
Molecular dynamics simulations on
large computers have become one
of the mainstays for investigating
the structure–function relation-

ship in biomolecules. Using statistical algo-
rithms, we get several snapshots (or a trajectory)
of the molecule. The distribution of the snap-
shots approximates the expected distribution of
molecular shapes in actual biochemical processes.
By looking for conformational ensembles—
groups of configurations that have a similar
geometrical shape—and transition paths be-
tween them, biochemists can learn about the
molecular bases of biochemical processes. Such
an understanding has many practical applica-
tions—for example, in designing more efficient
medical drugs.

Identifying typical shapes in such a large set of
molecular configurations is itself a difficult task,
and much literature on the topic exists.1–3 In

most simulations, researchers focus on a few
characteristic quantities, such as some helical an-
gles in the molecule, and monitor the change of
these quantities in the simulation. This approach
requires some advance knowledge about the
parts of the molecule that are important to the
dynamics. From the computational science view-
point, however, it’s more interesting to investi-
gate methods that don’t use such a priori knowl-
edge and rely solely on the information inherent
in the trajectory. Such an approach not only
opens the possibility of a completely automatic
analysis but also serves as an example of how to
use techniques from information visualization
and statistical cluster analysis in molecular sim-
ulations.

Our research is part of a larger effort to iden-
tify essential degrees of freedom in molecular
simulations.4 Based on a feature vector that cap-
tures the geometrical shape of each molecular
configuration in the trajectory, we introduce a
measure of conformational distance and use it
to visualize the trajectory in a plane and identify
clusters of similar configurations.

In this article, we apply our method to a
trajectory from an adaptive-temperature hy-
brid Monte Carlo simulation5 of the molecule
adenylyl(3’-5’)cytidylyl(3’-5’)cytidin—also called
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r(ACC)—in a vacuum using the GROMOS96
molecular dynamics code extended atom force
field.4,5 This is a simple tri-ribonucleotide con-
sisting of three residues and 70 (effective) atoms,
but it is sufficiently complex to demonstrate
our procedure. For the analysis, we chose a sub-
set of 1,000 configurations equidistantly from
the trajectory.

Configurations, feature vectors, 
and configurational distance

Simulating complex biomolecular processes
using a molecular dynamics simulation produces
a trajectory—a sequence of molecular configu-
rations that models the actual dynamics of the
molecules involved in the process. Typically, a
trajectory contains tens of thousands of configu-
rations. Each configuration x is described by N
vectors xi ∈ �3, i = 1, ... , N, which specify the
3D Cartesian position of the N atoms that make
up a molecule.

To classify the geometry of a trajectory’s con-
figurations, we must assign a feature vector to
each configuration that describes its geometry
in such a way that similar configurations have
similar feature vectors. However, the set of 3N
numbers that comprise the atoms’ Cartesian po-
sitions is unsuitable to this end because identi-
cal geometries can appear with different rota-
tions and translations. Although we can easily fix
the translational freedom using the center of
mass, eliminating the rotational degree of free-
dom is more difficult. One way to fix it is to ro-
tate the molecule into a preferred position by
optimizing the rotation with respect to a refer-
ence configuration or by fixing the axis of inertia.
Many applications have frequently and success-
fully used this method, but such fitting proce-
dures could suddenly produce a large rotation
when the fit is ambiguous and thus do not guar-
antee that similar configurations will always have
similar feature vectors.

Alternatively, we can choose a feature vector
that is invariant under translations and rotations
by considering the set of all intramolecular dis-
tances6

{dij(x) = |xi – xj|, i, j ∈ 1, …, N} . (1)

The price to pay is that instead of 3N elements,
this vector now has N(N – 1)/2. However, geo-
metrically similar configurations have similar
feature vectors, and the Cartesian distance in
N(N – 1)/2-dimensional space is a natural mea-

sure of conformational distance of two configu-
rations x and y:

(2)

The feature vector’s N(N – 1)/2 components are
not independent and will thus lie on a (3N – 6)-
dimensional submanifold of this space. However,
reconstructing the original coordinates from the
pairwise distances, known as the graph realiza-
tion or molecule problem in computer graphics, is
an NP-hard problem.

