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A network of LAN-connected workstations provides the means for load balancing (LB) between computers. For a system
consisting of N stations connected by a multiaccess network the optimal, quasistatic, iterative, distributed load balancing
algorithm for a general, system-wide cost function is set up. The algorithm is based on the gradient projection optimization
method using information about sensitivity of the performance measure with respect to the task flows. A simple heuristics

to accelerate the convergence is proposed.
1. Load balancing in computer networks

1.1. Motivation

Personal workstations are currently mainly used for
research, software development and engineering
applications. These powerful stations are considered mostly
private ressources under control of their users. However, in
order to provide access to common ressources and to enable
information exchange, these private ressources are
interconnected by one or more LANs to form an integrated
processing environment. Such workstations-based,
distributed systems (WDS) have increasingly replaced large
mainframe-based, multi-user systems. Because high speed
local area networks (with speed in the 80-100 Mb/s range)
and high performance network interfaces are already
emerging, efforts to use efficiently this excess computing
capacity are currently being undertaken.

However, many researchers repot that a large portion of
the capacity of such networks of workstations is not utilized
and could be used by users who need additional cycles. For
example Theimer and Lantz [ThL.89] reported that one third
of machines were typically idle in a similiar environment;
Nichols [Nic87] reported that 50-70 workstations were
typically idle during the day in an environment of 350
workstations total; and the mesurements from Douglis and
Ousterhout [Do0O87] show 66-78% of all workstations idle
on average. In results from Mutka and Livay [MuL91] the
workstations were available more than 75% of the time
observed. These capacities were available not only during
the evening hours and on weekends, but during the busiest
times of normal working hours. We expect this low load
level to become more pronounced as faster processors
(>10MIPS) and multiprocessor workstations come to the
market in the next few of years.
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On the other side Livny and Melman [LiM82] have
shown that in a system of # independent processors
modelled as M/M/1 systems [Kle75], the condition in which
a job is waiting for service at one processor while another
processor is idle occurs 70% of the time, for traffic
intensities @ (the ratio of arrival rate to service rate)
ranging from 0.5 to 0.8. This idle-while-waiting probability
(or probability of the load sharing success) indicates the
possibility of reducing the average process delay. With a
global load sharing strategy for a distributed system, the
occurence of this probability can be reduced and,
consequently, the overall performance can be improved (a
M/M/n coupled queue provides perfect sharing in this case).

Many interesting parallel and distributed algorithms
require distributed scheduling facilities that distribute these
tasks among processors to speedup the execution by taking
advantage of system computation abilities and resources. A
cluster of workstations can be used as a parallel machine to
run parallel applications [Kle90], [Stu88], [MuL91].
Kleinrock an Korfhage [KIK89] examined the response time
for a model of a distributed program which executes on a
cluster of workstations, where the workstations alternate
between intervals of availability and non-availability. Other
researchers have developed applications specifically for
exploiting workstation capacity. ’Optimistic make’ is a
facility for the V-System that has been implemented to take
advantage of idle workstations. 'Make’ is a tool used
primarily to create up-to-date executable programms from
their source files. ’Optimistic make’ is identical in
functionality to ’'make’, however the file system is
monitored for out-of-date file, and idle workstations are
used to bring the files up-to-date. Parallel *make’ exhibits
coarse grain parallelism. More tightly coupled parallel
algoritms have also been successfully run on workstation
clusters [ChS88], [FiM87]. For instance, a number of
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parallel optimization algorithms, such as branch-and-bound
or mathematical programming, are well suited to run in this
environment. Unfortunately, scheduling schemes developed
for (shared memory) multiprocessors, such as those studied
in [SQN91] do not apply to more loosely coupled distributed
systems, since they schedule too fine a granularity
(communication delays are substantial even in a high speed
network).

This and other motivating examples show that while
many workstation-based distributed systems (WDS) have the
potential to deliver enormous computing capacity, often
rivalling that of the most powerful supercomputers, much of
their capacity is generally untapped because of the inability
of the WDS system software to efficiently share computing
ressources among workstations. To make fullest use of this
capacity, distributed schedulers must be developed that are
appropriate to the unique features of these systems.

