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Abstract

Thetask of computing binary prefix sums (BPS, for short)
arises, for example, in expression eval uation, data and stor-
age compaction, and routing. This paper describes a scal-
ableVLS architecturefor the BPSproblem. Weadopt asthe
central theme of this effort, the recognition of the fact that
the broadcast delay incurred by a signal propagating along
abusis, at best, linear in the distance traversed. Thus, one
of our design criteria isto keep buses as short as possible.
Inthiscontext, our main contributionisto show that we can
use short buses in conjunction with shift switching to obtain
a scalable VLS architecture for the BPS problem.

1 Introduction

Recently, in response to the ever increasing demand for
speed and flexibility, bus systems whose configuration can
be dynamically changed to suit communication needs have
been proposed in theliterature. Machines featuring arecon-
figurable bus system (REBS, for short) include the recon-
figurable mesh [7], the polymorphic torus [2], and the PPA
[6], to name just afew.

A typical REBS platform contains two major compo-
nents: aloca programmable switch within each processor
and a bus network whose global configuration can be dy-
namically changed by adjusting the local switches.

The REBS and its variants have proved to be valuable
theoretica models [1]. At the same time, the REBS was
dow to gain wide acceptance because it ignores important
properties of physical architectures. Most of the REBS
platforms assume that the time needed to broadcast a sig-
nal aong a bus is a constant, regardless of the number of
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switches through which the signal propagates [6]. Worse
yet, the REBS do not scale and, as a consequence, do not
support virtual paralelism[6].

Motivated by the goal of developing aredlistic and scal-
able bus-based platform, Lin and Olariu [3] have recently
proposed a restricted REBS called the reconfigurable bus
with shift switching (REBSIS, for short). The ideais to
abandon the unrestricted power of the REBS in favor of
unidirectional broadcast buses endowed with a new feature
called shift switching. However, the novelty of their design
was to enable switches to cyclicaly permute an incoming
signal on a bus during broadcasting. The resulting archi-
tecture, the REBSIS, was shown to |ead to superior special-
purpose designs ranging, for example, from inner product
computation, to sorting, to small adders[4, 5].

We adopt, as the central theme of thiseffort, the recogni-
tion of the fact that the broadcast delay incurred by a signal
propagating along a medium is, at best, linear in the dis-
tance traversed. Thus, our main design criterion is to keep
buses as short as possible. In this context, the main contri-
bution of thiswork isto show that we can use short busesin
conjunction with shift switching to design a scalable VLSI
architecturefor one of the fundamental problems of parallel
processing —computing binary prefix sums (BPS, for short).

2 Shift Switching—an Overview

At the generic level, a REBS consists of an array of pro-
cessors overlaid with a reconfigurable bus system [4]. The
reconfiguration of the platform is supported at the proces-
sor level [6] by providing every processor with a number of
switches that can be connected according to various rules
[2]. Generically, a switch can be seen as an array of w
identical switching elements, under the synchronous con-
trol of a processor [6]. Severa different switch states can
be obtained by instructing a switch to set specific line con-
nections indicated by the value stored in a specia register,
termed stateregister. For simplicity, theswitchesof aREBS
will be referred to as regular, to distinguish them from the
shift switches introduced bel ow.

A shift switch can be informally defined as a switch that
can cyclically permute the bit pattern of a passing w-bit
signal by 0, 1, or more bus lines. We use the notation
S(w, 1) to stand for ashift switch of w switching elements,
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with the state setup controlled by a unique bit. A S(w, 1)
can have up to 2 switch states.

The block diagram of the S(4, 1) isillustrated in Figure
1(a). Here, each switching dement has three contacts. L
(Ieft), R (right), and U (up 1 bit). The S(w, 1) festures a
rotation element with has three contacts, ¢ (rotation bit), a
(connecting to switching elements), and g (ground). The
S(w, 1) dso features w switching elements with the state
changes controlled by a 1-bit state register. Equipped with
aS(w, 1) switch a processor can cyclically permute the bit
pattern of an incoming w-bit signal by 0 or 1 bits, asillus-
tratedin Figure1 (b)—(c) (All the conceptswill beillustrated
using an example featuring w = 4).