Another common way to choose a feature vec-
tor is to use the dihedral angles between certain
atoms as basic degrees of freedom. This is a nat-
ural choice because dihedral angles are the main
degrees of motion in simulations (atomic dis-
tances and bond angles are usually much more
rigid). But, the potential energy that determines
the molecule’s dynamics depends on the spatial
distance of the atoms; the relation between di-
hedral angles and spatial distances is complicated
at best. In particular, small changes in a pivotal
angle could produce a large change of geometry.

Intramolecular distances correctly capture the
motion inside a molecule. If a group of atoms in
the molecule is rigid, that group will always be
characterized by the same set of intramolecular
distances between these atoms, regardless of any
change in the group’s location, even though the
atoms’ Cartesian positions change. This rein-
forces the importance of choosing a feature vec-
tor that represents all the molecule’s possible
geometrical variations.

The feature vector in Equation 1 is vast com-
pared to the number of degrees of freedom. In
our example molecule, it has 2,415 elements as
compared to 70 × 3 – 6 = 204 degrees of free-
dom. Some of its elements will show little or no
fluctuation (specifically the ones associated with
the lengths of chemical bonds) and thus con-
tribute little to the conformational distance, oth-
ers will fluctuate thermally, and still others will
assume different values in different fluctuations
and thus exhibit a double-peaked distribution.

Here, we are only interested in conforma-
tional distance (see Equation 2) between feature
vectors, not in the feature vectors themselves. To
reduce the computational requirements, we an-
alyze the feature vector’s elements statistically
over a large set of configurations and select those
whose distribution has the largest width and thus
the largest contribution to the conformational
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distance. Because thermal fluctuations are smaller
than conformational changes, this also includes
the distances most affected by conformational
changes. The conformational distance obtained
from a subset of 500 intramolecular distances is
a good approximation to Equation 2 and simul-
taneously reduces thermal noise. Researchers
have used a similar procedure to identify es-
sential degrees of freedom in Cartesian coor-
dinate space.2

Mapping conformational distance

Using the conformational distance defined by
Equation 2, we can now characterize the trajec-
tory (x(n), n = 1...N ) by a matrix Dnm = D(x(n), x(m))
of conformational distances between the config-
urations in it. To capture the trajectory’s major
properties, we try to represent these distances
approximately in a low-dimensional space. This
means we assign each configuration a point in d
dimensions such that the geometrical similarity
between configurations is reproduced as faith-
fully as possible by the distance between the rep-
resentative points. For d = 2, this produces a 2D
map of the trajectory that captures the geomet-
rical similarity and dissimilarity of many config-
urations. Visualizing an arbitrary similarity ma-
trix between a set of N objects is a general
problem, and the method we present here thus
applies to other problems as well.

Obviously, different choices exist of how to re-
duce the information from the N(N – 1)/2 di-
mensions in which the feature vector lives to d
dimensions. Assume that the nth configuration
is assigned a representative a ∈ �d and that the
configurational distance between the nth and
mth configuration is Dnm. One choice is to re-
quire that the mean quadratic deviation of Dnm
from the d-dimensional distance between the
representatives an and am

(3)

is minimized, so

(4)

vanishes. You can visualize this equation as a set
of springs that connect all pairs of points and
whose natural length is given by the desired dis-
tance between the points. Thus the force exerted
on point n from point m is proportional to the

difference between actual and desired distance
and directed along the vector xn – xm. Equation 4
expresses a balance of forces at point n.

We can minimize Equation 3 numerically by
using the conjugate–gradient method. However,
there is no guarantee of finding the absolute
minimum with this method.