1.2. Models for load balancing in computer networks

Many research efforts have demonstrated that even
simple load balancing algorithms produce considerable
performance improvement. Theoretical studies have covered
two kinds of algorithms, which we will denominate as static
and dynamic strategies.

The dynamic control problem can be considered as a
Markov decision problem (MDP) [EpVe89]. This means, for
each task arriving at a single station a decision is made,
based on the instanteneous network status knowledge. For
some finite or infinite horizon cost function it determines
where the current task have to be sent to for processing. In
particular, much attention was devoted to a specific class of
the dynamic policies: the threshold policies [Krili90],
[EalLaZa86]. The idea behind this class of policies is to send
the task to the remote station, when the local queue length
exceeds some (static or dynamic) threshold. By studying the
dynamic methods, the queueing theoretic models as well as
simulation experiments were used. The problems with the
decentralized dynamic algorithms do arise from the time
delay ocuring by exchange of the state information. In
[HsMaB80] was proved that the knowledge of the last state of
the last state of the system in all its decentralized
components is a necessary condition for an optimal control
strategy. However, there exists a computable solution of this
problem for a linear system [Te81].

The partitioning of the time space into intervals of "non
important changes” will be a practical way to model the
system as a sequence of static intervals.

The static load balancing strategies base on the assumption,
that the input traffic streams are completely characterized by
some constant mean values. For solving problems of this
type techniques as the network flow algorithms or
mathematical programming can be employed [St77],

[TaTo86].

It seems to be clear that dynamic policies [Eal.aZa86]
may be more effective than static ones, where the former
can exhibit a greater overhead than the latter. Unfortunately,
only approximations of the optimal adaptive policies for ligt
or hard load, applicable to various environments, are known
[LeFi90].

In this contribution the static case is investigated. More
exactly, we study a system with continouos task input
stream. The system consists of workstations interconnected
by a single multiaccess network (possibly a high speed
LAN). We assume the mean values of input streams change
much slower than our algorithm works (the quasi-static
assumption [Ga77]), so the problem reduces to a mean
value problem. Our task is then, to minimize some objective
function for this system (f.e. mean service time of all tasks
in the system).

The previous works on this area were begun by Tantawi
and Towsley [TaTo86]. They gave the optimality conditions
for a M/M/1 system connected by a LAN, where the cost
function was the mean overall task processing time. An
algorithm for computing the optimal load splitting from the
given input streams (with regard to the communication
costs) in a distributed system was given. This algorithm is
not able to be performed distributed. Kim and Kameda
[KiKa90] extended this algorithm to the multiclass job case.
Kurose and Singh [KuSi86] have developped an iterative
distributed static algorithm using gradient descent method,
a methodology from the field of mathematic economics. The
underlying distributed system model consisted of M/M/1
stations. Souza and Gerla [SiGe91] proposed an algorithm
for static optimal centralized load balancing based on a
closed-chain queueing model of the distributed system. The
site constraints for tasks as well as multiple classes and
station background load were considered. The optimal
solution is obtained by means of MVA and the
flow-deviation algorithm. The algorithm is not designed for
distributed usage.

The algorithm presented here differs from the above
mentioned ones and resembles in the basic idea of
application of the projected gradient optimization method
the Gallager algorithm [Ga77] for routing in wide area
neworks. The algorithm can be implemented in distributed
manner, is independent from any theoretical assumptions
upon input load characteristic and type of the cost function,
as well as from the homogenity or inhomogenity of the
stations in the system. Numerical examples are provided.
The expression for the step size of the algorithm to
guarantee the convergence could be obtained. Comparing
our work with the Kurose-Singh algorithm [KuSi86], we
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Fig.1: The model of the distributed system

must mention that the latter sets restrictions on the station
model, and employs a different flows adjustment
mechanism. Moreover, no results concerning the step size of
the algorithm are given. The convergence proof holds only
for infinitesimal step sizes.

