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Abstract _
[ Partition [ Total Comm. Overhead |
We propose novel parallel Gauss-Jordan inversion row N(t; +t,N)logp
g
algorithms (with or without partial pivoting) under dif- submatrix N(ts +1y %) logp
ferent data partitioning strategies. The machine model
we assume ts a MIMD hypercube, using asynchronous
message passing, with the soflware supporting user Table 1: Communication Overhead, No Overlapping
specified interrupt handling. These algorithms achieve
almost optimal overlapping of communication delays . .
by computation, leading to a minimization of com- duced by.maskmg .mterprocessor communication by
munication overhead. Furthermore, il is shown that computation. In .thls paper, we propose and a}nalyze
the optimal data layoutl for our algerithms 1s differ- new para.l.le‘l QJ inversion algorithms under different
ent from that for hypercubes that do not overlap com- d?.ta ‘pa.rtltlomng strategies, with or without partial
munication and computation. Rigorous analytical and plvgzng. cati head of
numerical performance analysis of our parallel algo- . ¢ communication overnead ol a processor con-
rithms are presented as well. sists of the setup time, when the processor sets up
the communication channel, and the idle time, when
the processor is idle, waiting for the message to ar-
. rive. The strategy for overlapping communication and
1 Introduction computation is to let each processor compute and send
. . . out the data needed by the other processors as earl

Parallel Gauss-Jordan matrix inversion algorithms ibl h hy d pld hav ived ¥

on the hypercube multiprocessors have been exten ashp(c;sm ¢ s that these data would have arrived at
SR ) 3 the destinations when they are to be used. The best

slvelhyyst.l.xdxed m t‘he llterature: TwoAcommon data we can do to this end is to make the idle time of each

partitioning strategies for matrix algorithms are row- processor zero, and to make the total setup overhead

wise parFltlonmg and submatrix partlt‘lomng'. It has of each processor as small as possible.

been claimed that for the parallel GJ inversion algo-

rithm, submatrix partitioning scheme exhibits com-

munication overhead advantages not shared by par-

titions limited to rows or columns {1,2]. Most par- 2 Summary of Results

allel algorithms proposed in the literature, however, L .

do not attempt to mask inter-processor communica- Suppose an N x N matrix is to be inverted on ap

tion by computation. As a result, during most of the processor hypercube. Let tf k{e the channel setuP time,

communication time, the processors are actually idle, and t,, be the data transmission rate. Table 1 lists the

waiting for the data to arrive communication complexities of the parallel GJ inver-

By utilizing the interrupt handling capability of the ston algorlthrp when no communication and comp\{ta—
parallel machine, we believe the communication over- tion overlap.plng.ls attempted [1]. Table 2 sumrflen'zes
heads of many parallel matrix algorithms can be re- the results in this paper on the total communication

overheads when full overlapping is achieved.

*The authors are with the School of Electrical Engincering, Figure 1 depicts some numerical results on the total
f;‘:‘;i::;JQ“C‘::’::"':;Xi?u[‘:fs:::g’;g;‘;zgz'e " communication overheads of different algorithms. The
This work was suppo}ced n part by the NSF Crant No. ECS- vertical axis is log scaled. It is clear from this figure
3308814. that overlapping data communication and computa-
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{ Partition | Total Comm. Overhead |
row %N 1y
submatrix, w/o pivoting Nt,
submatrix, w/ pivoting s N(1+logpit,

Table 2: Communication Overhead, Full Overlapping

tion can greatly reduce the communication overhead.
Furthermore, when the matrix size is large enough,
row partitioning is superior to submairiz partilioning
when communication and computation are overlapped.
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Figure 1: Comparison of the communication over-

heads of four parallel GJ matrix inversion algorithms
(Number of processors p=16)

3 Algorithm I: Row Partitioning, With
Pivoting

We give our algorithm of parallel GJ inversion with
column interchanges, using row partitioning. Suppose
we want to invert a N x N matrix A on a d dimensional
hypercube containing p = 2¢ processors. Assume N =
np. We partition the matrix by rows and use wrap-
mapping to distribute the rows of A among processors,
le,rows k,p+ k,2p+k, - --,N — p+ k are assigned
to processor Px, 1 < k < p. We use notation [k] to
represent ((k — 1) mod p) + 1, thus 1 < [k] < p.

