) time
algorithm using O(n) work for unweighted tree networks.
It is not difficult to see that Peng and Lo's algorithm can
be easily extended to weighted tree network without
losing any efficiency. For the problems of finding the
minimum eccentricity path of a specified length, an O(log

Max-Ecc Path O(log n) O(n)
Max-Sum Path O(log2 n) O(nlog n)

Min-Ecc Tree O(log n) O(nlog n)

Min-Sum Tree O(log n) O(nlog n)
Max-Ecc Tree O(log n) O(n)
Max-Sum Tree O(log3 n) O(n3log3 n)

TABLE 2. Complexities of Peng and Lo's algorithms.


