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in a genetic algorithm: reproductxon mutation, and
selection, and discusses each in the language of classical
multiple-valued logic. The differences among forms of
reproduction that have been used by various researchers
are examined and the relative importance of each of the
operations in searching for highly fit members of a
population is evaluated. The role of mutation in
ensuring the completeness of the set of genetic operators
is established. A recently proposed form of selection is
shown to force convergence of the genetic algorithm,
independently of reproduction and mutation. Finally,
the thecorems developed are applied to practical
problems in the use of genetic algorithms.

I. Motivation

At the 1994 ISMVL Cabrasawan and Wesselkamper
reported on the use of genetic algorithm techniques in
searching for functions over E(3) which are complete
with constants and have small radii [3]. In the oral
presentation of that rescarch, certain behaviors of the
genetic search process which the researchers could not
explain were reported, viz.,

1.) changes in the rate at which mutation occurred,
from 0.0 through 0.1 had no effect whatever on the
convergence of the mean fitness value of the population;
and

2.) the convergence of the mean fitness value of the
population was logarithmic.

In this paper we report some new results which cast
light on the two phenomena reported above. To do this
we first need to recast the usual, probabilistic description
of a genetic algorithm into the language of
multiple-valued logic.

II. Genetic Algorithms
A. The Naive View

A genetic algorithm is a search strategy that acts on
a population P of strings over some alphabet. There is,
over this space P of strings, called chromosomes; some

0-8186-7118-1/95 $04.00 © 1995 IEEE

264

Joshua Danowitz
Hunter College
The City University of New York

kind of a fitness function F which is real valued: F: S ->
R. If, for strings x and y, F(x} > F(y), then x is said to
be more fit than y. A string x for which F(x) is small is
said to be unfit. The strings are conceived of as strings
of genes and the search algorithm has three steps.

1) Reproduction: Pairs of strings in a sample
drawn from the population ("parents") are compared;
based on some reproduction rule new strings ( ("children")
are produced. The original reproductlon rule cut each
of the parent strings at the same randomly chosen point
and formed two new strings by joining the head of the
first to the tail of the second and the head of the second
to the tail of the first.

2.) Mutation: With some fixed probability a gene
is randomly changed. Probabilities as low as 0.001 and
as high as 1/L, where L is the length of the string, have
been used.

3.) Selection: A new population of parents is
selected. In some research the chlldren in the i
generation are the parents in the (i+1)* generation. In
other work at each generation the new population of
parents is chosen to be the most fit elements chosen
from the set theoretic union of the parents and their
children. In another variation, each pair of parents
produces two children. Of the set formed by the two
parents and two children the two individuals with the
largest fitness values go on to become parents in the
next generation. This is very Oedipal.

B. The Multiple-valued Logic View

Let E(k) = {0, 1, .., k-1} be a finite set of objects.
A relation of degree h on E(k) is any subset R of the
Cartesian product (E(k))". An element of the Cartesian
product is an h-tuple and is called a member of the
relation R. We use angle brackets to denote a member
of a relation, thus <a> = <a,, a,, .., a,> in R. Since
each relation R is a set, no member of R is a duplicate
of any other member of R. A relation of degree h with
n members is ordinarily presented as an n by h array, R
= (r;). If a relation R is the whole Cartesian product,
it is called the universal relation, If a relation consists
only of the members <x, x, ..., x>, for each x in R, then
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it is called the trivial relation. Let |R| denote the
number of members in the relation R. If R is a relation
of degree h over E(k), and of f is a two-place function
f: E(k)2 -> E(k) then f preserves the relation R if for all
<a>, <b> in R, <f(a;,b;) f(ayb,) ... f(a,,b,)> isin R.

A two-place function f(x,y) over E(k) is said to be a
essential function if it is not a function of a single
variable and if each element of E(k) occurs in the
operation table for f. A two-place function f(xy) over
E(k) is said to be a reproduction function if, for each x
R E(k), f(xx) = x. In other words, the reproduction
functions are just the functions which have each point of
E(k) as a fixed point. In E(2) there are four
reproduction functions. Two are functions of a single
variable, the two projections, p;(xy) = x and p,(xy) =
y, the other two are the functions commonly called "and"
and "or".

