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Abstract

In this paper we compare and analyze different in-
memory sorting algorithms to understand their behav-
tor on a superscalar MIPS R8000 processor. We ez-
plore Quick sort, Heap sort and an implementation
variant of Radiz sort that we propose. We c ompare the
methods isolated and combined with Multiway merge
and Bucket sort. The combination of methods helps
to check for potential use of locality. We describe and
analyze the models of the most significant algorithms.

Some conclusions can be drawn from this work.
First, Radiz sort is the fastest algorithm. Second, the
use of combined methods does not help to exploit local-
ity. Third, with the help of the models and an analysis
of the codes, it is possible to understand that Radiz sort
is the most promising of the methods studied here for
future superscalar architectures.

1 Introduction

Sorting is necessary in many important applications
like Databases [Dat95]. Because of its importance,
sorting has been included in different database bench-
marks [Bit94], [Ano89]. Therefore, it is necessary to
optimize sorting algorithms for up to date computers.

Present computers have three very important char-
acteristics. First, most of them use off-the-shelve su-
perscalar processors both in parallel and single proces-
sor implemen tations [SGI94a]. Second, they incorpo-
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rate different levels in the memory hierarchy [Hen96].
Third, given that the price of memory gets cheaper
constantly, the size of the memory will keep growing.
As a consequence, it will be possible to run in memory,
applications that used to be run out-of-core [Gar92)].

So, the objective of this paper is to analyze differ-
ent strategies to sort in-memory sets of data on one
superscalar processor MIPS R8000 and its memory hi-
erarchy. We have restricted our problem to sets of data
that fit in the second level of cache.

We have not found a comparison of this type in the
most recent literature and we intend to perform it with
this piece of work. Recent work in the area focusses
on overlapping I/O with sorting operations which con-
siderably differs from our approach [Aga96] [Nyb94].
Other work focusses on sorting on distributed memory
computers with superscalar processors [San97].

The strategies analyzed here are Quick sort, Heap
sort and a variant of Radix sort that we propose. We
study them as isolated methods and com bined with
Multiway merge and Bucket sort. With the study of
the combined methods we search for potential use of
locality. That is, we want to see if sorting small sets of
data by Quick sort, Heap sort and Radix sort reduces
the memory access time sufficien tly as to compensate
for the extra work introduced by Multiway merge or
Bucket sort. The comparisons show that locality is not
exploited and that Radix sort is the fastest method.

We have made models of the most represen tative
methods (Radix sort, Quick sort and Bucket sort com-
bined with Radix sort) to understand their behavior.

The analysis of the models allows us to draw some
conclusions and perform an extrapolation of the behav-
ior of the methods on future superscalar processors.
First, the amount of work done by the processor for
Radix sort is around 1/4 of that done for Quick sort and
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1/2 of that done for Bucket sort combined with Radix
sort. Second, the amount of memory contention cycles
for the three methods is similar. A prefetch strategy
might be good for them, although a study on prefetch
strategies has not been possible here because the R8000
does not allow prefetch. As a global extrapolation, we
can say that Radix sort has a code that adapts bet-
ter to multiple issue superscalar processors than other
methods. Also, the disadvantage of Radix sort is the
amount of memory it requires which is double than
Quick sort or Heap sort.

The paper is structured as follows. Just below, we
give an account of the characteristics of the SGI Power
Challenge and the MIPS R8000. Then, in section 3,
we describe the sorting methods, propose a variant of
Radix sort and compare them. In section 4 we describe
the models that we have built and validate them. Fi-
nally, in section 5 we conclude.

2 The target computer

The target computer is an SGI Power Challenge
with four MIPS R8000 processors [SGI94a]. We have
used one of those processors to run our algorithms.

The R8000 [Yan94] can issue up to 4 instructions per
cycle that can be any combination of two data move-
ment (two Load or one Load and one Store), two Inte-
ger or two Floating Point ones. W e deal with integer
sorting algorithms so we are limited to two data move-
ment and two Integer instructions per cycle. Also, the
chip has separate instruction and integer data first level
caches of size 16 Kbytes each. Those caches are direct
mapped. The size of the cache line is L; = 32 bytes.