It is instructive to see how the positions of a
change as the dimension d of the visualization
space increases. Suppose we have a solution of
Equation 4 in d – 1 dimensions. We can embed
this solution in d dimensions by setting xn,D = 0
for all n, which still satisfies Equation 4, and is
thus an example of a false minimum. However, if
we change xn,D infinitesimally, the resulting
change of A2 is given by the second derivative

. (5)

If this quantity is negative for any n, we can reduce
A2 by moving an out of the (d – 1)-dimensional
subspace. This happens when the desired distances
dnk are, on a distance-weighed average, larger than
the distances |an – an| of the representatives—for
example, if an is “pushed” out of the (d – 1)-
dimensional subspace by its neighbors.

Let’s contrast this low-dimensional representa-
tion to another widely used one, namely princi-
pal-component analysis based on the feature ma-
trix’s singular-value decomposition (SVD). Let
Mni be a feature matrix of n = 1, ..., N objects, with
i = 1, ..., Nf features each. (In our example, N is
the number of configurations whereas Nf is the
number of intramolecular distances.) The SVD
expresses this matrix as a series

(6)

where u(k) and v(k) are N- and Nf -dimensional or-
thonormalized basis vectors, and λk are the sin-
gular values. The number of terms in the series is
the matrix’s rank—at most, the lower of n and m. 

We can find a d-dimensional approximation 
M̃ to M by truncating the series after d terms, in-
cluding only the largest λk. This approximation
defines d-dimensional representatives an of the
objects using the values of the first d basis vec-
tors

. (7)

because the distances  D̃nm between two rows of
M̃ are exactly reproduced by these representatives:
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(8)

(where we used the fact that the vectors v(k) are
orthogonal). However, the SVD and thus the ba-
sis vectors ui

(k) do not depend on d: The repre-
sentatives in the SVD approach are found by or-
thogonal projection to a d-dimensional subspace.
Conversely, in the approximation obtained from
minimizing Equation 3, the nonlinearity that the
square root introduces also redistributes some
of the “lost” distance in the remaining dimen-
sions. We can thus argue that the representatives
obtained from Equation 3 should give a better
representation of the feature vector than those
obtained from SVD.

Figure 1 shows a 2D map of 1,000 configura-
tions of r(ACC) we found by minimizing Equa-
tion 3. The computational requirements here are
dictated by the need to store the (symmetric)
1,000 × 1,000 distance matrix; storing each mol-
ecule’s feature vector is not required. Finding the
minimum of Equation 3 thus takes a matter of
minutes on a typical workstation.

A line connects the points in the same se-

quence as they are generated in the simulation.
This information does not enter in placing the
points in the plane, so the fact that the line seg-
ments generally are short indicates that the al-
gorithm recognizes adjacent points in the tra-
jectory as geometrically similar. The one pair of
lines that crosses nearly the whole plane hori-
zontally is a transient effect from the first three
configurations before the molecule equilibrated.

We can perceive at least three clearly sepa-
rated groups of points. They constitute confor-
mations in a geometrical sense—for example,
sets of configurations that have similar geomet-
rical properties. That they are also dynamic con-
formations is visible from the fact that the con-
necting line of the points only rarely crosses
from one subset to another. This confirms that
the 2D representatives the algorithm chose cor-
rectly represent the system’s dynamics.

Figure 2 shows a similar map that plots the
distance of the centers of two of the residues for
each configuration. Because the system consists
of only three residues, we can assume that most
of the conformational dynamics are in the posi-
tion of their centers. The picture is similar to
Figure 1 in that approximately three distinct
point groups appear, but the separation of the
groups is less clear than in Figure 1. This indi-
cates that the conformational dynamics is not
simply the motion of the residues’ centers, but
also includes smaller rearrangements correlated
to the large-scale motions. By considering sev-
eral intramolecular distances, all those small re-
arrangements enter and reinforce the separation
of conformations in the map.