There are 729 = 3° reproduction functions over
E(3), each having an operation table with three fixed
points. Two of these, the two projections p;(xy) = x
and p,(x,y) = y are functions of a single variable. Each
of the other 727 is an essential function.

A reproduction operator of degree h is a sequence
of h reproduction functions. We use square brackets to
denote a reproduction operator, [q] = [q;, gy, -.., qp). If
<a> and <b> are members of a relation of degree h
over E(k) and [q] is a reproduction operator then [q]
operates on <a> and <b> componentwise, viz.,

[a]<a><b> = <q;(a;,b;) g5(ay,b,), .., qplap,by) >.
If R is a relation of degree h over E(k), and [f] is a
reproduction operator then [f] preserves the relation R
if for all <a>, <b> in R, [f][<a><b> isin R.

IIL. Reproduction
A. Four Variants of Reproduction

1.) Simple Crossover

In the language of genetic algorithms, a relation of
degree h is a population of chromosomes, each with h
genes, that is, an h-tuple. Several different definitions of
crossover have been used. The simplest and earliest is
described in [1, p. 12]. An integer j is chosen in the
closed interval [1, h]. In each of the two h-tuples:

<a> = <a; 2. 38, . 2> and

<b> = <b1 bz eee b] bj+1 v bh>
the components to the right of position j are
interchanged to produce the pair of offspring:

<@’> = <aj a... 3 by . by> and

<b’> = <b; b, ... bjaj, ... ap>.
Ifk =3, h =9 andj = 5, we might have:

<a> =<012012012> and

<b>=<210210210>,
which produce

<a’> =<012010210> and

<b’>=<210212012>.
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In this simplest form of crossover genetic operators form
sequences of the projections pl and p2. In the example,
the two operators are:

[p] = [Py Py P1 P Py P2 P2 P2 D] and

[al = [p2 P2 P2 P, P2 Py P1 P P4] each applied to
<a> and <b>.

For h = 9 there are nine pairs of reproduction
operators of this type, always applied together, one pair
for each of the values of j in the closed interval [1, 9].
If j = h the operators are [pl pl ... p1] and [p2 p2 ...
p2]. There are 2h such reproduction operators, the pair
of identity operators produce offspring which are exact
copies of the parents. These identity operators are
included if the value of j is chosen in the interval [1, h].
In this paper we denote by G; the set of simple
crossover operators.

2.) Dual Crossover

Other researchers [5, 6] have generalized the simple
genetic algorithm by choosing two integers j and j° (j <
i) in the interval [0, h]. In this version of crossover the
subsequences of chromosomes between j+1 and j,
inclusively, are interchanged.

<a> = <al az e aj aj+1 oor

<b> = <b1 bz s b.| bj+l .o
produce the pair of offspring:

<a> = <ajaj.. abj,q e bpapyy . ay> and

<b> = <b; b, ... b;a;, ;... 8 b b, >
Ifk =3,h=9,j =3andj = 6, we might have:

apa;,, (... a,> and

i
by lj)j,+1 - by>

i+l

<a> =<012012012> and

<b> =<210210210>.
which produce:

<a’> =<012210012> and

<b’>=<210012210>.

This is equivalent to the application of the pair of
reproduction operators:
[p] = [Py P1 P1 P2 P2 P, Py P Py] and

[a] = [p; P2 P2 P1P1P1 P2 P2 P2l
As in the previous case, the identity operations,

producing offspring which are exact copies of the
parents, are included in this set. In the case j = h this
form of crossover is the same as simple crossover. In
the case j = 0 and j’ = h, [q] and [r] are the two identity
operators. We denote the set of dual crossover
operators by G,.