Each processor of the Power Challenge has its ex-
ternal private 4 set associative 4 Mbyte second level
cache. The size of its cache line is Ly = 128 bytes. The
processors are connected to main memory by means
of a unique bus. The main memory is organized in 8
modules and its size is 512 Mb ytes.

There are several issues that we took into account
when building the models of our algorithms for the
R8000. First, the latency of its arithmetic operations.
Second, the penalty cycles caused by its branch pre-
diction mechanism. Third, the latency of the memory
instructions for the levels of its memory hierarchy. Ta-
ble 1 shows the features that we use in the paper.

Finally, in the case of a miss in the first level cache,
the cache stops executing any other request until that
being processed is served. In this case, a set of two
arithmetic operations can be issued in the cycle after
the miss, then the processor stops issuing instructions
until the memory hierarchy serves the requested data
item. This does not allow to perform data prefetch.

Operation Cost in
Cycles
| branch misspredict || 3 |
load/store (1st level cache) 1
load/store (2nd level cache) 10
load/store (main memory) 60

Table 1. Branch misspredict penalization
and memory latency for the R8000.

Compiler issues

Compilers use Unrolling [DoHi79] or Software Pipelin-
ing [All95] to tune sequential codes. Both allow a
proper scheduling to exploit the instruction pipeline.

W e use the MIPSPro Fortran compiler for one pro-
cessor of the SGI Power Challenge [Hog94]. The results
given in this paper are obtained with the maximum
level of optimization for one processor (-O3) which per-
forms Software Pipelining and Unrolling.

3 The algorithms

W e start this section by describing Multiway Merge
and Bucket sort. Then, we compare Quick sort, Heap
sort and the version we propose of Radix sort with
their combined versions. Finally, we make a global
comparison of the algorithms.

W e focus on sorting vectors of N keys and pointers.
In database applications, sorting is done on records
that may be very large. So, to avoid moving large sets
of data, the key is extracted from the record, a pointer
is created and they are both copied to a new vector
of key and pointer tuples. This has been suggested
in [Sha94] and [Nyb94]. So, we assume that this op-
eration has already been done before starting to sort.

The size of the key and pointer is 4 bytes each. They
are declared as integers though they only take positive
values. The measures are given for vectors ranging in
number from 1K up to 200K tuples which means that
they fit in the second level cache.

The sets of keys that we use are distributed at ran-
dom, are not replicated and are sorted ascendingly.

In this section, measures are given in terms of speed,
i.e. Number of Elements sorted Per Second (NEPS).

3.1 Multiway merge

Multiway merge has traditionally been used as an
external sorter using the disk as external storage. Here,
we use it as a first level cache external sorter with the
second level cache as external storage.
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With Multiw ay merge, a set ofg pre-sorted runs of
size n (g = N/n) are merged by means of a binary
selection tree [Knu73]. At the beginning, the tuple
with smallest key of each run becomes a leave of the
selection tree. Then, sets of 2 leaves are compared, the
smallest of each set is promoted to the parent node and
the following tuple in the run is promoted as a leave of
the tree. This is done recursively until the tree is full.
From then on, the tuple on top of the tree is extracted
and placed in the final sorted vector, and the tuples of
the runs are promoted correspondingly.

The tree has a total of 2x g — 1 tuples. Thus, Multi-
way merge requires a total amount of operations pro-
portional to Nlog(2* g — 1)!. This strategy requires
a total amount of memory proportional to 2N.

3.2 Bucket sort

Bucket sort is based on the fact that the key can be
used as the index for the tuple in the final sorted struc-
ture. So, an extra vector of size 28 is required where B
is the number of bits of the key. With this strategy, the
final sorted vector would have empty positions unless
the number of tuples was 25.

In our case, we have 32 bit keys and the memory
needed would be too large. So, to get around this prob-
lem one can use the most significant b bits of the key as
index. With the b indexing bits, we can group the tu-
ples into 2% buckets. The number of tuples per bucket
depends on the distribution of the key values.

After the distribution of the tuples into 2° buckets,
each bucket has to be sorted. The operation count for
Bucket sort is proportional to N.

Bucket sort can be implemented in different ways.
For instance, with a tuple matrix of size N x 2% or a
set of 2% linked lists that require a pointer vector. We
use a linked list which requires 2N memory positions.

