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Abstract

Efficient interprocessor communication is crucial lo
wncreasing the performance of parallel multiprocessors.
In this paper, a special framework is developed on the
multidimensional lorus, a network that is currenily re-
cewing considerable aitention. Using this framework
as the basic tool, a spanning graph with special prop-
erlies, lo fil various communicalion needs, is con-
structed on the network. The importance of this graph
1s demonstrated with the development of optimal algo-
rithms for three fundamental communication problems,
namely the multinode broadcasting and the single-node
and mullinode scaltering under the store-and-forward,
all-port communicalzon model.

1 Introduction

In this paper we concentrate on three fundamen-
tal communication problems, namely the multinode
broadcasting, and the single-node and multinode scat-
tering, on the popular multidimensional torus network.
Broadcasting is the distribution of the same group of
messages from a source processor to all other pro-
cessors, and scaltering is the distribution of distinct
groups of messages from a source processor to all other
processors. We consider scattering from a single pro-
cessor of the network (single-node scattering). Further-
more, we consider broadcasting and scattering simulta-
neously from all processors of the network (multinode
broadcasting and scattering). Algorithms for the same
communication problems using a similar approach have
been previously constructed on the binary hypercube
[1, 7], the generalized hypercube [4], and the star net-
works [3].

All of the communication problems are studied
under the store-and-forward, all-port communication
model, meaning that in one time step a processor can
exchange messages of fixed length with all of its neigh-

1063-7133/95 $4.00 © 1995 IEEE

bors simultaneously. The communication is bidirec-
lional, meaning that an edge can be used for message
transmission in both directions at each time step. Each
message requires unit time to be transmitted on an
edge, i.e. the unit cost mnodel is used. Finally, each
processor wishes to transmit a number of M messages
to each one of its destination processors.

All of the algorithms presented in this paper are
based on the construction of a spanning graph with
special properties on the multidiinensional torus net-
work. A special framework is developed to facilitate
the construction of the spanning graph and the devel-
opment of the communication algorithms. The multin-
ode broadcasting and scattering problems are of special
interest. A special technique is developed on the multi-
dimensional torus so that messages originating at indi-
vidual nodes are interleaved in such a manner that no
two mmessages contend for the same edge at any given
time during the execution of the algorithun. For the
single-node scattering probleni, where the edges inci-
dent to the source node constitute a bottleneck for the
transmission of the messages, the spanuing graph offers
the capability to transmit an equal number of messages
over each edge incident to the source node.

2 Notations and Definitions

An n-dimensional, k-ary, multidimensional torus
network, denoted by MT, i, is an undirected graph
of £™ nodes, each one labeled by an n digit nuuber in
radix k arithmetic [2, 8]. Each node v is counected to
2n other nodes with which it differs in ouly one digit
by jmodk, j € {-1,1}, i.e.,

/
Un—1---Vig1ViV—1...00, V... Vi 1¥;0—1...00
isanedgeforall0 < i <n—1, and v/ = (v,+j) mod £,

J € {—1,1}, Fig. 1. The network is edge and node
symmetric with degree 2n and diameter u L%J MT, x

Proceedings of the 9th International Parallel Processing Symposium (IPPS '95)
1063-7133/95 $10.00 © 1995 IEEE



32 3

26

21

1 1 1 3
—
o1 02~ 0

Figure 1: The MT,4 network.

belongs to the class of Cayley graphs [8]. The 2n gen-
erators that define the edges of M7, ; are denoted
by ¢/, 0 < i < n—1, ; € {~1,1}. Generator
gf: connects node v = Vnp_1...Vi41%0i-1...0p to node
vV = vpoqp.vip((vi + 7) mod k)vi.y...vo, which re-
sults by adding j mod k to the i** digit of v. In this
case we say that edge (v,v’) is of dimension ¢}, or
dim(v,v') = gf In what follows, node 00...0 of MT,,
is referred to as node 0". In order to avoid tedious
details, in what follows, we consider only multidimen-
sional torus networks with & odd.

We now define two automorphisms on the multidi-
mensional torus network,namely, the translation and
the rotation operations, that will be of primary impor-
tance for the construction of the spanning graph and
the development of the communication algorithms.

Definition 1 The translation of a node v with respect
lo node s, denoled by Try(v), is defined to be node
t = Try(v), so thatt; = (vi+si)mod k, 0 <i<n-1.

