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Abstract 

ATM networks are ewected to eficiently provide 
multicast communication services such as vi&o con@encing 
by means of feasible multicast routing algorithms. Several 
minimum-cost multicast routing algorithms with various 
degrees of computational complexity have been proposed. 
These algorithms, however, could be inappropriatejfor ATM 
networks due to their high complen’ties. In this paper, we 
initially present an optimal multicast routing algorithm, 
called LOPT (Load Optimal), which guarantees nunimum 
load or a minimum number of cells to be generated 
throughout the network. LOPT simply corresponds to a 
minimum-cost multicast routing algorithm if the coslt of each 
link is assumed to be unity. The algorithm ejpciently 
determines the minimum-load multicast route by means of 
partition. Complexity analysis shows its superiority over the 
Balakrishnan’s algorithm, one ofpromising multicas,t routing 
algorithms, especially when the number of destinations is 
much smaller than the size of the network. Experimental 
results further exhibit even better eficiency than its 
theoretical results. Moreover, based on LOPT, we further 
propose two variants of the algorithm for applications with 
different requirements. The first variant determines the 
multicast route sati&ing the condition min[max(delay)] 
subject to the constraint of the minimum load. The second 
variant determines the minimum-load route subject to the 
constraint of a &lay bound. The former can be applied for 
load-sensitive networks, whereas the latter can be aplpliedfor 
delay-sensitive applications. 

1. Introduction 

Asynchronous Transfer Mode (ATM) [1,2,10,17] has 
emerged as a promising transport technique for supporting 
multicast communication services such as video 
teleconferencing and message multicasting in broadband 
networks. To provide the multicast communication services, 
the design of efficient multicast routing algorithms becomes 
crucial. Generally for ATM networks, multicast routing can 
be realized on the bases of delay optimization and load 
optimization. Delay optimization determines a multicast 
route with a minimal delay from a source to multiple 
destinations, given a network with a delay value associated 
with each link. This problem actually corresponds to the 
single-source-shortest-paths problem [ 163 and has already 
been resolved. 

On the other hand, load optimization determines a route 
incurring minimum load. The minimum-load route is defined 
as a route causing a minimum number of ATM cells copied 
and passed (i.e., a minimum number of links traversed) 
throughout the network to all destinations. Notice that the 
minimum-load multicast routing problem simply 
corresponds to a minimum-cost multicast routing problem 
with the unit-cost constraint. Consequently, the problem is 
then correspondent with the Graphical Steiner Minimal Tree 
problem (GSMT)l [8,20] which has been proved to be 
NP-complete 1121. Efficient solving of the GSMT problem 
with the unit-cost constraint becomes the aim of our paper. 

Several GSMT algorithms with various degrees of 
computational complexity have been proposed. The Hakimi 
algorithm [9] considered all possible choices for the Steiner 
nodes (i.e., the non-destination nodes) and for each choice 
computes the corresponding minimum-cost route. Levin [ 151 
and Dreyfus and Wagner [6] employed dynamic 
programming techniques to determine the optimal route. 
Shore, Foulds and Gibbons [7,18] applied a 
branch-and-bound approach to this problem. The 
Balakrishnan and Pate1 algorithm [43 (referred to as B&P) 
generated spanning trees for a derived problem in 
increasing-cost order until a solution to the original problem 
has been inferred [l 11. Aneja [3] reformulated the problem as 
a set-covering problem and employed several relaxation 
techniques. Beasley [5] proposed a branch-and-bound 
algorithm using Lagrangean relaxations of O-l linear 
programming reformulations for the bounds. Kou [14] 
Propo=d a Minimal-Spanning-Tree (MST&based 
algorithm for approximate solutions. Wu [21] gave an 
implementation on the basis of the Kruskal’s MST algorithm. 
Thkahashi and Matsuyama 1191 presented a heuristic method 
based on the Prim’s MST algorithm. These algorithms, 
however, could be inappropriate for ATM networks due to 
their high complexities. 