   

˜ ˜ ˜ ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) (

D M M u u v

u u u u v v

u u

nm ni mi
i

N

k n
k

m
k

k
l

k

d

i

N

k l n
k

m
k

n
l

m
l

i
k

i
l

i

N

kl

d

k n
k

m

f f

f

2 2
2

2

= −( ) = −( )









= −( ) −( )
= −

∑ ∑∑

∑∑

λ

λ λ

λ kk

k

d

n m
) ( )( ) = −∑ 2 2a a

Figure 1. A two-dimensional map of 1,000 
configurations chosen from a molecular dynamics
trajectory. Points that appear close in this plane
represent configurations with a similar geometry.
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Figure 2. A map of the trajectory in the plane spanned by the 
distance between the centers of two residues in the molecule.
The different symbols represent configurations from the three
clusters in Figure 1. 
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Cluster analysis

Cluster analysis is a statistical method to par-
tition a set of objects into disjoint subsets (clus-
ters) with the property that the objects in a clus-
ter are in some sense more similar to each other
than to the remaining objects. There are several
different ways to make this statement mathe-
matically precise. Here, we choose the notion of
minimum residual similarity between clusters,
which leads to a natural formulation of the prob-
lem in terms of eigensystem analysis and to a
heuristic algorithm for its solution. This spec-
tral method goes back to works by Wilm Donath
and Alan Hoffmann7 on graph partitioning in
computer logic and Miroslav Fiedler8 on acyclic
graphs, and was later picked up by Bruce Hen-
drickson.9 Researchers have also applied other
cluster analysis methods based on neural net-
works or fuzzy clustering to molecular dynam-
ics simulations.10–12

To be as flexible as possible, assume that a sim-
ilarity measure

0 ≤ Anm ≤ 1, n, m = 1, …, N (9)

is given between N objects, where Anm = 0 indi-
cates complete dissimilarity and Anm = 1 com-
plete identity of objects n and m. The residual
similarity R(C) of a cluster C ⊂ {1, ..., N} charac-
terizes the similarity of cluster elements to ele-
ments outside the cluster and can be expressed
by summing the similarity of all objects in C to
all objects not in C:

(10)

The elementary step in cluster analysis is to
partition the set into two subsets such that this
quantity is minimized. Let ai be this partition’s
characteristic vector, meaning ai = 1 if i ∈ C, and
ai = –1 otherwise. Then we can rewrite the resid-
ual similarity as an expectation value

(11)

with the matrix

. (12)

This matrix is a generalized Laplacian operator

on a graph with sites n and vertices Anm; if Anm
were the next-neighbor connectivity matrix of a
square lattice (Anm = 1 if points n and m are next
neighbors), it would reduce to the ordinary dis-
crete Laplacian operator.

Minimizing R(C) now resembles the linear al-
gebra problem of finding the (normalized) vec-
tor a that minimizes (a, Ma)—basically, finding
the lowest eigenvector. However, our a is re-
stricted to values ± 1, and finding the minimum
of (a, Ma) over such vectors is a hard combina-
torial problem. Instead of tackling this problem
directly, we use a heuristic based on the eigen-
value problem: we assume that we can infer a
good (but not optimal) solution of the hard com-
binatorial problem from the easier linear alge-
bra problem.

The lowest eigenvector of M is the constant
eigenvector an ≡ 1 with eigenvalue 0. The sec-
ond-lowest eigenvector is normalized, orthogo-
nal to the constant vector, and thus satisfies

, (13)

which guarantees that it will contain both posi-
tive and negative values. In graph theory, this
eigenvector is called the characteristic valuation of
a graph. In particular, we can show that if the
graph described by the connectivity matrix Amn
consists of two unconnected subgraphs, the
characteristic valuation will be an = +1 for nodes
n on one subgraph and an = –1 for nodes on the
other.

In our setting, clusters will not be completely
separated, so an will assume values between  –1
and +1. To perform the cluster analysis, we map
the continuous value ai to discrete value using
a threshold l:

. (14)

The threshold is a free parameter, and we can
determine it by minimizing the residual similar-
ity over all possible values l. In this way, the min-
imization problem is reduced from N! to just N
options (the N values an), and the characteristic
valuation serves as a heuristic to determine the
options that we’re considering.