When the matrix is partitioned by rows, each row
is entirely within one processor. Thus the search for
the pivot element can be done by the single processor
which has the pivot row. In the algorithm, during the
k-th iteration, each processor first gets the kth pivot
row of A and the pivot element from processor Ay,
and then updates all the rows assigned to it. In or-
der to mask the communication by computation, the
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pivot row should be sent out at the earliest possible
time, so that when a processor is to use it, it would
have already arrived at that processor. Since proces-
sor Ry.1) is assigned row (k + 1) of A, it first updates
this row during the k-th iteration. Then it normalizes
this row and finds the pivot element (compute-ahead).
After that it broadcasts this k + 1st pivot row and the
pivot element to all the other processors, before it re-
sumes to update the other n — 1 rows using the k-th
pivot row (send-ahead). By using this compute-and-
send-ahead strategy, the k + 1st pivot row is transmit-
ted through the communication channels while all the
processors are still updating in the kth iteration. Thus
the overlapping of communication and computation is
achieved.
The following is the pseudo code of Algorithm I:

if (P = B4y)) then

read in the kth pivot row and pivot element;

update the k + 1st row of A;

find the k 4 1st pivot element;

normalize the k£ + 1lst pivot row;

broadcast the & + Lst pivot row;

update the rest n — 1 rows of A;
if (P = Py) then

update the n — 1 rows of 4 (other than the kth

row);
if (P # Px41) and P # Fy) then

read in the kth pivot row and pivot element;

update the n rows of A;
Interrupt handling:

forward the incoming message to appropriate

processors, if needed;

4 The SBT, Broadcasting Algorithm

As discussed in the previous section, the k+ 1st row
of matrix A is broadcast by processor Py ,) immedi-
atedly after it is updated and normalized in the kth
stage of the parallel GJ inversion algorithm, before
P41 starts updating the other rows using the kth
pivot row. To make the k + lst row being sent out at
the earliest possible time, processor Hyiy ) should re-
ceive the kth pivot row from processor Py at the ear-
liest possible time. This implies that A1) and P
should be adjacent on the hypercube. On the other
hand, after receiving the kth pivot row, Fy 1) should
not involve forwarding the message to some other pro-
cessors so that its computation is not delayed by the
startup time overhead and the k + 1st row can be sent
out at the earliest possible time. This implies that
A1) should be an end node in the kth broadcasting
tree.
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Since the logically consecutively numbered proces-
sors need to be physically adjacent, i.e. processors
B 41) and Py be adjacent on the hypercube, we ad-
dress the processors in a binary-reflected Gray code [3}
order with starting address as 0. Let the d-bit code
of p = 2% integers be Gray(d). The binary-reflected
Gray code on d bits is recursively defined as following.

Let Gray(d) = (g%, 94,- -~,gg‘_1,gg‘). Then
Gray(d""l) = (ngl Ogg- Tt Oggiv lqg‘r 193‘-11 T lg‘li)
The physical address of processor P is g¢. For the rest
of the paper, we will just use P; to denote the physical
address g¢.

In [3] the spanning binomial tree (SBT) of a d—cube
rooted at node s was defined as follows. Let i be any
node, and let ¢ = i ® s, where @ denotes bitwise ex-
clusive OR operation. Let ¢ be such that ¢, = 1 and
cm =0,Yme M(c) = {¢g+1,¢+2,---,d -1}, and
let g = ~1if ¢ = 0. The set M(c) is the set of leading
zeros of ¢. Then in SBT(s), the child “nodes and the
parent node of a given node i are

children(z) = {(ia-174-2" -+19)},Ym € M(c),

t=s

parent(i) = { i£s

At the kth broadcasting in Algorithm I, the root of
the SBT is Ay). And because of the binary-reflected
Gray code mapping, Ai41) is adjacent to Fy) and
therefore is at the first level of the SBT. However,
with the SBT defined above, it is not guaranteed that
Fi41) is an end node, since by the definition, Fi4q)
is an end node in SBT(Fy) only if they differ by the
high order (d — 1)st bit.

Suppose Fi) and Fyyq) differ by the jth bit, we
need to construct a SBT tooted at Fj and with By iy
as an end node. We denote such a SBT as SBT;(s),
meaning it is rooted at s and the jth neighbor node
of 5 is an end node. Note the SBT(s) defined in [3] is
SBTy_,(s) here. We next show that SBT;(s) can be
obtained by applying shuffle and inverse shuffle oper-
ation on SBTy_(s).