In this paper, we initially present an optimal multicast 
routing algorithm, called LOPT (Load Optimal), which 
guarantees minimum load or a minimum number of cells to be 
generated throughout an ATM network. The algorithm 
efficiently determines the minimum-load multicast route by 
means of partition. Complexity analysis shows its superiority 
over the simplified B&P algorithm with the unit-cost 
constraint [22], especially when the number of destinations is 
much smaller than the size of the network. Experimental 
results exhibit even better efficiency than its theoretical 
results. 
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Moreover, on the basis of LOPT, we further propose two 
variants of the algorithm for applications with different 
requirements. The first variant determines a multicast route 
satisfying the condition min[max(delay)] subject to the 
constraint of the minimum load. The second variant 
determines a minimum-load route subject to the constraint of 
a delay bound. The former can be applied for load-sensitive 
networks, whereas the latter can be applied for 
delay-sensitive applications. 

This paper is organized as follows. Section 2 presents the 
minimum-load multicast routing algorithm including the 
complexity analysis of the algorithm. Section 3 demonstrates 
experimental results and comparisons of results. The two 
variants of the algorithm are then addressed in Section 4. 
Finally, conclusion remarks are given in Section 5. 

2. Minimum-Load Multicast Routing 
Algorithm 

In this section, we propose the minimum-load multicast 
routing algorithm, named as LOPT. The minimum-load route 
is defined as a route causing a minimum number of ATM cells 
[lo] copied and passed (i.e., a minimum number of links 
traversed) to all destinations throughout the network. The 
worst-case time complexity of LOPT is also analyzed and 
compared with that of the simplified B&P algorithm. 

2.1 The LOPT Algorithm 

Generally, LOPT first determines the nodes appearing in 
the minimum-load multicast route by means of partition. The 
links establishing the route are then selected by performing a 
breadth-first search (BFS) from the source to the destinations 
through those Predetermined nodes. Networks are assumed 
tobe undirected. In the following, LOPT is described in detail. 

Given a graph (G) with a source (s) and a set of 
destinations (T), let Demand-nodes (D-n&s) represent the 
nodes to be connected, i.e., s and all nodes in T, and 
Steiner-nodes (S-nodes) represent the remaining nodes in G. 
Initially, we perform a two-step procedure to reduce the 
search space of determining the minimum-load route: (i) 
each S-node with only one incident link is removed; (ii) if 
D-nodes are distributed to different biconnected components 
[163 of G, all the S-nodes connecting these biconnected 
components (i.e., the articulation points) are transformed to 
D-nodes since these S-nodes must be included in the route. 

Now we are at the stage of determining the nodes which 
would appear in the minimum-load route. Let R be a set of 
nodes which have currently been included in the 
minimum-load route. R is initially set with s only. R is 
repeatedly expanded by including all the D-nodes directly 
connected with the nodes in R. If R does not include all 
D-nodes, at least one S-node is required to connectR with the 
remaining D-nodes excluded from R. Thus, let M& be the 

best possible minimum load with respect to current R. M4p 
can be expressed as : 

ML, = (IA - 1) + 1 
+ (number of remaining D-nodes excluded from R) , 

where IRI represents the size of R. Now, given a set of nodes, 
Iw, m, . . . . w), which represents the S-nodes directly 
connected with R, the search space (P) containing all possible 
routes can be partitioned as: 

where partition [iilii~ ..&-I nJ (i = 1 to r) represents the routes 
with nodes nl through q-1 excluded, and node q included. If 
there is no S-node connected with R, and there exists at least a 
D-node still excluded from R, then there exists no route from s 
to T in G. The algorithm hence terminates in failure. 
Otherwise, the algorithm continues and each partition 
[il& . ..z-l n;], i=l to 1, is used to construct a subgraph from G 
with nodes nl to 4-1 removed. Notice that partition 
[T;l&...G-li&] is useless with respect to the problem solving 
owing to the disconnection of R from the remaining D-nodes. 
Node set R associated with each subgraph is then expanded 
with node 4 and then the D-nodes or the single S-node 
directly connected with R. Mk corresponding to the 
newly-expanded R is then computed. These subgraphs are 
then repeatedly processed by means of the same partition in 
order of increasing MLR's until all D-nodes are included in R 
with a load less than or equal to the minimum Mkf of any 
existing pending subgraph possessing R’. Upon having 
determined the nodes in the minimum-load route, the optimal 
links in the route can be easily selected by performing a BFS 
algorithm from s to T. The LOPT algorithm is depicted in the 
flowchart shown in Figure 1. 