3.3 Quick sort

Knuth describes Quick sort simply [Knu73]: “The
idea (...) is to take one record, say Ri, and to move it
to the final position it should occupy in the sorted file,
say position s. While determining this final position,
we will also rearrange the other records so that there
will be none with greater keys to the left position of s,
and none with smaller keys to the right. Thus the file
will have been partitioned in such a way that the orig-
inal sorting problem is reduced to two simpler smaller
problems, namely to sort Ry,..., Rs—1 and (indepen-
dently) to sort R,41,..., Ry. We can apply the same
technique to each of the subfiles, until the job is done.”

1Logarithms in this paper are always assumed to be base 2.

The iterative version of Quick sort that we imple-
ment requires an auxiliary structure managed as a
stack to keep track of the partitions that have to be
sorted. The size of the stack must be O(log N) in the
worst of the cases [Wir76 ].

There are different ways to choose one key to divide
each partition [Knu73]. The simplest one is to take the
first element of each partition. This strategy gives a
good operation count for a randomly distributed set of
keys O(N log N). Nevertheless, if the original vector
is already sorted, this strategy gives a worst opera-
tion count O(N?). There are different solutions to this
problem and they are very well documented in [Knu73].
This is the strategy we implement in this paper.

Execution of Quick sort

Figure 1 shows the NEPS obtained for Quick sort, three
cases for the combination of Quick sort and Multiway
merge and a combination of Quick sort with Bucket
sort where the 5 = 14 most significant bits of the key
are sorted with Bucket sort (16384 buckets).

900000

" Quick sort 128 + Multiway
Quiick sort 1024 + Multiway -———
850000 1: e Quick sort 2048 + Multiway -~ |

i e Quick sort
800000 [/ el Bucket 16384 + Quick sort ———— |

750000 |- /
700000 |- |
650000 |- !

600000 75

NEPS

550000 -
500000 f
450000 {
400000 |} X

350000 [+

300000 [t

250000 U L L L L N
0 50000 100000 150000 200000 250000

Figure 1. Speed (Num ber of sorted Ele-
ments Per Second, NEPS) as a function of
the set size for different implemen tations
of Quick sort.

The combined use of Quick sort with Multiway
merge is slower than Quick sort alone even for large
runs that fit in cache (2048 tuples). Also, the com-
bination of Quick sort with Bucket sort is faster than
Quick sort alone. This shows that the amount of work
performed by Bucket sort combined with Quick sort is
smaller than that for the other methods. W e analyze
this later with the models of the algorithms.

34 Heap sort

Heap sort is based on first creating a max-heap of
the run. A max-heap is defined as a structure where
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the keys (K;) have the following relation [Knu73]:
Kjj3>Kj for 1<j/2<j<n

In other words, it is a binary tree where the key of
each node is larger than the key of its two sons.

After the creation of a max-heap, it is easy to sort
the tuples in a second phase. In order to sort the largest
key, it is necessary to exchange the tuple on top of the
tree with the last tuple in the vector. This way, the
max-heap has one tuple less. Now, the largest tuple is
in its final sorted position and the tuple on top of the
tree has to be sifted down to its correct place in the
tree. The same strategy can be applied to every new
tuple on top of the tree with the second, third, ..., last
tuples of the vector.

The operation count for this method is O(N log, N).

Execution of Heap sort

Figure 2 shows the NEPS obtained for Heap sort and
four different combinations of Heap sort and Multiway
merge. The com binations shown are for run sizes of 32,
64, 256 and 1024 tuples per run. Here, we do not show
the combination of Bucket sort plus Heap sort because
Heap sort is very inefficient and we do not analyze it
in following sections.

In this case, the combination Heap sort plus Mul-
tiway merge is faster than Heap sort alone. Also, the
smaller the runs (32, 64 tuples per run), the faster the
execution. W e foresee that the combination of Bucket
sort plus Heap sort, is far from the speed achieved by
the rest of the methods.

260000

v
Heap sort
Heap sort 32 & Multiway -------
Heap sort 64 & Multiway -
Heap sort 256 & Multiway
Heap sort 1024 & Multiway ---- |

240000 i
220000 f: *

200000

NEPS

180000 [+
160000 |-

140000

120000 L L L
0 50000 100000 150000 200000 250000

Figure 2. Speed (NEPS) of the implemen -
tations of Heap sort.