2. System model

We consider a workstation based distributed system
consisting of a local area network with N  stations
attached. We model the tasks arriving into the system with
continuous input streams. The input task intensity at the

i -th station is X; tasks/s. We assume that the
incoming tasks are completely independent from each other
(this situation is common in networks of workstations). The
input stream intensities obey to the quasi-static assumption.
Each station I can decide to send a specific amount
k for
service (Fig. 1). After service the results are returned to the
origin station.

X, of the incoming traffic off to the station

We define the set of control variables

From the above definitions we can express the total
stream of tasks entering for service at the station i as
fi = Ei#j (9, + @;7). The network load is:
Xy =Ei$j ¢.%;- The network traffic fy,, is however equal
to the sum of the task stream and result return stream:
fyer™ Xnet + Xye- The returning result stream x,,, constitutes
from the results of the task streams xl.l.,where i#j. The
intensity equals to the output intensity of the task results for
that particular input stream at the station j. From the
Burke’s theorem [Kle75] we know that only for special case
of a M/M/n system the output stream is equal to the input.
In general case, the output intensity is a function of the total
input stream f; and mean service at the station j , and is not
always explicitely known.

To escape from this inconvenient situation we recall the
spirit of the quasi-static assumption and observe, that for
each task its result must be returned. Thus for observation
period tending to infinity we can express x,,, as:

lim x,, = E PyXi = *Net

i

@

If the above equation is applied for an observation period
other than infinity, we must assume that within the

$=(<pik) : i,k = 12,.,N ,such that: 9, d: ;1 , observation time results of all tasks submitted for remote
N J execution in this observation period will be returned to the
where Z Q; = 1 and ¢; >0 (1)  origin station. It is not true, in general, because of the
J=1 latency of the service stations and the transformation of its
output stream, but for a sufficiently long observation period
256
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it might be an acceptable assumption.

The cost function for the network transmission D,
depends on mean service times for both task and result
streams S, ., S, and on its intensities. Assuming mean
service times to be constant, the network cost function
depends only on the network traffic. Our task is then to find
minimum point ¢* for some general, system-wide cost
function D:

min D(x,p) =

N
min | ,21: D, (Y @) + Dy §;2¢i,x, )1 Q)
where D, ( f; ) is a general cost function related to station
i depending only on total input stream intensity f,. This
means in practice that mean demanded service at each
station is equal. The popular choice for D is weighted task
delay, but we do not exclude other objective functions.
Restating, our assumption for the overall objective function
is its separability (what is the case in real distributed
systems). We make an additional assumption, requiring the
station-own cost functions D, to be convex and
differentiable. The differentiability of the functions D, is
not given for delay type functions: they are not defined in
point f;=C,, i.e. in the saturation point. We can modify the
function D in the way given in literature [KuSi86] to assure
its continuity. The second cause for assuming that the
differentiability is given, is the fact that properly designed
load balancing algorithm should not operate with any station
being saturated.
In the real world,
implement the communication protocol: either the CPU is

there are two possibilities to

executing the protocol stack, or there is an auxiliary
processor on the network interface doing this. It is possible
to extend our model to incommodate both the choices. The
auxiliary processor could be modelled with an additional
cost function DJ™( Ei*i (x;+x;)). Further on, protocol
stack processing by the CPU diminishes the effective
processor speed from the angle of the task beeing processed
on the specific station. This could be modelled with
additional, virtual task input for the processor, for example:
f‘.=2j X+ Qg Eiﬂ, x; with a , beeing a multiplicative
constant.

This two cases do not change significantly the results of
the load balancing algorithm. So we do not consider them in
this they could obscure the

contribution, because

introduction of the essentials of the proposed load balancing
algorithm.