An example of determining the minimum-load multicast 
route based on LOPT is shown in Figure 2. Two subgraphs, 
Gl and &, are first generated by partitioning based on the 
S-nodes directly connected with &. RI is expanded by 
including Node 2 and its directly connected D-node, Node 5. 
Similarly, Rz is expanded with Nodes 3,6, and 5 included. 
Since ML1 is less than Mb, Gl becomes the next subgraph to 
be processed. Three subgraphs, G3, G4, and Gs, are similarly 
generated with associatedR’s and ML’s computed. Notice that 
alrhoughR5 contains all D-nodes, it does not contribute to the 
minimum load owing to the existence of Cz, G3, and G4 with 
smaller ML%. The same procedure continues until Gil which 
includes all D-nodes in its R11 and results in the smallest 
minimum load of all pending subgraphs, G6, G, G8, and Glo . 
Finally, the links establishing the minimum-load route are 
determined by performing a BFS from source Node I to 
destinations Node 5 and Node 8 in the induced graph of G 
through the nodes in RI]. 
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Reduce the search space 
I 

in the induced graph of G 

StoreG,&,andMLo inqueueQ, 

1 

N 

I Partition the search space into partitions PI, pi, ,,.., pi based on the 
nodes directly connected with &; 
i:=l: I 

+ 

Construct Gi from pi; 
Expand Ri; au u--noues an 
Compute ML.i; 1 

t 

I I Insert Gi, Rip and Ml;: into & in order of increasing A4I,‘s; 
i:=i+l; I 

ntaining all D-nodes with a 
aBFSfromstoTintheind 

Legend: 
s: the source; 
T: the set of destinations; 
GA: subgraph k (Go = original graph); 
Rk: R for subgraph k; 
MZ+: M.?&for subgraph k; 
Qp: a queue storing current pending subgraphs; 

Figure 1. The LOPT algorithm. 
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! 
R,g=(1,2,3,4,5) R9={1,2,3,5, R10=(1,2,4,5,6) IR11=(1,2,4,5,7,8) 
M&=6 6,8,9,10) ML10 =6 I Minimum load=5 i A minimum-load multicast route 

Minimum load=7 I 
L I ---------- 

Legend: 

(J : S-node 
@ : D-node 
c)md @ :no&shR 

Figure 2. An example of minimum-load multicast routing based on LOFT. 
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Since LOPT considers all possible routes and terminates 
when all D-nodes has been reached with a load no higher than 
the best possible minimum load of the pending subgraphs,, 
LOPT thus guarantees the minimum-load route. The formal 
justification of the algorithm has been presented in detail in 
ml. 

2.2 Complexity Analysis 

The time complexity of LOPT hinges on the number of 
S-nodes appearing in the minimum-load route, and thus the 
total number of subgraphs generated. Unfortunately, the total 
number of generated subgraphs for a general network 
depends on the topology of the network, the number of 
D-nodes, and how the D-nodes are distributed in the network. 
This fact renders the analysis to be considered under the worst 
case of a network, in which all &nodes, except for the one 
located far distant from the source (s), am directly connected 
to s, as shown in Figure 3. In this case, a maximum number of 
S-nodes (or subgraphs) between sand the distant D-node are 
examined. We now evaluate the worst-case time complexity 
of LOPT by computing the total number of subgraphs 
generated for such network. 

0 S-node b - A 

@ D.-n&e S-llOdeS 

Figure 3. Network topology for worst coplexity of 
LOPT 

Lemma: Given an R consisting of II nodes, there exist at 
most (d&!@-1)) nodes directly connected with R, where d is 
the highest link degree of the nodes in the network. 

Proof: Since the sum of the link degrees of the nodes in R is at 
most dn and at least n-l links is required to make R 
connective, the number of nodes directly connected with R is 
thus no greater than (d&2&-1)). q 

Theorem I: The maximum number of subgraphs to be 
generated by LOPT is G((dlDl)m), where d is the highest link 
degree of the nodes, DI is the number of D-nodes, and m is the 
largest distantance (in nodes) between the source and any 
D-node in the network. 