3.5 Radix sort

Radix sort performs three phases for each digit of
the key starting from the least significant one. First,

it counts the number of occurrences for each possible
value of that digit. Then, the counters are accumulated
in such a way that they can be used as indices to store
the tuples in an auxiliary structure. Finally, the tuples
are moved accordingly to the indices.

Figure 3 shows an example of this procedure for 2
decimal digit keys. In the example, it is necessary to
create a vector with 10 counters, one for each possible
value (0 to 9) of one digit. Step 1 is performed on the
least significant digit of the key. The counters show, for
instance, that value 1 of the least significant digit has
6 occurrences in the source vector S and value 7 has 2
occurrences. The accumulators show that tuples with
value 0 in the least significant digit have to be stored
starting at position 0 of the destination vector D, tu-
ples with value 1 starting at position 1, tuples with
value 2 starting at position 7, etc.. The process after
creating the accumulated structure, uses those accu-
mulators to compute the effective address of the tuple
in the destination vector D for that step. In the ex-
ample, we show the situation of the accumulators after
moving 9 tuples from vector S to vector D. Note that,
after the movement of each tuple, the corresponding
accumulator is incremented.

J

0 [10] 0]  [10] 1] [1]
11 - - 1 (1] - - H [4]
2[4] 011} 0100 R 1) Ol2) 0J0} fio] [
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Step 1 Step 2

Figure 3. Steps of Radix sort for 2 decimal
digit keys.

The same procedure is performed on the most sig-
nificant digit in step 2. In this case, vectors § and D
change their role. The final result is shown in Figure 3.

The operation count for this method is proportional
to N times the number of digits of the key d, d * N.

Proceedings of the 17" International Conference of the Chilean Computer Science Society (SCCC’ 97)
0-8186-8052-0/97 $10.00 © 1997 IEEE



Given that we assume no values repeated for the keys,
d >logN. So, d x N is larger than Nlog N for Quick
sort or Heap sort.

Implemen tation of Radix sort

For the implementation of Radix sort, we schedule its
loops so that they reduce the complexity of the method.
W e give more details in the following.

The tuples we are sorting have 32 bit keys. This im-
plies 32 steps of those explained above and two coun-
ters. This is very inefficient.

One way to reduce the number of steps is to group
the bits in sets so that less steps have to be performed.
Here, we make 4 groups of 8 bits. So, it will be nec-
essary to use a counter vector with 256 positions. We
chose to make groups of 8 bits for two main reasons.
First, 8 bits imply a reasonable number of counters and
are a multiple of 32. Second, we tried other combina-
tions like 8 groups of 4 bits and 3 groups of 10, 11 and
11 bits and were slower.

The strategy chosen requires loading all the tuples
8 times, one for each count phase and one for each
movement phase of each step. The dependence graph
of the 4 steps of the method is shown in Figure 4.a.

Now, we propose a different scheduling of the steps
of Figure 4.a that reduces the number of tuple loads.

\ byte 3 \ byte 2 \ byte 1 \ byte 0 \

a
~1
move byte 0 move byte 1

move byte 0

count byte 0
accumulate byte n )

)

accumulate byte
accumulate byte .
Final Phase

Initial Phase

Figure 4. Radix sort. (a) Dependence
graph of the different steps, (b) Radix 2
Phase (R2P).

This scheduling works in a 2 phase fashion and its
dependence graph is shown in Figure 4.b. We call it

Radix 2 Phase (R2P). This approach requires 4 counter
vectors with 256 positions each. During the first phase,
we load once each tuple and count for each byte of the
key of that tuple.
counters. During the second phase, the sorting is per-
formed in a 4 hop data mo vement that requires 4 loads
per tuple. The total amount of loads is 5. This will be
clearly faster than the baseline method of Figure 4.a.

This approach requires a total of 16 N +4096 bytes
of memory. This is, 2 vectors of size 8% N bytes plus 4
counters of 256 positions of 4 bytes each.

Figure 5 shows the NEPS achieved by R2P and its
combination with Bucket sort. The algorithm that im-
plements the combination works as follows. Bucket sort
is performed on the 8 most significant bits of the key
creating 128 buckets. Remem ber that we suppose that
the keys are unsigned but we represent them as signed
integers, so, the most significant bit is always 0 and for
this reason we create 128 buckets instead of 256. After
that, each bucket is sorted for the 24 least significant
bits with Radix sort. This means that we only need to
perform 3 steps of Radix sort.