3. Optimality criterions for the load balancing
algorithm

The necessary optimality conditions for load balancing in
a distributed system connected by a single multiaccess
network were first given in [TaTo86]. They covered only a
case of a specific objective function: the mean overall job
processing time. Because we want to compute the optimal
settings of 9; for the general case, we must investigate the
necessary and sufficient optimality conditions for D(¢*).
To minimize the general objective function D(x,q) we
will use the Lagrange multiplier method. We have the
following task posed:
N
min D(¢), with Y @, =1 and ;20 5
j=t
After the Kuhn-Tucker Theorem for a convex function
[PsDa78] the gradient VD(g) equals to the linear
combination of the gradients of the restrictions r; > 0,
which are active in the optimal point @*:

VD(¢*) = E Al Vr; with 4,20 and Ay, =0, (6)
i
where A is the vector of Lagrange multipliers.

We get for the optimal point @ after (5)(6) the following
system of equations:

oD*

atpu = A+ l‘.j "
b (E @ - 1)
2;9,=0
From (5b) (7c) follows:
a* _ { =k for ¢;0 ®
a‘pij 2}, for cp,.l.=0

This means straightforward, for optimal control variables set
@, each station i must set its own controls @, not equal to
null only for these remote stations, which display the
minimal values of the derivative 8D/8<py.

From the Kuhn-Tucker theorem follows, that (8) are the
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necessary conditions for existence of an optimum.
Concerning the sufficient condition it can be easily proved,
that the following theorem holds [Kra94]:

THEOREM 1: For the optimization problem (5) the
condition (8) is a necessary and sufficient condition for
the existence of the optimum. | ]

Now let us consider some important property of the
optimal solution. Intuitive we feel, that the situation, when
station i sends tasks to the station j and the station j
sends in his turn tasks to station i is not optimal. Let us
investigate this case more detailed. If we have ¢;#0 and
(pﬁs*O we can write after optimality conditions (8):

oD[d¢; < dD[og; and 9AD/3¢; < OD[Ip;
Using (9) and some simple algebra for rewrite those
inequalities we come to the conclusion that: D( Syee ) = 0.
Thus the following holds:

Conjecture: If the overall objective function D(x,p)
depends on the network traffic f,,., then in the optimal
point from the fact that @; > 0 it follows @ = 0.

For example if the function D(¢) represents the mean task
delay, there must be always either (p,; =0 or (pj:. =0.

4. The algorithm and its properties
4.1. Definition of the algorithm

Employing the insights in the problem given by
optimality conditions (8) we can develop an algorithm with
the following structure: in each iteration some ratio of
the input load x; will be taken off from all stations with
nonminimal aD/a% and redirected to the "minimal"
station. Our task can be posed as follows now: minimize
(3) with constraints (2) and under the reqiurement that the
input traffic is to be taken away from the "non-minimal"
stations and redirected to the "minimal” (in the before
defined sense) ones, as an additional constraint. This
means, we need an algorithm that computes merely new
settings of @y for j#j_ ... Once we have got this, the
settings for the "minimal" station can be expressed with

Normally, we pass here from the space of controls
@ € R*xR" to the space of controls @’ € R*xR*!. We
notice, the equality (9) assures additionaly that every step of
the algorithm produces feasible sets ¢ . The feasibility is
guaranteed too by the gradient projection method used
further on.

Now we can take first the optimization in the new
control space @, without bothering about feasibility and
then return to the original space ®. To assure the
convergence to the optimal point for this algorithm, we set
the needed input load ratios for each iteration with the
gradient projection optimization method. An iteration of the
gradient projection method in the Rﬁ' space is [PsDa78],
[Wi88]:

™= max [0, 2" - nVF(xM)] (10)

where n is a scaling factor, and Vf the current gradient of
the minimized function. We will use this iteration first in
the space of ¢’-controls (this assures feasibility and a step
toward the optimality criterion), and then compute the
complete settings for our origin control space.
But here we can act twofold: first we could perform the
iteration in x,./j space and then return to controls ¢’ or do it
directly in the ®’-space, and we will not get two identical
algorithms. Discussion of this topic can be found in [Kra94]
and for this contribution we concentrate on the first version
of the algorithm.