The translation operation is an antomorphism on
the multidimensional torus that preserves the dimen-
sion of each edge [5]. This automorphism allows the
network to be viewed identically from all nodes. The
translation operation on M7y is analogouns to the
exclusive-OR operation on nodes of the binary hyper-
cube [7, 1].

As emphasized in the introduction, the multinode
broadcasting and scattering algorithms are designed so
that messages originating at individual nodes are inter-
leaved in such a manner that no two messages contend
for the same edge at any given time. The properties
of the rotation operation, as explained below, will help
achieve this attribute. The rotation operation on nodes
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of the multidimensional torus has properties similar to
those of the right cyclic shift operation on nodes of the
binary hypercube [7, 1].

Definition 2 Given function r(i) = (k — i) mod k
from the set {0,1,....k — 1} to itself, the rolation of
a node v = Up_)..Vi410i0i-1...vg, denoled by Ro(v),
is defined to be node r(vy)vp—1Vp~2...Vip; ViVi_1...01.
This can be viewed as a right cyclic shift of the digits
of v with the wraparound digit being mapped through
funclion r.

The rotation operation has the following properties:

1. If (v, u) is an edge of dimension yf, 0<i<n~-1,
j € {—1,1}, then edge (Ro(v), Ro(u)) is of dimnen-
sion g}, so that:

=({—-1modn, j= — i = 0.’
7, otherwise.
2. As a result of property 1, the 2n edges derived
from edge (v, u) by consecutive applications of the
rotation operation are all of different dimensions.

3. The rotation operation preserves the distance of
each node fromn node 07,

The nodes of MT, ;. are grouped into equivalence
classes under the action of the rotation operation as
follows:

Definition 3 An ordered group of nodes, each one de-
rived from ils preceding one cyclically, by the applica-
tion of a rotation 1s called a necklace.

Necklaces have the following properties [5]:
1. A necklace contains af most 2n nodes.
2. The size of a necklace always divides 2n [6].

3. All nodes of a necklace are at the same distance
form node 07,

The nodes of MT, ;. at each distance from node 0"
are collections of necklaces. Below, the necklaces of
MT3,3 at each distance d, 0 < d < n[’,‘jj, from node 07
are given enclosed in parentheses [5].

d=0: (000)

d=1: (200, 020, 002, 100, 010, 001 )

d=2: (220, 022, 102, 110, 011, 201)
( 210, 021, 202, 120, 012, 101 )

d=3: (222, 122, 112, 111, 211, 221)
(212, 121)
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Definition 4 The period of a node v, denoted by P(v),
is defined to be the number of nodes contained in the
necklace to which i belongs.

Definition 5 An unfolded necklace is an ordered
group of ezactly 2n nodes, not necessarily distinct, each
one obtained from ils preceding one, cyclically, by the
application of a rotation.

Each necklace has a corresponding unfolded neck-
lace. For necklaces that contain 2n nodes, the cor-
responding unfolded necklace is the necklace itself.
For necklaces that contain P < 2n nodes, the corre-
sponding unfolded necklace is the necklace repeated
2_;; times. This is possible since the size of a necklace
is always a divisor of 2n. Below, the unfolded necklaces
of MT3 3 at each distance from node 07, are given [5].

d=0: (000, 000, 000, 000, 000, 000 }
d=1: (200, 020, 002, 100, 010, 001
d=2: (220, 022, 102, 110, 011, 201 )
( 210, 021, 202, 120, 012, 101 )
d=3: (222 122, 112, 111, 211, 221
(212, 121, 212, 121, 212, 121 )

The following definition aims to distinguish one par-
ticular node of each necklace.

Definition 6 The binary correspondent of a node v of
MT, & ts the binary number obtained if we substitule
each nonzere digit in v with 1. One particular node of
each necklace is now distinguished as follows:

1. Select the nodes of the necklace that have the
largest binary correspondent.

2. Choose the largest among the nodes selected in step
1, if the k digils that are used lo label the nodes
of MT, x are ordered as follows: 0 < 1<k —~1<
i < k=i < .. < [E]. This ordering of the
digils is adopted in order to reflect how each digt
contribules to the distance of a node from node 0".

The node selected n step 2 is defined to be the leader
of the necklace.