After that, we accumulate all the

1.6e+06

" ReP
Bucket sort & R2P -------

1.4e+06
1.2e+06
1e+06 -

800000

NEPS

600000 |/
400000

200000 [

0

L L L L
[ 50000 100000 150000 200000 250000

Figure 5. Speed (NEPS) of Radix sort
(R2P) and its com bination with Bucket
sort.

In Figure 5 we can see that Radix sort is 1.5 times
faster than its combination with Bucket sort. This
means that it is not possible to exploit locality with
the combination of those methods when the size of the
data structures is smaller than the cache size. For ex-
ample, for 100K tuples, our implemen tation of Bucket
sort generates 128 buckets with approximately 700 tu-
ples each. A set of 700 tuples requires less than 16K
bytes in data structures which means that the buckets
would fit in cache. The plot of Figure 5 does not show
any difference between data sets larger and smaller
than 100K tuples which makes us think that there is
no such exploitation of locality.
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3.6 Comparison of the methods

Now, we compare the most significant implemen-
tations of the algorithms. Figure 6 shows the NEPS
obtained by Quick sort, Heap sort on runs of size 32 tu-
ples combined with Multiway merge, Bucket sort with
25 = 21% — 16384 buckets combined with Quick sort to
sort each bucket, Radix sort in two phases (R2P) and
Bucket sort with 128 buckets combined with R2P.

Our implementation of Radix sort (R2P) is the
fastest algorithm. This version is 1.5 times faster than
Bucket sort combined with either Quick sort or Radix
sort. Also, it is twice as fast as Quick sort.

The combination of Radix sort and Bucket sort
achieves a similar speed than the combination of
Bucket sort and Quick sort. The former is implemen ted
with 128 buckets which adapts to our problem, as we
said. The latter is implemented with 16384 buckets
which is the implemen tation that behaves better.

1.6e+06

Heap 32 & Multiway

uick sort -------
16384 buckets ------
1.4e+06 | R2P 4
Buckets & R2P ———~

1.2¢+06 |-
1e+06 -

800000

NEPS

( I
R

600000

400000

200000

0

L L L L
0 50000 100000 150000 200000 250000

Figure 6. Speed (NEPS) of the best ver-
sions of all the methods.

4 Analysis of the methods

In this section we analyze the models of the most
representative methods: Radix sort, Quick sort and
the combination of Bucket and Radix sort.

The reasons for choosing those methods are as fol-
lows. Radix sort is the fastest of the methods studied
here so, we want to know why it behaves so well. Quick
sort is the fastest representative of those methods with
complexity O(NlogN) and we want to know about its
exploitation of resources. On the other hand, Bucket
sort combined with Radix sort has complexity O(N).
We want to know why this combination does not ex-
ploit locality as we supposed.

The model that we use for the algorithms can be
expressed in terms of total number of cycles spert by

each algorithm
C = Ccpu + Ccach51 + Ccach52 + Cov

The amount of cycles spent in the CPU (Cgpy) can
be expressed as the sum of the cycles spent in each loop
times the number of iterates for that loop

Ccpu = § Niter * Ncycles-

loops

For each of the algorithms we have obtained the
CPU model with the help of the SGI MIPSPro compiler
comments. With those commen ts the compiler tells us
about the cycle at which each instruction starts its ex-
ecution. In order to validate those figures, we have
compared the results to hand made Soft ware Pipelin-
ing versions of the loops we are modelling.

The number of cycles spent in memory level 2
(Creache;) can be expressed as the number of misses for
that level times the latency of the following level 7 + 1

Ccachei == Nmissi * Clati_H-

A particular issue of our implemen tations is that
data fit in the second level cache. So, only compulsory
misses have been taken into account for that level.

The cycles spent on overheads of the algorithm (Coy )
like routine calls, initialization, I/O, etc. are not taken
into account in our models.

Here, we explain the complete model for Radix sort
and the C,p, model for Quick sort.