Extracting the factors ¢ i from (3) with help of (9) we
D(x',@h:®' - R, with values
equal to the values of D(x,). Its derivative is given as:

construct a new function

< = N
BD(x’) - aD(f) & )i imin) Viin . D ye fver) Hwer
a(pij i % ey Fin doy Fna S0y

Considering (9) for computing the afNe,/a(p,.j factors and
then substituting the gradient in (10) [Kra94] we get the
following algorithm:

Py ~Ay s ko ko
@i =) ou t D, Ay » ko= gy as
krKo

where n stands for the algorithm’s step size and:

Ay=min[q, , na,/x,]

0.=1- Y o, O @D - D) - 20u8, DDy fu) (14
i if‘jm D,:mf arg,fnin { D’i(f}‘) + (1‘6;‘1:) DI(let(ngt) }
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4.2. Convergence of the algorithm

It was shown, that the gradient projection method
converges to the optimum when the Lipschitz assumption
for the cost function D(¢) holds, and the step sizen
fulfills: n <Lf2 (i.e. n sufficiently small) [Wi88]. So we
can see, that the step size is crucial for the convergence,
and we will give a more strictly bound for it in case of our
algorithm [Kra94]:

THEOREM 2: For the step size n, obeying:

0 < n, s 2@4N(N-1)M,,,+N*M)"! (13)

where M > max D;( j@l"), fil" e (FLAEY, and
LA

A
M,,, > max D fxl), the algorithm (11) results in
decreasing in the step k the overall cost function D(g).
Moreover, with k-  the algorithm converges towards

an unique minimum point described by equations (8). W

Gradient hill-climbing optimization methods do not
converge exorbitant quickly. It is possible to show, that the
convergence rate is linear [Wi88]. Moreover we can prove
the following theorem:

THEOREM 3: Let D* be the minimum value of the cost
function D, and @ the optimal set of controls. Then for
consecutive iterations of the algorithm (11) holds:

D,,,-D*< q(D,-D")

where g<l and |@,.~¢"] < Cg"*. |
The proof of this theorem is a modification of the standard
steepest descent method convegence proof [PsDa78].

It is possible
asynchronous version of the algorithm [Kra94]. The proof

is similiar to the proof of theorem 2, additionally using

to prove the convergence of an

Lipschitz assumption for the cost functions D;, to upper
bound the error of the estimation of D,-derivatives at a
single station i. From the proof it is visible, that the
asynchronicity in general can not destroy the convergenge,
but can only slow it down.

5. The Stepsize Considerations

Scaling factors are often a plague in the use of the
iterative algorithms. As we could see foremost, choosing it
too great, we can not assure convergence. But on the other
side, the step size guaranteeing convergence may result in
extremly low convergence speed because the underlying
mathematical method (projected gradient) has a rather poor
convergence properties.

In the nonlinear programming [Wi88], the standard
procedure to accelerate the convergence and remove the
scalability problems is the use the inverse of some
approximation of the Hessian matrix H=V?D(¢,x) instead
of the step size n in (10). This would result in a new
algorithm based on the so called Newton method, which
would be able to detect automatically the input flow and
choose the appropriate step size. The Newton method
displays a very good quadratic convergence rate. Observe,
that in (13) we nevertheless use the inverse of the second
derivatives, thus acting somewhat in spirit of the Newton
method.

We can widen our narrow range of the step sizes, still
guaranteeing the convergence. The idea is, to make first a
great step which brings us near to the solution, and then
apply the relatively small step
convergence. We can can do it, by taking first step two
times greater than the permitted one, and the next steps
proper after (13). Generally, we can take the first step
multiplicated with K, the next with K-1 and so on.

sizes guaranteeing

Formally:

n() ={

In the implementation we must find the value of the upper
bound M. We propose for this purpose to take the greatest
from the second derivatives observed during the preceding
iterations. To be more adaptive, the algorithm can choose
for M the maximal second derivative from the last/
iterations, but our results are obtained using the more simple
technique stated above.