The property of the rotation operation that 2n edges
each of which is obtained as a rotation of its preceding
one are all of different dimensions, along with the prop-
erty of edge dimension preservation of the translation
operation will help guarantee that messages originating
at individual nodes during a multinode broadecasting or
scattering algorithins are interleaved in such a mnanner
that no two messages contend for the same edge at any
given time. In a multinode broadcasting or scattering
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algorithm, all nodes of the network are source of mes-
sages. Under the all-port communication model 2nk"
edges are available on MT,, \. for message transmission
at each time step. The algorithin proceeds symmet-
rically from all nodes and as a consequence messages
originating at each one of the k" nodes of MT, , are
transmitted through at most 2n edges at each time
step. Let us denote by E;(0") the set of 2n edges on
which messages originating at node 0" are transmitted
at time step ¢ of the algorithiu. Since a multinode al-
gorithm proceeds symmetrically from each node of the
network, the 2n edges on which messages originating
at node s are transmitted at timme step i, denoted by
Ei(s), is obtained from F;(0") using the operation of
translation with respect to s, i.e., if (v,u) € E;(0")
then (Tr,(v), Tr,(u)) € F;(s). The following lemimna is
enough to guarantee that no conflicts arise during the
execution of an algorithuu.

Lemma 1 At each time step i, if the 2n edges
Ei(0™) are all of different dimensions, then the seis
of 2n edges Ei(s), wheve s ranges over all nodes of
MT, i, are disjoint [5].

3 The Spanning Graph

We construct a spanuing graph rooted at node 07 of
MT, &, and denoted by 25/, This is a special type
of graph, which is composed of 2n subtrees. denoted
by T;, 0 < ¢ < 2n.

Definition 7 Subiree Ty of BSGoa, conimms all the
leader nodes (definition 6) of MT, ; and is defined
through the following parent function. For leader node
v, let p be the position of is rightmnost nonzero digit.

{ @,
v, — 1,

Un—1...Upgd I?I—,— Upoy... 00,
if k< |£].
where v, = Sk < [-’J
7 (v, + 1) mod k, otherwise.
Any olher sublree T;, 0 < i < 2n, of BSGiyn s derived
as a rolalion of sublree T;_ .

tf v = 0",
atherunse.

parent(v)

BSGon has the following properties [5}:

1. The paths from the source node to any other node
through B.S(gn are all of shortest length.

2. All the subtrees contain the same munber of
nodes.

3. Nodes with period P that beloug to nonfull neck-
laces have % paths to node 0" throngh BSG..
These nodes are always leaf nodes of the subtrees

of BH(:’() N
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Figure 2: The BSGy" spanning tree on the MT; 3 network.

4. Corresponding nodes of the 2n subtrees form un-
folded necklaces and corresponding edges of the
2n subtrees are of different dimensions.

Using the BSGon graph we can easily derive a
BSG,, rooted at any other node s of MT, ) by simply
applying the operation of translation with respect to s,
on BSGgn. The BSGo» spanning graph on the MTj; 3
network can be seen in Fig. 2.

The importance of the BSG, graph lies in several
different properties it possesses. The fact that each
of the 2n subtrees of BS(G, contains the same num-
ber of nodes is used in the single-node and multinode
scattering algorithms in order for each source node to
transmit an equal number of its messages over each one
of its incident edges. Furthermore, messages originat-
ing at individual nodes in a multinode broadcasting or
scattering algorithm are interleaved in such a manner
that no two messages contend for the same edge at any
tiine during the execution of the algorithm. The 2n
subtrees of BS(g~ are rotations of each other, and as
a consequence 2n corresponding edges of the subtrees
of BSGyn are all of different dimensions. According
to lemma 1 it is enough to use 2n corresponding edges
of the subtrees of BSGy» in order to avoid message
conflicts.

4 Communication Algorithms

4.1 Lower bounds

In a multinode broadcasting problem on MT, ,
each node receives a total of M (k" — 1) messages, and

a lower bound for the nnber of message transmissions
is M(k™ — 1)k™. Since each node of MT, i has 2n
incident edges, a lower bound for the number of time
steps required for this problew is th::—ll]

In a single-node scattering problem on MT,, i, the
source node transmits a total of A (k" — 1) messages.
Since each node of MT, ; has 2n incident edges, a
lower bound for the number of time steps required for
this problem is ng:'—l-—)] A lower bound for the num-
ber of message transmissions required is the sum of the
shortest distances of all nodes to the source node, mul-
tiplied by M. If we denote by Ny the number of nodes
at distance d from the source node, A lower bound for
the number of message this lower hound is derived as
follows:

55 w5 gy
!
MY dNg= Mk (M) _

kn
d=1

The expression in parentheses is the average diameter
of the M T, r network which is equal to %k—_ﬂ [5]-
The multinode scattering problem is equivalent to
nk™ scattering problems, one from each node of M T, ;.
A lower bound for the nwmmber of message trans-
missions [Mﬂi_—“q“—kq:] At most 2nk™ message
transmissions can be performed at each time step
and a lower bound for the number of time steps is

[M(k2-1 k"_l'l
5 .
4.2 Multinode broadcasting

In a multinode broadcasting problem, each node of
the network transinits the same M messages to all the
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Figure 3: Multinode broadcasting on the MTj; 3 network using BSGy".

other nodes. Each source node s uses BS(i, for the
transmission of its messages.