For our purposes, a processing e ement (PE) consists of
a S(w, 1), aw-to-logw encoder and a few more registers.
A linear array of processing elements is termed a linear
REBSS. The processing elements in |eft-to-right order are
PE(1),PE(2),...,PE(n). The inputis a bit sequence
b1, by, ..., by, injected, onebit per processing €l ements, with
PE(%) storing b;.

Lin and Olariu [4] proved the following result.
Proposition 1 The prefix sums of a sequence of n bits can
be computed on alinear REBSISconsisting of n S(w, 1)sin

the time of [M”—J’ﬂ broadcasts, each over abus of length
n.

logw

3 TheScalable VLS| Architecture

The main goal of this section isto discuss asimple scal-
able VLS| architecture for the BPS problem, in which al
broadcasts are restricted to buses of length w? — 1, where
w is the assumed width of the bus. Having replaced the
long bus by a collection of short buses, one must precom-
pute the shifting signal's to be used on each of these buses.
Let w denote some small power of 2. We shal use as a
basic building block of our design a linear REBSIS con-
sisting of w? — 1 shift-switches of the type S(w, 1) and a
bus of width w. Each basic building block B; contains w

Figure 2. The block diagram of a basic building
block

Each group G; ;, 2 < j < w, is equipped with an OR
gate whose role isto combine the rotation bitsin the group.
Itisimportant to notethat, in each group &; ;, a most one of
the rotation bits of the S(w, 1)s can bea 1. This guarantees
that the number of rotation bits of al S(w,1)sin a basic
building block is precisely the number of 1's output by the
OR gates associated with the block.

Finally, when the contents z; of the signal-buffer
is broadcast through block B;, whose state registers in
S(w, 1)’s have been loaded with x5, - - -, 4, the signd that
passes the j-th S(w, 1), (1 < j < w? — 1), of B; repre-
sents the sum S of the contents of the signal-buffer and of
al the state registers to the left of the j-th S(w, 1)’sin B;.
Moreover, there are | S/w| 1'samongst the rotations bits.

In essence, our VLSI architecturefor solving an instance

of sizen of the BPS problemisacomplete (w — 1)-ary tree
of height h = [log(w_l) n] ,with level 7, (- > 1). involv-
ing blocks B; such that =11 11 < i < %
An example with h = 2 is depicted in Figure 3. The
input sequence is injected one bit per S(w,1) with bits
b(i—l)(w2—1)+1a Tty bi(wz_l) aoraj in bIOCk Bz 1.

Lemmal The i-th digit W; of the weighted w-ary repre-
sentation of a genericsumW = 3" _, z; is:

W, = {Lkgf MJ mod w = D

(zt: Q%J mod w) + {Zzzl(l‘iimc’d wi)J) mod w.

k=1

1Dueto stringent page limitations, the proof of the following results are
omitted in this extended abstract. They can befoundin thejournal version
of thiswork.
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Figure 3. Our 3-leved VLS| architecture

Let the number of 1's amongst the rotation bits of
S(w,1)’s in B generated while computing W; according
to (1) inLemmal be

Shoa (12] mod ) + | Zum ot

w

rbits(W;) =

Lemma?2

Sy (z mod wi+1)J | @

rbits(W;) = \‘ = g
w
Lemmas 1 and 2 imply the following result.
Theorem 1 For every i > 1,
i X
k .
- (3 (2 o) + v,

and

rbits (W;) = F:k 2 (|55 mod w) + rbits (Lpi_l)J |

w

Observe that Theorem 1 describes how the weighted w-
ary representations of «y, - - - #; can be summed to get the
weighted w-ary representation of W = Zzzl zg. Thisis
crucia when not all thebitsinvolved inthe BPS problemcan
be summed together directly due to the use of short buses.
In order to explain how our scalable VLSI architecture
works, let S;, (1 < i < n), stand for the number of 1's
among the bitsin B;, and let P, = S1, P> = 51 + 5>,
vy Paog = S14+ S22+ ...+ S,—1 be the prefix sums
corresponding to the rightmost bit in each building block.
In outlineour design performs the following:

BWZ—2W+3 LI ] Bw2—w+l

¢ we begin by computing — from the least to the most
significant — the digits of the weighted representation
of Py, Py, ..., P,,andthen

o forevery i, (2 < i < n), we use the weighted digits
of P;_1 asthe (precomputed) shifting signal for com-
puting the digitsof the same weight of the prefix sums
inblock B;.