41 A modd of Radix sort

Our implementation of Radix sort is divided into
an initial phase (count and accumulation) and a fi-
nal phase (4 hop data movement). The loops for the
count and data movements perform N iterations and,
the loop for the accumulation only performs 256 itera-
tions. Given this, we only take into consideration the
loops with N iterations. Although this is incorrect for
small sets of data we consider it sufficient as we are
interested in the global behavior of the algorithm.

CPU

We have based our algorithm, on the use of arithmetic
and shift instructions. W e could have based it on com-
pares and branches but those instructions partition the
execution flow of a loop which reduces the degree of In-
struction Level Parallelism.

The number of CPU cycles spent in each of those
phases is 11N for the count and, 3.5N, 4N, 4N and
4N for each of the data movements. Those values are
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obtained with the Software Pipelining of the compiler
that performs an unrolling of 2 iterates for the data
movement loops. So, the number of CPU cycles is

Cepu = 26.5N.

Memory hierarc hy

Now we discuss a model for the memory hierarc hy.
Radix sort uses a total of 3 data structures; two vectors
(S and D) of size N to hold the 8 byte tuples and 4
sets of 256 counters of 4 bytes each. Vector S is read
sequentially while vector D is written depending on the
position dictated by the counters.

Second Level Cache misses. We only consider
the compulsory misses given that data fit in cache level
two. So, the total number of misses is equal to the num-
ber of bytes occupied by the data structures divided by
the size of the second level cache line Ly, = 128

1 N +256

Nniss, = (16N +4096) = = —
2

It is possible to appreciate that the independent
term is not significant for the range of values that we
are considering and we do not take it into account. So,
the cycles for misses in cache level two are

N
= 5 (T, ~Th) =6.25N

Ccach52 == Nmissg Clatmem
where T and T3 are the latencies of the first and second
levels of cache. Note that all misses to the second level
cache are also misses to the first level cache, so, the
latency of first level cache misses is taken into account
in Ccach51 .

First Level Cache misses. Now, we discuss the
amount of misses for the initial and final phases. For
each loop we count the number of misses incurred by
each data structure due to interferences with itself and
due to interferences with other data structures. We
suppose that vectors § and D do not fit in this cache.

During the count of the initial phase we read the N
tuples of vector S sequentially which implies a miss ev-
ery fourth tuple given that L1 = 32. The counters fit in
cache and their compulsory misses are small, 4096/ L.

The interferences between data structures are as fol-
lows. The counters should exploit temporal locality but
vector S flushes them from the cache every time 2K
tuples are read (N/2048). The total amount of misses
of the counters due to the interference of vector S is
((N/2048) — 1)4096/L;.

Given that vector S only exploits spatial locality,
only one line of the cache is busy for it. The interfer-
ence of a counter with the busy cache line of vector S

is improbable, so, we do not consider this case. So, the
number of misses for the count are

8N 2N 5N

Npisse = = Ta
© L + L 16

Now we concentrate on the final phase. Given that
all data movements have a similar memory cycle coun t,
we only describe one of them.

W e start by the self interferences of data structures

e Vector S. For each data movement, vector S is
read sequentially. This implies 8N/L; misses.

e Counters. We suppose that the counters are
in cache from the previous loop when each data
movement starts. This means that the 4 sets of
256 counters are in cache although only one is be-
ing used at each data movement. This is because
we declared them so that the same counter of each
set maps in the same cache line.

e Vector D. A tuple is written onto vector D
depending on the counters, which are indices to
memory locations. There are 256 pointers being
used during one data movement, so, there will be
2566 cache lines busy at one time for vector D.
Thus, 8N/L; misses.

W e will describe the interferences of each data struc-
ture with the rest of data structures

e Vector S. The counters occupy 4096 bytes. So,
vector S interferes with them as in the initial
phase. Vector D occupies 256 cache lines as we
said before. So, Vector S interferes with vector D
as to generate (N/2048)8192/L; misses.

e Counters. Given that the counters fit in cache,
we suppose that they do not interfere with the
other structures.

e Vector D. Given that vector S keeps one only
cache line busy at a time, we consider that vec-
tor D does not interfere with vector S. As for
the counters, we consider that the interferences of
vector D are similar to those of vector S.