Proof: Given a graph (G) with a set of D-nodes to be 
connected in which s is the source and t is the mosit distant 
D-node. Initially, the node set R associated with G consists of 

@l-l) nodes, including s and all D-nodes except for t. By 
Lemma 1, there are (d(DI-l)-2(DC2)) J d/D/ generated 
subgraphs by partitioning. Among these subgraphs, the first 
one without excluding any S-node possesses an R including 
DI nodes, and subsequently generates @I-2Dl+2) new 
subgraphs. Consequently, the total number of subgraphs 
generated from those clI/o/ subgraphs becomes ((dlDi--2/D/+2) 
+ (dDI-2D/+l) + . . . + (d-1)) = (d/Dfi2. The samejustification 
can be applied for m steps until the distant D-nodes (t) is 
reached. Ultimately, the total number of subgraphs generated 
is (1 + dDl + (dU3l)2 + . . . + (dlDl)m) = (dIDI)‘? q 

Notice that even though several existing minimum-cost 
multicast routing algorithms provided complexity analysis, it 
is unachievable to make acomparison between LOPT and any 
of them due to tlhe employment of different parameters. To 
approach this, we simplified the B&P algorithm by 
considering the unit-cost constraint. We have also showed 
that the algorithm generated a maximum of G(lSlm) subgraphs 
1221, where ISI represents the number of S-nodes in the 
network. Since dDl is much smaller than ISI in realistic 
networks, LOPT thus outperforms the simplified B&P 
algoiithm. 

3. Experimental Results 

We have implemented LOPT and performed experiments 
on random networks possessing four parameters: the network 
size (denoted as w, the number of D-nodes (denoted as DI), 
the average link degree (denoted as d), and the maximum 
distance (denoted as m) between the source and the 
destinations. The experimental performance of LOPT is also 
compared with tlhe theoretical performance and that of the 
B&P algorithm. IEach experimental result was computed by 
averaging the results of 120 try-outs on a given random 
network with D-nodes randomly distributed in the network in 
each try-out. The variance of the link degree of each random 
network was set as 1.0. 

Figures 4 to 7 present comparisons of the performance in 
terms of the four parameters defined above, respectively. In 
particular, Figure 4 shows that the number of subgraphs 
generated by LOPT moderately grows with the size of 
networks. Experimental results of LOPT exhibit better 
efficiency than its theoretical results. In Figure 5, theoretical 
analyses show that the numbers of subgraphs generated by 
LOPT and the simplified B&P algorithm increase with the 
number of D-nodes. Moreover, the performance of LOPT is 
worse than that of the simplified B&P algorithm if dlDl > ISI. 
However, experimental realistic results show, when IDI 
crosses a threshdd, the number of subgraphs generated by 
LOPT drastically decreases with the number of D-nodes. 
This is because when D-nodes are clustered, these D-nodes 
are rapidly included into R after partitioning. This thus speeds 
up the search of ultimate R with all D-nodes included. 
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4 B&P’s theoretical results 
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Network size 

Figure 4. Performance with respect to network size 

v1 10’5 , I 
+:d=3,N=50 
x:d=6,N=50 

B&P’s theoretical results 
/.L _ -A+-+-- 

2 3 4 5 6 7 8 9 10 
Number of D-nodes 

Figure 5. Performance with respect to number of D- 
nodes. 

In Figure 6, theoretical results show that the numbers of 
subgraphs generated by LOIT and B&P decrease with the 
average link degree. In addition, experimental results show 

at the more complex the network is, the more rapidly all 
D-nodes are included into R, consequently, the smaller 
number of subgraphs LOPT generates. Finally, in Figure 7, 

2 
10’2 

3 x:lDI=8,N=50 
B&P’s theoretical results 

LOPT’s experimental results 

loo , I I I I I I 
3 4 5 6 7 8 9 10 

Average link degree 

Figure 6. Performance with respect to average link de- 
gree* 

rh 10’8 I I 
+ :IDI=5,N=50,d=3 

3 101s 
x:IDI=8,N=50,d=3 

,” 

3 4 5 6 7 8 
Maximum distance between source and destinations 

Figure 7. Performance with respect to maximum 
distance between source and destinations. 

theoretical results show the superiority of LOPT over the 
simplified B&P algorithm. Moreover, experimental results of 
LOPT exhibit better efficiency than theoretical results. 

4. Two Variants of LOPT 

On the basis of the LOPT algorithm presented above, this 
section presents two variants of LOPT for applications with 
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different requirements. The first variant (named as MLMD) 
determines the multicast route satisfying the condition 
min[max(delay)] subject to the constraint of the minimum 
load. The second variant (named as MDML) determines the 
minimum-load route subject to the constraint of a delay 
bound. Each algorithm is presented in detail as follows. 