First, in Stage 1, the k-th digit of the prefix sums
P, Py, Pyo_yq1, - Pl -yt o1 are computed by evaluat-

ing, in a bottom-up tra/eraal of the tree, the k-th digits of
the weighted representations of S;'s, (1 < j < n). In
practice, each block, except for the root By, movesitslocal
value to its father, which by a broadcast adds the partial
sums available at the rightmost S(w, 1) of its children. In
thisway, the data are moved onelevel up at each broadcast,
and the sum corresponding to all the bitsinitidly in level i
is first partitioned amongst the blocksin level ¢ — 1, then
amongst theblocksinlevel i — 2, and so on. Having reached
leve 2, it is partitioned amongst the w — 1 blocks at that
level. Moving to level 1, the broadcast at B;, which adds
the local sum to the partia sums of its children, accumu-
lates the sum of al the bits of level ¢ to the sum of dl bits
stored in levels 1,2...7 — 1, computing P, _yi_,. Sub-

sequently, the tree is traversed top-down and tﬁezprocess is
repeated backwards. In this phase of Stage 1, each block
suppliesits children with the correct signal to compute the
local prefix so that the number of the prefix sums available
for level i increases by afactor w — 1 after every broadcast.
In practice, from the k-th digit of P,,_ S the k-th digit,

1<k < w-—1, of the prefix sums P, S . is deter-

mined after the broadcast. In this way, startlng a level 1
with P, _ S , and moving down up to level ¢, blocks B; at

level ¢, Where£—¥+1<g< ﬁ“’—lL , will learn

about the k-th digit of the correspondi ng pref|x sum, P;.
Stage 2 then completes the computation of the prefix sums
at each S(w, 1) in B;.

To address the lower bound, in our model, of the number
of broadcasts required in each block, we concentrate on the
blocksat level i > 2. During the top-down phase of Stage
1, due to the fact that the k-th digit of the sums referring
to the input bits at level v is computed the first time at
level v — k, any block at level i of atree of height ~ must
process to convey to itsfather thev — ¢ + 1 less significant
digits of the partia sums computed at levels v, withv > 4.
Moreover, during the bottom-up phase of Stage 1, since the
w-ary representation of the prefix sums corresponding to
the blocks at the level v requires v + 1 digits, any block
at level i moves into the signal-buffer of its children v + 1
digits for the prefix corresponding to the blocks at level v,
withv > i 4+ 1. Finaly, Stage 2 requires ¢ + 1 broadcast
to compute the : + 1 digitsof theloca prefix sums. Hence,



dtogether S0 _ (v — i+ 1)+ 50 (v + D)+ (i+1) =
h?+ 3h + 2 —i(h + 2) broadcast are required to each block
a level 7 > 2. The number of broadcasts is maximized for
i=2.

Notice that for level i = 1, itisclear that v + 1 broadcasts
are required to accumulate the digits at level v, withv > 1.
Therefore, w broadcasts are required at level 1.

In conclusion, a least max (h2+h —2, %)
broadcasts are required to solve an instance of size n =
(w?— )% of theBPS problem if the broadcasts are

restricted to buses of length w? — 1.

To give the reader a better idea of how our genera ar-
chitecture works, in the next section we discuss a simple
instance of the general design.

4 A 3-level VLS| Architecture

In this section we discuss the details of a 3-level in-
stance of our scalable VLS| architecture for computing op-
timally the prefix sums of n = w* — w® 4+ w — 1 bitsin
10 broadcasts, each over a bus of w? — 1 switches. The
inputisabit sequence b1, by, - - -, byy4_y3p4 —1, iNjECted ONe
bit per S(w, 1), into the BPS unit in Figure 3, with the
Ditsb(;_1)(w2—1)41, " *bi(w2—1) Stored in the basic building
block B; (1 < i < w? — w + 1). In thisparticular instance
of the problem, we observe that each of the prefix sums
can be expressed by a weighted w-ary representation of at
most 4 digits, termed low, midl, mid2 and high, from the
least to the most significant. It is noteworthy that the prefix
sums at B; can be expressed using only the low and midl
digits(i.e., mid2 = high = Q). Similarly, for the prefix in
By, -+, By, themost significant digit high isO.

