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Abstract 

Efjkient interprocessor communication is crucial to 
increasing the performancr, of parallel nla1tiproc~s.sor.s. 
In this paper, a special framework is developed on the 
ln.Illtiditnensional torus, a network that is currcnily rc- 
cezving considerablt7 atfen.izon. I/sing this fratrlcwork 
as the basic tool, a spannzng graph with special prop- 
erlies, to fit various cofrr7nunicat~on nmis, 1s r’on- 
strutted on the network. 7’he imporfance of this qmplt 
is demonstrated with the development of optimal algo- 
rithms for three fundammtal commwnzcatzon problems, 
ncrmely the tnultinodr broadcasting and the singlr-node 
arid multinode scatterirlg under the .store-and-frlrmard, 
ali-port comtnunzcatron model. 

1 Introduction 

In this paper we concentrate 011 three funtlamen- 
ta.l communication problems, namely the 111 dlzn ode 
brnadcastzng, and the srnglc-nod? and multinode scat- 
tt*ring, on the popular ~r~ultzdirnensio~lal torus network. 
Braadcasting is the distribution of the same groul) of 
messages from a source processor to all other llro- 
censors, and sratterzng is the distribution of tlistiuct. 
groups of messages from a source processor t,o all other 
processors. We consider scattering from a single ibro- 
censor of the network (single-node scatt.ering). Further- 
more, we consider broacicast~ing and scattering simult,a- 
neously from all processors of the network (multinode 
broadcading and scattering). Algorit.hms for the same 
communication problems using a similar approach have 
been previously construct,etl on the binary liypercril>e 
[I( 71, the generalized hyl>ercul,e [4], and the star net,- 
works [3]. 

All of the communication problems are studied 
under the store-and-fo?.ward, all-port comrnu1licat~ioll 
model, meaning that. in one time step a processor can 
exchange messages of fixed length wit,11 all of its neigh- 

hors simultaneously. The rommunicat,ion is hidzrec- 
tional, meaning that an edge can he used for message 
t,ransmission in both clirect,ions at, each time st,ep. E&h 
message requires unit. t imc to he trimsnlit.ted on an 
edge, i.e. the unit cost, model is used. Finally, each 
processor wishes t,o t,rnrlsmit a number of :\I II lWSiLRPS 
to each one of its clrstinat.iou processors. 

All of the algorithms present,t*d in this pper are 
based on the const,ruct,ion of a spanning graph wit,11 
special properties on t,lir i~ililt~itlirliriision;ll t,orus nrt- 
work. A special fraIueW(Jrk is thelopetl t,o facilihte 
the construct,ion of the spanning grapll and t,he &~vel- 
opment of t,he conlmllrlic-at~iorl algorithms. The mult,in- 
ode broadcasting and scat,tering proldrms itre of sprcial 
interest. A special technique is developd on the mult,i- 
dimensional t,oriis so t,liat Iucssages originating at, intli- 
vidual nodes are intPrlcitvetl in such a maliner t,llat, no 
two messages c0lltelid for tllr siinlc~ edge ;\t, itlly give11 
t~iInc* tluring the c~xecut.ioll of the algmit,lm. For t,llr 
single-node scattStGg prol~l~~m. wllt~rr tlil% e(lgr’6 iiici- 
dent, to t.he somx nocle c(JllStitt1t.t’ a lJot.th~~~rrk for t,lIta 
transmission of he ir~ssagrs. tlicl qJaiiuing grapll offrrs 
t,lie capalGlit,y to transmit, ~111 qivil iiuiuh of mrwtgrs 

ovrr each etlge in&lent to tilt* soiircr ~0~1~~. 

2 Notations and Definitions 

An n-dinIensioIIal! X-ary, rIlultitliIIIerI~iorIa1 torus 
net~work, denotjecl by AlT,,, ,A., is iI11 undirrct~etl graph 
of kn nodes, each one lal)eld by iin 72. digit, nun~l~t~r in 
radix k arithmet,ic [2, 81. Eitch notlr v is (onnrctd t,o 
271 other nodes with whicli it tliifbrs in only onr digit 
by j mod C: j E {-l,l), i.e., 

is an edge for all 0 < i 5 n - 1: and 11: = (11, +j) mod L. 
j E {-l,l}, Fig. 1. Tl ie ndwork is e&r and i~otlr 
symmetric wit,11 degree 271 id tliimlrtrr 71 I$]. ,!IT,,,I: 
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Figure 1: The h4.T~,~ network. 

belongs to the class of Cayley graphs [8]. The 271 gen- 
erators that define the edges of MT,+ are denot,ed 
by d, 0 5 i 5 n - 1, j E (-1,l). Generat,or 
gi connects node 2’ = ?i,-l...~i+lzl,Pl;-l...‘u~ to node 
v’ = v,-~...vi+l((v, + j) mod L?)Vi.-t...Ue, which re- 
sules by adding j mod /c to the jr” digit of u. 111. this 
case we say that edge (II, 71’) is of dimension gi. or 
dint(v, v’) = gi. In what follows, node oO...o of n,f’r,,,k 
is referred to as node 0”. In order to avoid t~edious 
details, in what follows, we consider only multiclimen- 
sional torus networks wit,h k odd. 