4.1 MLMD Algorithm 

Recall that LCPT terminates immediately when at 
multicast route with the minimum load has been discovered, 
Different with LOFT, MTMD terminates when all 
minimum-load multicast routes have been discovered, i.e.!, 
the partition process terminates when the best possible 
minimum loads of all pending subgraphs are greater than the: 

minimum load having currently been found. Among these 
minimum-loadroutes, MLMD then selects the subgraph with 
the minimum height representing the min[max(delay)] 
multicast route. 

Figure 8 presents an example of determining an MLMD 
route for a given network. In this example, four ultimate R's 
resulting in the minimum load are found, i.e., R3, Rs, &, and 
R7. After performing a BFS, four corresponding 
minimum-load multicast routes are determined. Since the 
depth (maximum delay) of these four routes are two, four, 
four, and four, respectively, the minimum height (or 
min[max(delay)]) is two. Therefore G3 is the subgraph 
satisfying the min[max(delay)] condition. The MLMD route 
is then constructed from R3. 

RI = (1,2,45,81 
ML]=6 

)f 
G3 

\ 
G4 t5 --G - 

R2=(1,3,4,6,81 
Mh=6 

R3 = (1,293, % = (LZ45, Rs = ILZ4,5, &= (1,3,4,5, 
45,681 67989) 6,8,9] 6.7.81 

Minimum load=6 Minimum load=7 Minimum load=6 Minimum load=6 

An MLMD route 

Legend: 

0 : S-node @: D-node 

Ry:= (1,3,4,5, Rs= Il,3,4, 
6.89) 68.10) 

Minimum load==6 M&=7 

Figure 8. An example of determining an MLMD route. 
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ML Algorithm 

In contrast with MLMD, MDML determines the multicast 
route (denoted as an MD&IL route) subject to the constraint of 
a delay bound. Initially, the delay bound is determined by 
performing a BFS from the source to the destinations. Let h be 
the height of the BFS tree. The MDML algorithm then aims at 
determining the minimum-load route with delay bound h. 
MDML initially sets multiple R’s each of which consists of 
the nodes in a specific shortest-path route from the source to 
the farthest destinations. To ensure that R is expanded without 
violating the constraint of a delay bound, R is expanded by 

only considering the S-nodes resulting in delays bounded by 
h. Thus, by applying the same partition procedure employed 
in LOFT, MDML determines the minimum-load multicast 
route subject to the constraint of delay bound h. 

Figure 9 presents an example of determining an MDML 
route for agiven network. In this example, threeinitiaIR’s,&, 
RI, and R2, which correspond to all possible combinations of 
the shortest paths from the source to the farthest destinations 
are considered. Since ML1 represents the best possible 
minimum load, its corresponding RI is then processed. The 
search terminates when & includes all D-nodes with the 

-. 
l a -0 

--__--- BFS tree of G 

Shortest paths from the source to the farthest destinations 

Construct initial R’s based on four paths 

Ro = { 1, 2,3,X 67, 
10, 11,13, 16) 

M&=11 

Legend: 

RI = I1,3,7,9, 
10,13, 15, 16) 

ML1 =9 

1 G4 

i 

-i 

I I 

I 

~&=(1,2,3,6,7,9,10,13,15,16~ 
jLMinimum load=9 I w-m----------- 

R3 = (1,3,4,7,9, 
10, 13, 15, 16) 

ML3 = 10 

An MDML route 

0 : S-node @  : D-node c) and @:no&sinR 

Figure 9. An example of determining an MDML route. 
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minimum load less than ML’s of all pending subgraphs. The 
links establishing the MDML route are then detenmined by 
performing a BFS from the source to destinations in the 
induced graph of G containing only the nodes in &. 

5. Conclusions 

The paper has proposed a minimum-load lmulticast 
routing algorithm which guarantees minimum load or a 
minimum number of cells to be generated throqhout the 
ATM network We demonstrated experimemal and 
theoretical results on random networks based on four 
parameters (the network size, the number of D-nodes, the 
average link degree, and the maximum distance between the 
source and the destinations). Complexity analysis showed its 
superiority over the simplified B&P algorithm elspecially 
when the number of destinations is smaller than the size of the 
network. Experimental realistic results further exhibit even 
better efficiency than its theoretical results. This paper has 
also presented two variants of the algorithm for applications 
with different requirements. The first variant determines a 
multicast route satisfying condition min[max(delay)] subject 
to the constraint of the minimum load, and can be applied for 
load-sensitive networks. The second variant determines a 
minimum-load route subject to the constraint of a delay 
bound, and can be applied for delay-sensitive applitztions. 
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