To simplify the exposition, let the j-th S(w, 1) of B; be
provided by the following registers 2: let SR(i, j) denote
thest at e- regi st er,SO(¢,j) and ¢(4, j) store, respec-
tively, the signal that passes through the shift switch and
the rotation bit during the last broadcast at B;. Moreover,
let low(i, 5), mid1(%, j), mid2(i, j) and high(i, j) savethe
digits of the w-ary representation of the loca prefix sum,
and let t0(¢, j),t1(¢,4),...,t6(¢, j) be a set of temporary
registers used to save partia results. Findly, let SB(%) be
the si gnal buf f er register of B;, and let SB1(:) and
SB2(i) betemporary registers for signasto beloaded into
the signal buffer during the computation.

A description of the agorithm follows. At the beginning
of each Step, we assume that the state-registers are cleared.
Step 1.

1 Forl<i<w?—w+1,1<j<w?-1,5R(ij):=

b(i—1)(wr=1)455

2. For1<i<w?—w+1,SB(i):="000---01"

3. For1<i<w?— w+ 1, broadcast SB(i) in B(i);

2All these registersare initialized to 0.

4, Forl1< j<w?-—1,low(l,j):= SO(1,j);

5 For2<i<w?—w+1,1<j<w?-1,
t0(i,j) := SR(i,§);

6. For2 <i < w,low(i,w? — 1) := SO(i,w? — 1);

7. For2 < j <w,tl(1,j—1):=\iZge[l, (- Dw+
k];

8B Forl<i<w,2<yjk<witli,(j—Lw+k-—
1:=ViZgeli—Dw—i+j+1, (k- 1w+ j;

9. For1<j <w?—1,10(1,5) = ¢(1, 7).

Step 2.

1. For1< k <low(l,w?—1), SR(1,k) =1,

2. Forl <k < low[(i — Dw—i+j+1,w?— 1],
1<i<w,2<j<w SR, (j—Lw+k):=1

3. Forl<i<w?—w+1,SB(i):="00...01";

4. For 1< i < w? — w + 1, broadcast SB(i) in B(i);

5. For2<j <w,
12(1,(j = Lw) = Vi Zg e, (j = Lw + k);

6. For2 < j < w, SB1(j) i= SO(1, jw — 1).

Step 3.
L For1< k <SO(1u?~ 1), SR(1 k) =1
2. For2<j<w,1<k <S03, w?—1),SR(L,(j -

Dw+k) =1,

3. For2<ijk <w, SR(i,(j —Dw+k—-1) :=
(i, (j — Dw + k — 1);

4. For2<i,j <w,SR(i, (j—
Dw + k),

5 For1<i<w?—w+1,SB(i) :="00...01";

6. For 1 < i < w, broadcast SB(i) through B(%);

7. For2 < j < w, t3(1,(j — Dw) := ViZge(L, (j —
Dw + k),

8 For2 < ij < w, t4L(i—Dw+j—-1) =
Viy (i (G — Dw + k);

9. For 2 < i < w, midl(i, w? — 1) := SO(i, w? — 1).

Step 4.

LForl<j<w1<k<uw-1, SK(
k)= t1(1, (j — Dw + k);
2. For2< j <w,SR(1,(j— Dw) == 12(1, (j — Dw);

L(Gji—Dw+

B For2<i,j<wl<k<low((i—Nw+i+j+
1, w? - 1);

SB(1) :="00...01";

For2 <i<w,SB(i) :=50(1, (i — HYw—1);

For 1 < ¢ < w, broadcast SB(#) through B(7);
For2<j < w,t4(1,j—1):=\/s2ge(1, (j—
k);

Forl<j<w?-—1,t5(1,j) = ¢(1,5);