We now define t,wo automorphisnls on the mult.icli- 
mensional torus network,namely, the 1ransfatio7t~ and 
the rotalion operations, that will be of primary impor- 
tance for the const,ruction of the spanning graph and 
the development, of the communication algorithms. 

Definition 1 The translnlion of a node v wzth rr~spt~ct 
to node s, denoted by Trs(u), is defined to be node 
t = TrS(v), SO that t, = (vi +si) mod k, 0 5 i 5 11 - 1. 

The translation operation is an automorphism on 
the multidimensional torus that preserves the dimen- 
sion of each edge [5]. This automorphism allows the 
network to be viewed identically from all nodes. The 
tradation operahn 0x1 hfTn,k is anabgom to t,he 
exclusive-OR operat,ion on nodes of the binary hyper- 
cub13 [7, 11. 

AS emphasized in t,he introduction, the mult inotle 
broadcasting and scattering algorithms are designe(l so 
that. messages originating at individual nodes are int,er- 
leaved in such a manner that no two messages contend 
for the same edge at, any given time. The properties 
of the rotation operation, as explained below, will help 
achieve this attribute. The rotation operation on nodes 

of the multidimensional t,orus has properties similar to 
those of the right cyclic shift, operation on nodes of the 
binary hypercube [7, 11. 

Definition 2 Given fum-lion r(i) = (k - i) mod k 
front the set {O,l, . . . . k - 1) lo itself, the rofntron of 
u node u = v,-1...vi+lz’il!i-1...vg, denoted by Ro(v), 

is defined to be node r(~g)~,,-~~,-~...~~i+~~~i~i-~...~~. 
This can be t)ieured as n righi ryrlic shift of the dzgits 
of v with lhe wraparound digit being mapped II/rough 
function r. 

The rotation operation has the following propert,ies: 

1. If (21, U) is an edge of dirnension 4, 0 <c i < n - 1, 
j E (-1, l}, then edge (Ro(u), Ro(v)) is of dimen- 
sion gi,’ so t,hat: 

i’ = (i - 1) mod II, j’ = -31 
{ . 

ii’ i = 0, 
j, ot,herwisr. 

2. As a result of propert,y 1, the 211 edges derived 
from edge (v, 11) by consecutive applications of the 
rotation operation arc all of tliffrrrnt~ dimensions. 

3. The rotat,ion opt‘rat8iou preserves thr dist,anrc of 
each node from nods 0” , 

The nodes of AIT,,,, :lre grouped int,o quivalence 
classes under t,he action of the rotat,ioii 0l)rration as 
follows: 

Dafinition 3 Aa ordered group of rtodes, ettch one de- 
rzved from zls p-eredivg me r,yrlirnlly. by the appllra- 
lion of a rotalzon IS rallcd n nerklare. 

Necklaces have t,hr following properties I.>]: 

1. A necklace comains nt t~rosl 27, nodes. 

2. The size of a necklare always divides 2rj [G]. 

3. All nodes of a nrrklace arta at. t,hr S~IIIC distance 
form node 0”. 

The nodes of h4T,, ,k at, each distance from node 0” 
are collect,ions of necklaces. Below, t,he neckLaces of 
MT3,3 at, each distance rl, 0 2 n 2 tt [$I, from node 0” 
are given enclosed in parent.heses [5]. 

d=O: (ooo) 
d = 1 : ( z&II, 020, 002, 100, 010, 001 ) 
cl= 2 : ( 220, 022. 102. 110, 011, 201 ) 

( 2l.J 021, 202. 120. 012, 101 ) 

d= 3: ( 222, 122, 112. 111, 211, 221 ) 
( m, 121 ) 
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Definitiorl 4 The period of a node u, denoted by P(v), 
is defined to be the number of nodes contained in the 
nt’cklace to which it belongs. 

Definition 5 An unfolded neck&e is an ordered 
group of exactly 2n nodes, not necessarily distinct. each 
oue obtained front its preceding one, cyclically, by the 
application of a rotation. 