Our heuristics, compared to the one given in [KuSi86],
does not need more information (only the maximum second
derivative) and is much simpler in use: instead of guessing
the maximal allowable step size out of an unknown range,
we take as parameter an integer, which maximal value
(according to the experiments) should not be very much
larger then N2,

n(M)*(K-n)
nM)

Jor n<K

otherwise
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6. Numerical results

The algorithm will be tested first in the example system
form [TaTo86]. The example given in this article considers
a distributed system consisting three nodes (modelled as
central server systems with CPU and VO channels),
connected via a single channel with fixed, independent of
network traffic, communication delay. The nodes are
modelled by a central server model and consist of one CPU
and several /O channels (see Fig.2). The mean node delay
functions for central server models used, can be obtained by
means of the BCMP-theorem and are:

=3 =3 = S =
Dl(fl)* m-f}’ Dz(fz) IO'fz’ D3(f3) 10‘f3’ DNet I

pOUf
node i /O
AT
CPU 1/0
— P,
— -O_—- 1]
— 1/0
LT _O_

Fig. 2: Model of a system node

For details we refere to [TaTo86]. We note that in the used
delay functions we do not allow any temporary overload,
because we find that a good load balancing can not cause
short term overloads at any station. So we do avoid the
losses due to overload at the cost of a perhaps slower
convergence.

First we state that our distributed algorithm finds exactly
the same optimal point the Tantawi-Towsley algorithm does.
Next we want to observe how the algorithm converges in
our example system. From the Fig.3 we notice the typical
behaviour of the gradient descent algorithm: fast
convergence first, which settles down afterwards, and
converges slowly in the neighbourhood of the optimum.
Next, we see that for the step size being too great (n =2.0)
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no convergence takes place and the algorithm oscillates
around the optimum.

mean system delay [s]
0.8 k

0.6

n=0.5
n=2.0
0.3 R S S S T S
1 1 1 1
0 5 10 15 20 25
iteration

Fig. 3: Convergence of the algorithm (t=0) according to
the step size

Knowing the behaviour of the algorithm we see that it
would not make much sense to wait for the exact
convergence. The problem is that it is hard to decide
whether the algorithm decreases very slowly or converges,
when we are in the flat part of the curve in Fig.3 In the real
applications we do not really need the exact convergence: it
is sufficient when the algorithm gives us a substantial
benefit. So we will investigate how quickly the algorithm
achieves 90% of the improvement which is maximal
possible, and in the following the word convergence will be
used only in this meaning.

Let us now proceed to the discussion of the proposed
step size heuristics. We have two aims developping it: first
to accelerate convergence, and second to ensure that for a
specified step size the algorithm converges quickly for a
quite wide range of system loads, optimally for all possible
loads. Thus we want discuss these two topics in the
following.

First, we have examined the influence of the step size
on the convergence speed for various system loads. For this
purpose we have tested the heuristics using different values
of the parameter K in systems of different sizes (3, 9 and
15 stations), with different input rates and networks of
different capacity. Systems consisted of stations of three
types described in the previous experiment and of equal
number from each type. The input rates for each station of
a specific type are equal. The network connecting the



stations is modelled as a single M/M/1 channel with a
capacity C.

1.2 delay
L]
08 \
Y'Y M— l*______w____"f‘f"__w__
0.2
0 . , A :
0 10 20 30 40 50
net capacity

— with NET  —+ without NET

Fig. 4: Network influence on the load balancing

The network capacities used in tests were obtained by
testing the influence of the network delay on the load
balancing for our basic system. In the Fig.4 we can see the
results for the algorithm which considers the network delays
by establishing the optimal control and its version
neglecting the influence of this factor. For our tests we have
choosen three capacities: 4,10 and 16 representing great,
middle and no influence of the network transmission delay
on the load balancing as seen in the Fig.4.