The multinode broacdcasting algorithm proceeds as
follows:

1. Each source node s transmits the M messages it
wishes to broadcast to all of its neighbors simul-
taneously.

2. When an intermediate node v of a BS(, receives
a group of M messages originating at node s, it
stores a copy, and performs the following proce-
dures. The messages have to be forwarded to the
first child of node v, node u, in BSG,. If node
Tr71(u) has period P> = 2n, then node v trans-
mits the A messages it received from its parent
to node u. However if node 7' !(u) has period
P < 2n, then a message splitting technique is em-
ployed. In this case, the gronp of M messages
is split into 2—; subgroups of %’;F messages each.
Node v in subtree T;, 0 < i < 2n, of BSG, trans-
mits the (i div P)'* subgroup of messages to its
first child node in BS(/,.

. When a leaf node of BSG, receives a group of
messages broadcast by node s, it transmits an ac-
knowledgment to its parent node in BSG,.

. When an intermediate node v receives an acknowl-
edgment from one of its children nodes in BS(, it
forwards the messages it received in the past from
node s to its next child in BS(, following the mes-
sage splitting techuique described above. When
an acknowledgiment is received from the rightmost
child node of v in B5(7,, node v transmits an ac-
knowledgment to its parent node in BSG,.
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The algorithm terminates when each source node re-
ceives acknowledgments from all its neighbors. In this
algorithin, the transmission of messages in each BS¢,
corresponds to a simultaneous depth first traversal of
its subtrees. At each time step of the algorithin, mes-
sages originating at node 0" of the network are trans-
mitted over 2n corresponding edges of BS(7gn. From
the properties of BS(on, these edges are all of differ-
ent dimensions, and the requirement of lemma 1 for
message conflict avoidance is satisfied. An example of

a multinode broadcasting algorithm on the MT; 4
network can be seen in Fig. 3. This figure helps illus-
trate the technique of message splitting performed by
the algorithm.

The numnber of message transimissions and the num-
ber of time steps required by this algorithm are M (k" —
1)k" and [m"{(;:'_”
algorithim is optimal with respect to both of these mea-
sures.

1, respectively. Consecuently, the

4.3 Single node scattering

In a single-node scattering problem, a source node s
transmits distinct groups of M messages to each other
node. Node s uses BS(;7, for the transmission of its
messages. Each source node keeps a table of ()(%)
nodes, which correspond to the nodes in subtree T,
of BSGon, sorted in reverse ordering of their distance
from node 0. Each one in this table is accompanied
by a number to indicate its period P. Recall that
nodes with period P have 2—;,' paths to node 0™ through
BSGyn. The interesting property of this algorithmn is
that nodes with period P receive A.’,’,P of their M mes-

sages through each one of the -27’,3 paths from node 0",
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Figure 4: Single-node scattering on the MT; 3 network using BSGy".

The single-node scattering algorithm proceeds as
follows: For each node t in the table of O(%;) entries
do the following:

1. Each source node s transmits messages destined
to nodes Tr,(Ro*(r)), 0 < i < 2n. simultane-
ously. If node v has period P = D. then these
Tr,(Ro*(v)), 0 < i < 2n, are distinct and the M
messages destined to node Tr,(Ro'(v)) are trans-
mitted through subtree T; of BSG,, for 0 < <
2n, respectively. However, if node v has period
P < D, then nodes Tr,(Ro'(v)), 0 < i < 2n, are
not distinct, but they are a group of P nodes, re-
peated '2-}?— times. In this case, & message splitting
technique is emploved by the source node. Each
one of the P groups of M messages that node s has
to transmit is split into 22 subgroups, each con-

taining 2 messages. The i'* 0 < i < 2, sub-
group of the j**, 0 < j < P, group of messages is

transmitted through subtree T;py; of BSG,. As
a consequence, each of the P nodes receives i‘_’—P
of its M messages through each of the %% paths

2n
2
from node s through BSG,.