3.) Generalized Crossover

Generalized crossover is more general form of dual
crossover in which each position in the reproduction
operator can be either p; or p,. For example,

(4] = [Py P2 P1P2P2 P2 Py P2 Py] OF

[r] = [p; Py P2 Py P1 P1 P2 Py D3l
When a pair of reproduction operators, [q] = [qy, ..., qp]
and [r] = [rq, .., 1], have the property that for all i, q,,
r;in {pl, p2} and q; + r;, then [q] and [r] are called
twins. There are 2" reproduction operators of this more
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general crossover type, sometimes, but not necessarily
applied in twin pairs. The difference is in the number
of off-spring produced in any generation. If
reproduction operators are applied in pairs then in any
generation the size of the population of off-spring is the
same as the size of the population of parents. If not
applied in pairs, then the size of the population of
off-spring is half the size of the population of parents.
We denote the set of generalized crossover operators by
G;.
? 4.) Generalized Reproduction

The most general form of reproduction requires only
that at each position in the reproduction operator there
be a reproduction function. For example,

[a] = [9; 92 93 94 95 96 97 95 Do)
where each g; is any reproduction function. In this case
a child inherits from its parents any values that the
parents have in common, but can inherit any value in
E(k) at positions in which the parents do not share a
common value. This possibility has not been considered
by classical genetic algorithm researchers, since it cannot
occur over E(2).

We can summarize these four possible definitions by
borrowing from the notation of formal languages to
define a reproduction operator of order h. If g is a
reproduction function, let [g'] = [g] and let [g"] =
[ggh 1] Using this convention, define four sets of
reproduction operators as follows:

e Gy = {Ipyp," 11 0 <jsh} + {Ipp,"] |0 <js
= {p1 Pz o 130502 054+ = by +
{Pz PP P 750 20, j+7+j" = h)
= {lPpq) Po(2) - Pomy] | P() = 1or 2}

= {liy & - ] | for al xin E(K), g5 = x).

Equivalence Theorem

We wish to investigate the situation in which certain

specific sets of reproduction operators are applied, firstly

to a pair of h-tuples and, secondly, to all of the pairs of

h-tuples in a relation R. It is trivially true that G,

contains G3, G5 contains G,, and G, contains G,.

Theorem 1: G, generates G, and G,

Proof: To show that G, generates G,, let [q] be an

arbitrary element of G, and consider three cases.

Firstly, if [q] is the identity operator then [q] is in G;.

Otherwise, by the definition of G, there are integers j

and j’, 1 <j < j < h, such that the components q; =

q p q+ = _qj’ P77Q+ = e :pl
Secondly, ify =h, the [q] is also in G,. Finally, if j <
h, define three operators in G, as follows
[a1] = [P’ p, 'J] its twin [r;] = [p, p;"7], and
4] = [p Py b7, and let <a> and <b> be arbitrary
elements of a relation R.  Applying [q;] and [r]
followed by [q,] gives:

[qy]<a><b> = <a,..

B.

3 by p - by>

266

Proceedings of the 25th International Symposium on Multiple-Valued Logic (ISMVL '95)
0730-3157/95 $10.00 © 1995 IEEE

[r{]<a><b> = <b, .. b a,q.. 2,>; and
[Q2][Q1]<a><b>[r1]<a>< > =

[q2]<a1_ abJ+1 .by><b ... jaj+l"' a,> =
[pl p2 J]<a1 bj+1 bh> <b1 e bjaj+1... ah>

= <ag .. ,a,+1 . a,> = [q]<a><b>.
To show tﬂat G1 generates G, let [g] be an arbxtrary
element of G; and consider two cases. Firstly, if [q] is
the identity operator then [q] is in G;. Otherwise,
ldl = [pgqy Pp2) - P
Define the follow sequence 08 twin operators, all in G1:
[41] = [Pp@) Pp(2) -+ Po(z))> and its twin [ry];
[92] = [Pp@) Po(1) Po@3) - Ppe3)l> and its twin [ry);

[qh-ﬂ = [Pp(1) Po(1) - Poc1) Pocyl-
Let Al = [qy]<a> <b§ and B1(" [rli<)a> <b>, and for

2 <i < b, let A; = [q;]A; B and B; = [r;]A; B, ;.
Repeated substitution yields [qh-I]Ah-ZBh-Z =
[q)<a><b> and since each A; and each B, is obtained
by repeated applications of elements of G;, G, generates
G,.