The results of our investigation are visible in Fig.5.
Here, the typical dependance between the number of
iterations needed to obtain the convergence and the system
load is shown. The loads are arranged due to the maximal
percent improvement possible. We used both high and low
loads as well as homogenous and inhomogenous (in respect
to the station’s @ coefficients) ones. The optimal values of
the objective function (maximal improvement possible)
were obtained with the precision of six digits.

First we can see, that the convergence speed does not
depend as much on the input pattern, as it depends on the
greatest possible gain in the objective function. So the
optimal choice of the parameter K depends mainly on this
possible gain. We can state, that for gains under 50% we
observe that the setting K=2N results in reasonable
behaviour, i.e. convergence in about 5 steps and in small
systems even in 1 or 2 steps. Here N denotes number of
stations in the system.

However, for greater gains we must choose much

greater K values and, as we can see from Fig.5, these
values do not cover a broad range of possible gains,
because for smaller gains the step size is foo great and leads
to increasing instead of decreasing the objective function.
This results in great change in the undesirable direction
and, what is much worse, can produce great second
derivative which in our heuristic results with a very little
consecutive step sizes. We see: the greater the possible gain
is, the greater value of K we must chose, if we want the
algorithm to convege quickly. So it is difficult to cope with
such an situation: the algorithm is simply not adaptive
enough. We did not observe overloads except by very high
values of K (>N?).

Finally, we investigated dependency between the
convergence speed and the system size. We compared the
number of iterations needed to achieve convergence in
systems of various sizes, for optimal K choice under high
and low load. This numbers were obtained for two different
system loads: one that was unhomogenous and the other that
was homogenous in respect to the stations’s g coefficients.
We found that there is a clear dependance of the
convergence speed and system size: the greater the system,
the slower the convergence. This fact hangs together with
the nature of the algorithm: we allow only one "minimal"
station k_, the task streams are redirected to, for each
iteration at the station i . In our experiments there are more
such stations, because in the greater test systems we simply
replicate the basic three station system. This leads to
significant deterioration of the convergence rate. To improve
the algorithm we could allow more than one "minimal"
station and then divide the traffic redrawed from the
"nonminimal” stations equally among them. For very light
and homogenous load (1, 0.5 and 0.5 tasks/s) the effect
described above is not very significant.

7. Conclusions

The minimization method used in our algorithm (steepest
descent method) do not show the best convergence rate, but
it has two very important advantages: simplicity and
guaranteed convergence, the other methods not always have.
The Newton method for example converges only if the
initial point is choosen sufficiently near to the minimum. If
we want the algorithm to converge for any starting point
choice, we must introduce the direction optimization
[Wi88]. We can not do it unless we know
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Fig. 5: Typical behaviour of the algorithm

exactly the cost function, and worse: this optimization is
Thus the
computations are more complicated even not considering the
inverse of the Hessian matrix (used in each step) and every

best performed in a centralized manner.

station needs much more information to perform an
iteration.

Other optimization method that could be applied is the

conjugate direction method. It uses only objective function
derivatives and the vectors ¢, but it converges in the best
case after n steps, where n is the number of variables and
involves complicated computations. In our case, for an
system of 15 stations n=256 !
Using the simple steepest descent method together with the
proposed step size heuristics, we can achieve a substantial
improvement within several iterations, involving only small
amount of information.

Further we have seen, that the algorithm first converges
rapidly to the neighbourhood of the optimum an then
considerable slows down the convergence rate. We could
then expect, that the algorithm do not over-react to the
changes in the environment where the quasi-static
assumption is violated and will behave good in such case.
Moreover, we can expect, that the algorithm automatically
detects differences in station speeds (due to station
derivatives) and thus can be best employed in systems
consisting of nonhomogenous stations. For an homogenous

system, the greatest benefit will be clearly achieved for
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substantial differences in input stream intensities at
particular stations.

A serious problem for the practical use of the here
introduced algorithm seems to be the on-line estimation of
needed derivative values. The further research on this
problems has been started. A perturbation algorithm for fast
computation of gradients was presented in [CiH093].
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