. As soon as an intermediate node v receives a new
message, it performs the following procedures. If
node v is the destination of the message it stores
a copy and removes it from the network. If v is
not the destination of the message, the identity
of the child node to which the message will be
forward has to be determined. Node v in subtree
T;, 0 < i < 2n, of BSG, identifies the first digit
to the left of digit (n — 1 — 7) mod n iu its label
that is not equal to the corresponding digit of the
destination node. The message is forwarded to the
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child node of v that has this digit updated.

3. Assoon as a source node has trausmitted the mes-
sages to nodes Tr (Ro'(v)), 0 < i < 2n, through
its incident edges, it starts transmitting messages
to nodes Tr,(Roi(v)), 0 < 7 < 2n, for the next
entry u in the table.

An instance of the single-node scattering algorithm
on the MTj; 5 network is shown in Fig. 4.

BS(G, is a shortest path spanning graph and
the number of message transmissions performed is
[M—'E(—Ez—i—l—)ﬁn———l], which is optimal. Each source node
transinits an equal number of its messages over each
one of its incident edges and the the number of time

steps required is [H%—;‘—“] which is also optimal.
4.4 Multinode scattering

In a multinode scattering problem each node trans-
mits distinct groups of M messages to each other node.
Each source node s uses BS(, for the transmission
of its messages. The method used for the multinode
scattering algorithi is similar to the one used for the
single-node scattering algorithin, but simultaneously
executed from all nodes of the network. Each node
keeps a table of ()(f_;—:) entries that correspond to the
nodes in subtree 7y of BS(/y.. Each node in this table
is accompanied by a nuber to indicate its period P.

The multinode scattering algorithin froim each node
of the network proceeds as follows: For each node v in
the table of ;—: entries do the following:

1. Source node s determines the destination of the
messages to be transmitted over its /'* 0 < i <
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2n, port as Try(Ro'(v)). For node v with period
P, each of the P groups of M messages that have
to be transmitted by the source node is split into
T" subgroups of ¥ —" messages each. The i**, 0 <
i < 22 subgroup of the j**, 0 < j < P, group
of messages is transmitted over subtree T;p;; of

BSG,.

2. Assoon as an intermediate node u receives a group
of messages it performs the following procedures.
If node v is the destination node of the messages,
it stores a copy and removes them from the net-
work. If node v is not the destination node of
the messages, it has to identify the child node to
which the messages have to be forwarded. Node
v in subtree T; of BSG,, locates the first digit to
the left of digit (n — 1 — i) mod n in its label that
is not equal to the corresponding digit of the des-
tination node. The messages are forwarded to the
child node of v that has this digit updated.

3. When the messages transmitted from a source
node s have reached their destination nodes
Try(Ro'(v)), 0 < i < 2n, then s can transmit
messages to nodes Tr,(Ro'(u)). 0 < i < 2n, for
the next entry u in the table.

From the properties of BSGon, we know that the 2n
paths that lead to nodes Ro’(v), 0 < i < 2n, through
its subtrees T}, 0 < i < 2n, respectively, are rotations
of each other, and as a consequence, the 2n edges at
each level of these paths are of different dimensions.
Each node in a path receives all the messages from its
parent node before it starts transmitting them to the
next node down the path. As a consequence, at each
time step, 2n edges that are all at the same level of the
paths are used. Since these edges are all of different
dimensions the requirement of lemma 1 is satisfied, and
no two messages contend for the same edge during the
execution of the algorithm.

Each message follows a shortest path to its destina-
tion node and the minimum number of message trans-

- Mak2=D)k2n=1
missions, [ T 1, is performed. Furtherinore,
an equal number of the M (k4" — 1) messages that each
source node has to transmit are transmitted over each
one of its incident edges and the minimum number of

2 ne1 P
time steps, ‘-M_L_lg_:gy‘!c____], is achieved.
5 Conclusions
A general framework was developed on the multi-

dimensional torus network, that led to the construc-
tion of a spanning graph that possesses some special
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properties. The application of this graph to the de-
velopment of optimal communication algorithms was
demonstrated by describing algorithm for the multin-
ode broadcasting, and the single-node and multinode
scattering problems, under the store-and-forward, all-
port communication model. Our method is mostly use-
ful for communication problems that require a group or
all nodes of the network to be sources of messages, such
as the multinode broadcasting and scattering prob-
lems. The property that corresponding edges of the
subtrees are of different dimensions, along with lemma
1, give the necessary condition for conflict avoidance.
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