? To understand the implication of the theorem,
suppose k = 3, h = 4, and that the relation Ry which
forms the initial population consists of the four 4-tuples:

<0120>,

<000 1>,

<1202>,

<2010>.
Consider first the effect of the operators from the set
G, above. The three pairs of genetic operators in Gy
are:

[g1] = [p1popops] [g3] = [PyP1P2P2]l (251 = [P1P1P1P,)
and an and
[g2] = [Popyp1py] [84] = [P2P2P1P1] [26] = [Popopopq)

Applying each pair of operators to each of the six pairs
of parents produces the set R; = {[g]<x><y> |i=1,
.. 6, <x>, <y> in Ry} of thirty-six children:

<0001> <0101> <0121>
<0120> <0020> <0000>
<1010> <1210> <1200>
<2202> <2002> <2012>
<0202> <0102> <0122>
<0010> <0010> <0000>
<1120> <1220> <1200>
<2001> <2001> <2011>
<0010> <0110> <0120>
<0202> <0002> <0002>
<1001> <1201> <1201>
<2120> <2020> <2010>

When the members of G, are applied to the C(36,2)
= 630 pairs of 4-tuples of R, the set of children
produced is the universal relation (E(3)) This can be
seen by noting that each of the nine possible pairs of
values occurs in the first two position of the elements of
R, and also in the last two positions of the elements of



R;. Thus the pair [g,] and [g,], operating on R,,
produce the universal relation. If G, or G; were
applied to Ry, the universal relation would be produced
in the first generation.

The implication of this theorem is that the
distinction among the operator sets Gy, G,, and Gy is
small. If one begins with an initial relation of h-tuples
and applies any one of the operator sets, one soon
reaches a maximal closed relation. If one applies G,
one arrives sooner that if one applies G;, but in the
latter case it requires at most 1 + [1 + loghl
generations (where [n] denotes the greatest integer in
n), as can be seen from the example above.

C. Closure Theorems

The discussion of the previous section leads to the
natural question: if one begins with an initial relation R,
and applies some set of reproduction operators, what is
the maximal relation generated? Consider first a single
pair of elements of a relation.

Let <s> and <t> be a pair of h-tuples. This pair
(<s>,<t>) partitions the index set I = {1, 2, ..., h} into
two subsets S and T, S n T is empty, as follows:

S={iliinLs==t}andT = {i| iin] 54t}
Such a partition of I defines a relation Cg of degree h
over E(k) which consists of all the h-tuples with the
property that each pair of h-tuples agrees at exactly
those indices which are the elements of S and disagrees
at exactly those indices which are the elements of T.
For example, suppose that over E(3), h = 9. Let

<s>=<012012012> and
<t> =<210210210>.
Hence S = {2,5,8} and T = {1, 3,4,6, 7, 9}. Cg

consists of those 9-tuples which have a 1 in the second,
fifth and eighth positions, that is, Cg contains all 9-tuples
of the form <*1* *1* *1*> where *isin {0, 1, 2}.
Goldberg calls such a string a "schema" [2, pp. 18-19].
We say that <s> and <t> coincide over S, and that
Cg is the coincidence relation generated by <s> and
<t>. Each of the h-tuples <s> and <t> belongs to the
coincidence relation that the pair generates. It might
happen that a pair coincide on the empty set (), as when
<s> =<000000000> and
<t>=<111111211>,
In that case we define Cg to be the universal relation,
(E(K)P. If <s> = <t>, then S = I and Cg= {<s>}.
Theorem 2: If Cgis a coincidence relation over E(k) and
if F is any set of reproduction operators, then F
preserves Cq.
Proof: If S is not empty then by the definition of Cg
there exist an <s> and <t> which generate Cg and a
set S upon which <s> and <t> coincide. If <a> and
<b> are any two elements of Cg then for alliin §, a; =
b =s§=1¢t If [fj] = [fjl, for v fjh] in Fis a
reproduction operator then fji(ai, ) =a=b=s5=t,
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for alliin S. So each [£] preserves Cgand F, which is