9. For2<j <w,SB2(j) = S0(1,(j — DYw —1);

N o oA

Dw+
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10. For2 <i,j < w, 12(i, (j — Yw) 1= \ViZg (i, (j —
Dw+ k).
Step 5
1 For1<k <SO(L,w?—1),SR(1,k):= 1,
2. For2<j < w,1< k< midl(j,w?-1), SR(L, (j—
Dw+k):=1;
3. For2<j<w,SR(1,(j —w):=t3(1,(j — 1)w);
4 For2<i<w?—w+1,1<j<w?—1,5R(i,j) =
10(i, j);
5. SB(1) :="00...01";
6. For2 <i < w, SB(i) := SB1(i);
7 For2<idj<w SB(t—Dw+j—i+1:=
SO(i, (j — Lw — 1);
8. For1< i< w?—w+ 1, broadcast SB(i) in B(i);
9. For2<i<w?—w+1,1<j<w?-1,low(i,j) =
SO(i, 5); 16(4, ) 1= c(i, j)-
Step 6.
1 For2<j<w,SR(L,(j — Dw) = \iZge(l,(j -
Dw + k),
2. Forl1<j<w1<k<w-—1 SR (j—-1w+
k) :=t4(1,(j — Dw + k);
3. For2<ij<w 1<k<w—15R(i (j —Dw+
k) :=t1(i,(j — Dw + k);
4. For2<i,j <w,SR(i,(j—1)w) = 12(i, (j—D)w);
5. SB(1) :="00...01";
6. For2<i < w,SB(i) := SO(1, (i — L)w — 1);
7. For 1 <i < w, broadcast SB(i) in B(%).
Step 7.
1 For2<j<w SR(L,(j — Dw) =\ de(d, (j -
Dw + k),
2. For2<i,j <w,SR(i,(j—Dw) = \iZg ¢(i, (j—
Dw + k),

Fori+l<i<w?—w+11<j < w?-1,
SR(i,j) :=t6(i, 7);

SB(1) :="00...01";

For2 <i<w,SB(i) :=S0(1, (i — L)w — 1);
For2 <i,j <w SB((i —Dw—i+j+1) =
SO(i, (j — Lw — 1);

For 1 < i < w? — w + 1, broadcast SB(i) through
B;;

B Foru+l<i<wuw?—w+11<j<w?-1,
midl(i, j) = SO(i, j).
Step 8.
1 Forl<j<w?-1,5R(1,j):=t0(1,5);

For2 < i,j < w, SR(i, (j—w) 1= Vi g e(i, (j -
Dw + k),
Forw+1l<i<wl—w+11<j<w?-1,
SR(%,§):=c(i,j);

SB(1) :="00...01";

For2<i<w,SB(i) = SO(1, (i — Dyw —1);
For2 <i,j <w SB((i —Dw—i+j+1 =
SO(i, (j — L)w — 1);
For1<i<w—w+1broadcasSB() B(#);
Forl1<j<w?-1, mzdl(l J) = S0(1,j);

9 Fruw+1l1<i<wuw?—w+11<j<w?-1,
mid2(i, j) := SO(4, j).
Step 9.
1 Forl<j<w?-1,5R(1,j):=1t5(1,j);

N

For2<i<w,1<j<w?—1,SR(i,j) = 16(i, j);

Foruw+1<i<uw?—w+11<j<w?-1,
SR(%,§):=c(i,j);

For 2 < i < w, SB(i) := SB2(i);
For2<ij<w SB(i —lNw—i+j+1) :=
SO(i, (j — D)w — 1);

For 1 < i < w?— w+ 1, broadcast SB(i) in B(i);
For2<i<w 1<j<w?—1 midl(i,j) =
S0(i, j);

Forw+1<i<wl-—w4+11<j<w?-1,

high(i, j) := SO(i, ).

Step 10.

1.
2. For2<i<w,SB(i) := SO(1, (i — 1)w — 1);

3.

4 For2<i<w 1<j<w?—1 mid2(i,j) =

For2<i<w,1<j<w?—15R(,j):=c(i,j);
For 2 < ¢ < w, broadcast SB(#) through B(7);

SO(i, j).
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