Definition 1: The shuffle operation on a node
1 = (id~1id-2 .- -iliu) is defined as S(‘i)
(f4~2t4-3 - - -11%0ia-1). The inverse shuffle operation
on i is defined as S~!(i) = (ipig— id—2---i1). More-
over, S*¥(i) represents applying shuffle operation k
times on i. and S~*(i) represents applying inverse
shuffle operation & times on i. The shuffle oper-
ation on a graph G(V, E) is defined as S(G)
G(S(V),S(E)), where S(V) = {S(#)vi € V} and

#,

(fd-1%a-2- " 1q - dg),

448

Proceedings of the 9th International Parallel Processing Symposium (IPPS '95)
1063-7133/95 $10.00 © 1995 IEEE

S(E) = {(S(1), S(7)IV(i,7) € E}. Similarly we de-
fine the inverse shuffle operation on a graph S~1(G) =
G(S=1(V), S~Y(E)).
Theorem 1: [5)
SBTi(s) = S8 [SBTy_ 1 (S~ ~*(9))]
Definition 2: SBT(Gray(d)) is a family of p = 24
SBT’s:

SBT(Gray(d)) = (SBT™M,SBT®, ... SBT(Y),
where Gray(d) = (g;‘,gg,-w,gg‘_l,g.‘;‘), SBTG) =
SBT;(g{), where gf and gf,, differ by the j th bit.

Theorem 2: [5] In SBT(Gray(d)), each node ap-

pears at the [th level of 7 ) SBT’s. Each node

appears as an end node in 29! SBT’s.

Corollary I: [5] In Algorithm I (row partitioning,
with pivoting), when SBT(Gray(d)) is used to broad-
cast the pivot rows, the total setup overhead of each
processor is 3 Nt,.

5 Analysis of Algorithm I

Let T%,..(P) be the time processor P starts the
kth iteration. Tomp,e"(P) is the time processor P
completes the kth iteration. T*(P) is the compu-
tation load at the kth iteration of processor P, i.e
T*(P) = Tk, (P). TF,.4 is the time that the kth
pivot row is sent out. T% . (P) is the time that
the kth pivot row arrives at P. s*(P) is the setup
overhead of P at the kth stage. t*(P) is the time
between the message containing the kth pivot row is
sent out by Fj and the time it arrives at processor P,
assuming there is no delay at each intermediate pro-
cessor. s*(P) is either 0 or t,, depending on whether
or not P is an end node in the kth broadcasting tree.
Let H(Ayj, P) be the Hamming distance between the
physical addresses of Ai) and P. Then the message
will take H(Fyj, P) hops to reach P from Ay). There-
fore t¥(P) = H(Pm, Yts + tuN).

Lemma 1: [5] We have the following recurrent rela-
tionships:

sktart(P) =

ma‘x{ complc:c(P ) arnve(P)} + sk(}))! P # ﬁk]
Tcko:nlplete(P) (P)v P = P[k]
Tcompleie(P) .vktart(P) +Tk(P)



T'kend = Tskt;rlt(P[k]) + Ty

Theorem 3: [5] In Algorithm I, when the SBT;

broadcast algorithm is used, then
T:rr:'ue(P) = Tfend + tk(P)

Remark: Theorem 3 states that in Algorithm I
whenever a message arrives at an intermediate pro-
cessor, the processor can forward this message imme-
diately without delay. A delay is incurred if when
the message arrives at the processor, the processor is
setting up the communication channel for a previous
message. Then only after the processor finishes setting
up the communication channel for the previous mes-
sage can it start forward this message. In the worst
case the message can be delayed for a time up to ¢,.

Definition 3: We say that the communication is
fully overlapped by computation for processor P in
Algorithm I if

Th o (P) > T+ t5(P), 2<k<N
or
T art(P) = Toprt oo (P)+55(P), 2<k<N

That is, the kth pivot row has already arrived at pro-
cessor P when P completes computation of the k — Ist
stage of the parallel GJ inversion algorithm.

Definition {: Let Q*(P) be the message queue
length of processor P at stage k, then

Q“(P)=1
if
Tlcﬁ-f

send +tk+’(P) S Tckumplete(P) < Tk+ld+l + tk+l+1(P)

sen

That is, after processor P completes stage & and is to
start stage k+1, messages for stage k+1,k+2, -, k+j
have already arrived at P.