the union of the [f], preserves Cg. If S is empty then Cg

is the universal relation and any operator preserves the

universal relation. l
If R is a relation of degree h over E(k), then there

are |R|(JR] - 1)/2 distinct pairs of members of R.

Each pair induces a partition of the index set and has an

incidence relation Cg.

Theorem 3: Let R be a relation of degree h over E(k).
For each i, 1 < i < h, let R(i) denote the set of
elements in the i column of R. G; operating on R
generates the relation R(1) x R(2) x ... x R(h).

Proof: Let <r;>, <r,>,..,<r,> denote the elements

of R. Let R1 = {[q]<r1>,2>] [q] in G3}. For2 <

<n-l let Rj = {[q]<rj+1> <r>| [q] in G3, rin R 4}.

Each set R;(i) contains those elements of E(k) wfxich

occur in either the i position of r, or the i position of

r,. Each set Rj(i) contains those elements of E(k) which

occui in either the i position of some <r>,1<j<

n-1.

Corollary: If for eachi, 1 < i < h, R(i) = E(k) then

G5 generates the universal relation.

IV. Mutation

A. Definition
Informally, the idea of the mutation operation is that

a h-tuple is changed by mutation in only one of its

positions. Thus, the 9-tuple <0 1201201 2> might

be changed by mutation into <01201101 2>,

A mutation operator [m] = [m;, m,, .., my] on
EP(k) is a sequence of h unary functions on E(k) such
that each m; is the identity function except at most one,
say m;. The identity operator, denoted by [I], is a
mutation operator. It is not in general true that if for all
<x> in some space S of degree h, we have [m]<x> =
<x>, then [m] = [I]. If, as is common, the distance D
between two h-tuples in a search space S is taken to be
Hamming distance, then for any mutation operator [m]
and any h-tuple <x>, D([m]<x>, <x>) < 1. We
denote the set of mutation operators by M.

B. Completeness Theorem
In Theorem 3 and its Corollary we showed that any

of the sets of crossover operators, G,, G,, G, operating

on a relation R, generates a relation which is the

Cartesian product of the sets that form the columns of

R. If an element is not in the i™ column of the original

relation it can never be generated by one of the

crossover operators. It is the role of mutation to
provide completeness.

Theorem 4: Let R be a relation of degree h over E(k).
The set G; + M operating on R generates the
universal relation.

Proof: In the proof of Theorem 3, note that M
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operating on R (i) produces E(k). Thereafter each Ry(i)
= E(k).

Corollary: The set G; + M operating on R generates
the universal relation. The set G, + M operating on R
generates the universal relation.

V. Selection
A. Two Variants

Whilst reproduction and mutation are closely
related, selection is a largely independent concept. In
the form originally proposed by Holland [1], an initial
population Ry, of size 2n is initially chosen at random in
some search space S. The space S possesses some
fitness function f, which is ordinarily real valued and
which can, without loss of generality, be taken to have
the range [0,1]. The elements of R, form n pairs which
produce a set R; of 2n offspring by simple crossover.
This set Ry is the set of parents for the second
generation.

Some later researchers objected to throwing away
very fit individuals and so chose the 2n fittest individuals
from Ry + R;. Often in this paradigm the 2n parents in
R produce a set of n children, each couple producing a
single off-spring rather than twins. It is this last form of
reproduction and selection that Cabrasawan and
Wesselkamper used in [3].

B. Convergence Behavior

This second form of selection has a very
troublesome property: for any reasonable fitness
function the selection process converges to a fit
population even if reproduction is replaced by the
random selection of the off-spring at each generation.
We now examine this behavior in a formal way.