So, the total number of misses for each data move-
ment is

8N 2N 4N 3N
Ny =2— 42— 4 — = —
miss L1 + L1 + Ll 4
Now, we can compute the total number of cycles due
to misses to the first level of cache. It is important to
recall now that when a miss occurs, it is possible to
issue two arithmetic instructions in the cycle after the
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load or store that produces the miss. The analysis of
the codes for Radix sort tells us that such situation
does not occur in any of the loops that we deal with.
The cycle count for the first level of cache is

Ccach51 = (Nmissc + 4NmissM)(T1 - 1) =29.8N
Now we can show the global model for Radix sort
C = Ccpu + Ccach51 + Ccach52 = 62.5N

Figure 7 shows the cycles per element measured for
Radix sort and the cumulative values of each part of
the model, Cepu/N, Ceache, /N and Ceache,/N. The

error of the model is around a 5%.

Radix sort
140 | Model 1t level cache ------- 1
Model 2nd level cache ------
Model CPU

80

60

40

20 |

0

L L L
0 50000 100000 150000 200000

Figure 7. Cycles per element sorted for
Radix sort. The plot shows processor cy-
cles, cycles caused by first and second level
cache misses and cycles for real measures.

W e can observe in Figure 7 that the CPU cycle count
amounts to a 42% of the total cycle count per element.
This is important as it shows that Radix sort has a lot
to gain in processors that allow prefetch.

One important point that can be observed from the
models is that the accesses to both vectors S and D
show a considerable amount of spatial locality. While
for S this is achieved because the accesses are sequen-
tial, for D this is achieved because we group elements
in 256 sets and each of them is traversed sequentially.

Another important point is that the loops of the
algorithm have a large amount of instructions which
allow a good scheduling using Software Pipelining.

4.2 A modd for Quick sort

In this section we describe the CPU model for Quick
sort. Thisis an interesting model to describe because of
the special features of its inner loop shown in Figure 8.

In the code of Figure 8, loop 1 searches for one key
value larger than Sl.key starting from the beginning

of vector S. Loop 2 searches for one key value smaller
than Sl.key starting from the end of vector S. Once
both elements are found, they are interchanged. With
this strategy, value S1.key can be put in its final place
when the two indices (¢ and j) cross. At that point,
the problem is divided into two subproblems that can
be solved in the same way. This procedure is repeated
in a binary tree fashion. At each level of the tree, the
N tuples of the vector are traversed completely. Thus,
the complexity of the method is NV log N.

S1.key:=5(1) .key;
S1.pointer:=S(1).pointer;
i:=initial_element + 1;
j:=final_element;
while (j>i) do
while (S(i).key < Si.key) do i:=i + 1; /*(loop 1)*/
while (S(j).key > Si.key) do j:=j - 1; /*(loop 2)*/
aux.key:=5(i).key;
aux.pointer:=S(i).pointer;
S(1) .key:=5(j) .key;
S(i).pointer:=S(j) .pointer;
S(j) .key:=aux.key;
S(j).pointer:=aux.pointer;
enddo
S(1) .key:=5(1i) .key;
S(1) .pointer:=5(i).pointer;
S(i) .key:=51.key;
S(i).pointer:=S1.pointer;

Figure 8. Inner loop of Quick sort.

We can divide the model of the CPU cycles into
three parts. First, the search of elements to inter-
change. Second, the interchange of the elements.
Third, the penalization cycles due to branch misspre-
dictions in loops 1 and 2 of Figure 8.

For the search of the elements, we have that the
two loops traverse all the vector at every level of the
execution tree. Thus, we have a total of 3 cycles per
iterate times N log N.

The interchange of two elements takes 5 cycles.
Now, the elements to be interchanged in each loop
are approximately one out of two per iterate because
they are distributed randomly in vector S. This is
equivalent to one interchange per pair of elements
((N/4)log N in total). The amount of cycles for the
interchanges is (BN/4)log N.

A branch misspredict takes 3 cycles in the R8000. A
prediction strategy is useful when there is a tendency
in taking or not taking the branch. In our case, the
probability of taking the branch in both loops is the
same as that of not taking it. This is due to the random
distribution of key values. So, we can consider that
half out of the Nlog N iterations for both loops will
be misspredictions. This gives a total of (3N/2)log N

Proceedings of the 17" International Conference of the Chilean Computer Science Society (SCCC'97)
0-8186-8052-0/97 $10.00 © 1997 |IEEE



cycles. So, the CPU model of Quick sort is
Cepu = 4,75N1log N

Figure 9 shows the cycles per element for Quick sort.
The error of the model is less than 10%. The model
shows that the percentage of time spent by the proces-
sor is approximately a 75% of the total amoun t of time.
It is important to note here that this amount of cycles
can barely be reduced with the scheduling. The rea-
son is that the very little amount of instructions within
the internal loops does not allow to exploit Instruction
Level Parallelism optimally.