Theorem 4: [5] When N > Ny, full masking com-
munication by computation can be achieved, where
Ny is the positive root of the quadratic equation

(598 = ot + 20 + V) logp
Theorem 5: [5] When N > Ny, the message queue
length is at most 2, i.e. Q*(P) < 2.
Corollary 2: [5] When N > Ng, the communication
overhead of processor P in Algorithm1is dO(P)—(»‘—}Z,.
Next we give some simulation results on the par-
allel overheads of Algorithm I, obtained by numeri-
cally evaluating the recurrent relationships given in
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Lemma 1. Assume the time to update each element
of Ais f. The time is scaled to f, ie. let f = 1.
We use the machine parameter ¢, = 150 and ¢, = 3.
These parameters are close to that of the NCUBE 2
machine. Figure 2 depicts the communication over-
head T.ommvs the matrix size N when the machine
size p = 16. Curve 1 is the total communication over-
heads; curve 2 is the total communication overheads
minus the initial delays; for the case of curve 3, we let
each processor initially holds the first row of A, such

that all processors can start without the initial delay.

Comm. Overhead T
x 10°
[

500 700
Matrix Sze N
Figure 2: Communication overheads of Algorithm I
{number of processors p = 16).

A i . L
o 100 200 2300 400 500

6 Algorithms Using Submatrix Parti-

tioning

6.1 Algorithm II: Submatrix Partition-
ing, Without Pivoting

The processors are configured as a /p x \/p ar-
ray. The physical address of each processor is deter-
mined by the 2-d Gray code mapping. We still use the
compute-and-send-ahead strategy to achieve commu-
nication and computation overlapping. In Algorithm
I1, there are concurrent broadcasts within subcubes
at each iteration: first there are ,/p concurrent broad-
casts of segments of multipliers within the subcube
rows; then there are ,/p concurrent broadcasts of seg-
ments of the pivot row within the subcube columns.

Theorem 6: [5] In Algorithm II, the total setup
overhead of each processor is Nt,.

Theorem 7: [5] When N > Ny, the communication
can be fully overlapped by computation, whe re Ny is
the positive root of the following quadratic equation:

N? 3N

N
T = = s 3 w—=)l
( ; \//}_)) f=2pt, +2(2t, + 1 ﬁ) og p
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Figure 3 depicts the communication overheads
Teomm vs the matrix size N when the machine size
p = 16. As a comparison, we put the correspond-
ing curve of Algorithm I (curve 1 in Figure 2) in the
same figure. We can see that when the matrix size N
is small, Algorithm II incurs less overhead than Al-
gorithm I; but when N becomes large, Algorithm I
;2&2’.5...'.“}“" less overhead than Algorithm II.
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Figure 3: Communication overheads of Algorithm II
{number of processors p = 16).

6.2 Algorithm II: Submatrix Partition-
ing, With Pivoting

We consider the parallel GJ inversion algorithm
with column interchanges. Since the matrix is par-
titioned by submatrix, the searching of pivot element
can not be done by a single processor. Instead, a row
of processors each determines the local pivot element
and then find the pivot element through recursive dou-
bling. In Algorithm III, we let each processor updates
its share of the submatrix column by column. As soon
as the message containing the pivot row elements ar-
rives, it will be interrupted and find the local pivot
element. After that it will first update the column
segment corresponding to this local pivot element and
then participate permutation among the processors in
the same subcube-row. After % write-read pairs, each
processor will get the pivot element and the corre-
sponding segments of multipliers. Then it will normal-
ize the pivot row elements using the pivot element.

Theorem 8: [5] [n Algorithm III, the setup overhead
for each processor is %(1 + logp)Nt,.

Thus Algorithm III incurs much larger setup over-
head than AlgorithmI and Algorithm II. Furthermore,
since the recursive doubling essentially causes synchro-
nization barrier for all the processors, although we can
use the interrupt handling capability to let the proces-
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sor do some computation while waiting for the mes-
sage, it is difficult to achieve full overlapping.

7 Concluding Remarks

In this paper, we show that by utilizing the inter-
rupt handling capability of the parallel machine, an
asynchronous parallel GJ inversion algorithm can be
designed such that the data transmission can be par-
tially or fully masked by computation. We propose
a new one-to-all broadcast algorithm on hypercube
that helps to achieve communication and computation
overlapping for the parallel GJ inversion algorithm.
We give the new parallel GJ inversion algorithms un-
der different data partitioning strategies (i.e. row par-
titioning and submatrix partitioning), with or with-
out partial pivoting. For each algorithm, we prove a
lower bound on the matrix size such that data trans-
mission is fully overlapped by computation, and the
total communication overhead when full overlapping
is achieved. Qur conclusion is that when the matrix
size is large enough such that data transmission is
fully overlapped by computation, the row partition-
ing strategy has the lowest communication overhead.
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