The measure of residual similarity generally
favors splitting off a single point from the cluster
because Equation 11 contains only N – 1 terms
in this case, as opposed to N 2 /4 when splitting
symmetrically. This automatically introduces a
quality control in the splits because central splits
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occur only when the cluster separation is rather
favorable, but it might also hinder the analysis
of noisy data. However, we only chose the spe-
cial form in Equation 11 to turn the problem
into an eigenvalue problem. Because the whole
procedure is heuristic, we could use a different
similarity measure when determining the split-
ting threshold—a measure that includes a com-
binatorial factor

. (15)

The correct measure depends mainly on the ap-
plication. The original measure is stricter in
what it returns as a cluster, whereas the latter
measure favors balanced splittings. In some
problems, such as partitioning matrices for pro-
cessing in a parallel computer, we could even de-
mand each split to be symmetrical.

After partitioning the data set into two subsets,
we recursively reapply the algorithm to these
subsets and obtain a splitting tree that terminates
only when the cluster size is two. To identify
good clusters in the splitting tree, we found it
useful to consider the cluster’s average width (in
the feature vector space) relative to that of its par-
ent cluster. This quantifies how many points in
the subcluster are, on average, closer to each
other than in the original cluster and thus how
much the split improves the cluster criterion.

Consider, for example, the situation in which
there are three clusters. The first split will pro-
duce one correctly identified cluster and a sec-
ond pseudocluster that encompasses the other
two, but the true cluster’s relative width is much
smaller than the pseudocluster’s. Only after the
next split will we see that the latter consists of
two clusters. Typical values for this quantity
range between 0.5 and 0.8.

Applying the cluster algorithm to our trajec-
tory’s similarity matrix, we see that the first few
splits remove 22 isolated points before the small
cluster in Figure 3a appears with 40 points and a
relative width of 0.46 (both compared to its im-
mediate predecessor and to the initial point set).
The remaining points split some steps further
into a cluster with 698 points in Figure 3b and
another cluster with 230 points in Figure 3c,
with relative widths of about 0.53. After some
more steps, the larger subcluster breaks into
three subclusters with 388, 52, and 21 points, re-
spectively, and relative widths of 0.91, 0.73, and
0.61, as Figure 3d, 3e, and 3f show. Similarly, the
smaller subcluster also separates into three weak
subclusters.

The splitting line of the large cluster at the
bottom is also visible in Figure 1. Such a pattern
indicates another smaller conformational change,
possibly in one of the glucose rings, independent
of the large conformational change. Because it
only affects a small part of the molecule, the con-
formational distance is smaller and imprinted like
a fine structure on the clusters. That such small
changes are visible in the plot is again made pos-
sible by taking several intramolecular distances
as the feature vector.

To simplify a trajectory’s analysis, we created
a Java application that reads the output files of
the combined plane mapping–cluster analysis
program and displays a 2D map (see Figure 4).
This program interacts directly with a molecular
visualization application written in C++ using
SGI’s OpenInventor library by means of a Unix
pipe. Whenever the user selects a point in the
plane, the corresponding configuration appears
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in the visualization program. The user can also
choose to display identified clusters using differ-
ent colors in the map.

Identifying which parts of the molecule are re-
sponsible for different conformational ensem-
bles is much more difficult. We use a visualiza-
tion application that lets the user form groups of
atoms that are visualized by ellipsoids. In this
way, we can easily reduce a molecule to its func-
tional groups where it is much easier to spot
conformational changes. However, small con-
formational changes as those that show up as a
fine structure on the plane map are easily lost in
this representation.

As a first attempt at aiding the eye in discov-
ering unusual molecular motions, we imple-
mented a simple OpenGL effect in the visual-
ization application that lets us blend several
animation frames in the hope that large changes
will stand out more clearly in this representation
(see Figure 5). 

Information visualization and cluster analy-
sis are powerful tools in analyzing molecu-
lar dynamics trajectories. Based on the no-
tion of conformational distance, which we

can derive from a feature vector built from intra-
molecular distances, we constructed a 2D map
of the trajectory that reveals conformational en-
sembles and applied a cluster analysis procedure
that allows for the automatic identification of
these clusters. The whole procedure is applicable
to any molecule without having any information
about its structure. Certainly more research will
help identify and visualize essential degrees of
freedoms.
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