The memory cycles are a 26% of the total and most
of them are due to first level cache misses. This means
that an ideal first level cache prefetch policy would im-
prove the performance of the method very little.

T ; ‘
[ Quick sort ]
e Model 1st level cache ————

Model 2nd level cache ------
220 | Model CPU

L L L
0 50000 100000 150000 200000

Figure 9. Cycle count per element sorted
for measuremen ts and models of Quick
sort.

4.3 A mode for the combination of Bucket and
Radix sort

We do not explain the model of Bucket sort com-
bined with Radix sort but we comment on it. Figure 10
shows the cycle count for this method. The error of the
model is less than 15%.

Note in the plot that the amount of CPU cycles
is around 50 which is almost double than for Radix
sort. An analysis of the code shows that the accesses
to linked lists by Bucket sort are very painful due to
the amount of indices to be computed.

One other important point to make is that the
amount of memory cycles (50 in average) is larger than
the amount of memory cycles for Radix sort (35 in aver-
age). This tells us that far from exploiting the locality
of Radix sort, Bucket sort’s data structures are con-
flicting with Radix sort’s structures and increment the
memory misses.

So, the explanation we wanted to find to the low
speed of this method is both in the memory and the
processor behavior.

500

T

Bucket & Radix
Model 1st level cache -------
450 Model 2nd level cache -------- |
Model CPU

400

350

300
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200 [

150 [
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0 50000 100000 150000 200000

Figure 10. Cycle count per element sorted
for measuremen ts and models of Bucket
sort combined with Radix sort.

5 Conclusions

In this paper we compared Quick sort, Heap sort,
Radix sort and their combination with Multiway merge
and Bucket sort. The objective of the paper was to
understand the main features of those methods when
implemented on a MIPS R8000 processor.

Some conclusions can be drawn from the study we
have carried on:

e The fastest algorithm of those analyzed here is the
implemen tation of Radix sort that we propose.

e The combination of Multiway merge or Bucket
sort with the methods does not help to improve
the locality of the fastest algorithms when imple-
mented in memory.

e The cycle count per sorted element of the ana-
lyzed methods shows that the most promising al-
gorithm is the version of Radix sort that we pro-
pose. This algorithm spends around 27 processor
cycles per element sorted compared to the 80 to
120 for Quick sort and the 50 for Bucket sort com-
bined with Radix sort.

On the other hand, the three algorithms spend a
similar amount of time in memory cycles. Th us,
in the case of an ideal prefetching policy (which
is not supported by the R8000), Radix sort would
be 2 to 4 times faster than the other algorithms.
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[Aga9d6]

[Ano89]

[Dat95]

[DoHi79]

e With this w ork we have learnt that there are two

types of sorting algorithms. First, those algo-
rithms like Quick and Heap sort with a complexity
O(N log N) that have loops with a little amount of
instructions. Those instructions are mostly com-
parisons and branches that depend on the data
to be sorted which do not allow a good exploita-
tion of Instruction Level Parallelism (ILP). Sec-
ond, Radix sort that can be modified to reduce its
complexity to O(N). The loops of Radix sort have
a large number of arithmetic and logic instructions
that allow a good exploitation of ILP.

The behavior of the algorithms on future super-
scalar processors with a higher ILP than present
processors depends strongly on the type and num-
ber of instructions within their loops. While the
instructions for Radix sort allow a larger ILP than
it 1s exploited in the R8000, those for Quick or
Heap sort are very few in number and do not al-
low for a larger ILP exploitation. So, Radix sort is
a good candidate to exploit the features of future
superscalar processors while Quick and Heap sort
are not.

One important aspect of the methods analyzed
here is the memory space their data structures
require. In particular, Radix sort requires more
than double the original set of elements to be
sorted. On the opposite side, Quick sort is an in-
place method, so it does not require any additional
structure.
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