Suppose that X is some search space endowed with
a fitness function f: X -> [0,1]. Suppose that N is a
large natural number. Consider the following algorithm
to comstruct a set A, of points in X.
Selection_Algorithm: Let A, be a set of N randomly
selected elements of X. Fori =0,1,2, .. let B;bea
set of N randomly selected elements of X. Let +
denote set theoretic union. Define:
C,=A;+B,(i=012.)

D, =f(C),(i=012..)
E = {x|xinD, |E]| = N,forallyinD,;- E, x 2 y};
A, ={f'® | xinE, '@ inC). |

In the terminology of genctic algorithms suppose
that we choose a population A, of N parents. Instead of
generating their children by some crossover operation,
choose the set B, of N children randomly. Using f,
evaluate the fitness of Cy = Ay + B, calling the set of
fitness values Dy = f(Cg). From D choose E,, the set
consisting of the N largest values. Choose the new
parent set A, to be those members of C, whose fitness
values are in E;. Continue this process, each time
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choosing B;, the set of N children, randomly in X. The

sets A; form a sequence of sets whose mean fitness

converges to 1. This convergence and the rate of
convergence is ensured solely by the Selection Algorithm
and conditions placed on the fitness function.

Theorem §: If x 4 y implies that f(x) + f(y) and if the
values f(x) are uniformly distributed over [0, 1], then
the Selection Algorithm generates a sequence of sets
A, the lower bound of whose fitness converges to 1.

Proof: f(Ag) and f(By) each has lower bound 0 and

mean 1/2. Likewise D = f(C,) has 2N elements, lower

bound 0, and mean 1/2. Ej is the largest N points in D

with lower bound 1/2, and mean 3/4. A, consists of

those points in C, whose images are in Ej. D; = f(C,)

has 2N points, N/2 uniformly distributed in [0, 1/2] and

3N/2 uniformly distributed in [1/2, 1]. E,; has lower
bound 2/3 and mean 5/6. A, consists of those points in

C, whose images are in E;. Continuing in this way we

immediately have the values:

Set Lower Bound Mecan
f(Ag) 0/1 1/2
f(A1) 1/2 3/4
f(Ay) 2/3 5/6
f(A3) 3/4 7/8
f(A,) n/n+1 (2n+1)/(2n+2)

Thus, as n increases, both the lower bound and the
mean of f(A;) converge to 1. B

Similar theorems can be proved for other
distributions of f in [0, 1]. The only thing that is really
necessary for such a convergence theorem is that the
values f(x) are dense in [0,1].

V1. Applications

The considerations in the previous sections of this
paper allow us to explain the phenomena which we
described in the first section. We reported that changes
in the rate at which mutation occurred, from 0.0 through
0.1 had no effect whatever on the convergence of the
mean fitness value of the population. This is explained
by the result of Theorem 5. The convergence of the
population to a population of very fit individuals was
caused by the selection method that was employed. The
convergence behavior is exactly the same if generalized
crossover and mutation are replaced by a random
selection of a set of N children at each step of the
algorithm. It might happen in some situation that the
employment of crossover and mutation improve the rate
of convergence, but the fact of convergence is ensured
by the selection algorithm used.

We reported that the convergence of the mean
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fitness value of the population was logarithmic. It
remained logarithmic when production of off-spring by
crossover was replaced by random selection of
off-spring. If the distribution of fitness values were
uniform, we would have expected the sort of
convergence rate described in the proof of Theorem 6.
It appears that the logarithmic rate of convergence is
caused by the fact that highly fit functions are
significantly more common in the search space of
2-place functions which are Sheffer with constants, than
unfit functions.

In addition, we note in Theorem 2 that reports that
the three sets of crossover operators, G, G,, and Gj,
have significantly different power as generators of
off-spring are greatly exaggerated. All three generate
the same maximal relation of off-spring (cf. Theorem 3),
albeit that G5 generates that relation more quickly than
G, and G, generates it more quickly than G,.
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