Each necklace has a corresponding ur~folclrtl neck- 
lace. For necklaces that contain 2n nodes, t,lle cor- 
responding unfolded necklace is the nerklace it,self. 
For necklaces that cont,ain P < 2~1 no&~, the corre- 
sponcling unfolded necklace is the necklace rep~~at,ed 
9 times. This is possible since the size of a nrhrklace 
is always a divisor of 2n. Below, the unfolded ncchlaces 
of MTs,s at each distance from node 0”, are given [5]. 

d = 0 : ( m, 000, 000, 000, 000, 000 j 
d = 1 : ( 2OCJ, 020, 002, 100, 010, 001 i 
cl = 2 : ( 220, 022, 102, 110, 011, 201 j 

( 210% 021, 202, 120, 012, 101 ) 
d = 3 : ( 222. 122, 112, 111, 211, 221 11 

( 212, 121, 212, 121, 212, 121 ;I 

The following drfinit.ion aims t,n tlistinguish one [jar- 
tic.ular node of earl1 necklace. 

Definition 6 Thr binary correspondt~nt of a node 11 of 
h’fTnzk is the hrnary number obtntncd ?f w s~~hslzlrlir 
ctrch nonzero digit 111 I, with 1. Onto parlzculnr nods of 
ccpch neckZnce 1s nou drstiug~uish~d as foflotas: 

I. Selrrt the nodfs of thr 7LfrklncF thai ~CIUF Ihf 

largest binary mrrt~spondenf. 

2. Choose Ihr larycst uiuoug the nodf3.s st~lfcted iv slcp 
1, if the k digits that are used to labt-1 tht nodes 
of MT,,, are ordered as follows: 0 <: 1 < A, -- 1 < 
. ..i < k - i <. .._ < [il. Thts ordering t~j Ihf 

digits is adoptrd in order to reflect how rnc,lr digzf 
con,iributes to the distnnre of tx node from nods 0”. 

The node selected 171 step d is dcjint.d to bc the lt-(rdcr 
cjj the necklace. 

The property of the rot,ation operation t.hat 2~1 edges 
each of which is ohtainr~cl as a rot.aztion of it,s prece(liug 
oue are all of different dimensions, along wibli tlicl prop- 
erty of edge dimension preservation of t,lre t,rauslitt iou 
olleration will help guarxnt,re dint, urrhsages origiiiat~hg 
at individual nodes during it mulCnode hroatlrabtiiig or 
scattering algorit~hms are interlea.vetl in such a I~~IJIWI 
that no two messages contend for the same etlgcx at any 
given time. In a mdt~irrode broatlrast,ing or scat,teriug 

algorithm, all nodes of t,lle net,work are source of mes- 
sages. Under the all-port, rommunication model 2nP” 
edges are available on MT,, ,k for message t,ransmission 
at each time step. Thr algorithm proreds symmetj- 
rically from all nodes and ilS a consequence messagtbs 
originating at each one of the krr nodes of MT,,,k are 
transmitted tjlirougli at most 21) eclges at each time 
step. Let us denote by &( 0”) t,he set of 271 edges 011 

which messages originating at, uotle On are transmit~tetl 
at time step i of the algoritlun. Since a multinode al- 
gorithm proceeds symmet,rically from each node of t,hr 
network, the 211 edges 011 which mrssages originating 
at node s are transmitted at, time step i, denoted ly 
,!!?j (S), iS OhtaixitYl from Ej (0” ) IlSiIlg tmlle Oper&Jll Of 
translation wit,11 respect, t,o s, i.r., if (1)) 11) E E,(O”) 
then (Tr,(v), Tr,,( 71)) E I;:;( A). The followiug lrmrna is 
enough t,o guarardee tllilt 110 ronflict,s i&t& cluring dir 
execution of an idgorit,lliil. 

3 The Spanning Graph 
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220 210 022 021 102 202 110 120 011 012 201 101 

sb’ l3b’ g:. 

222 212 gi jy;,, J apE, ,::A [ f,, 2::‘a 122 121 0 by’ g;’ 

221 121 

Figure 2: The BSGo” spanning tree on the MT3., network. 

4. Corresponding nodes of the 211 subtrees form un- 
folded necklaces and corresponding edges of the 
2n subtrees are of different dimensions. 

Using the BSGtp graph we can easily derive a 
BSG,, rooted at any other node s of MT,,k by simply 
applying the operation of translation with respect, t,o s, 
on BSGp. The BSG,p spanning graph on t,he hf7’~,3 
net.work can be seen in Fig. 2. 

The importance of the BSG, graph lies in several 
different properties it possesses. The fact that each 
of the 2n subtrees of BSG, contains the same num- 
ber of nodes is used in f.he single-node and mult,inode 
scattering algorithms in order for each source node t,o 
transmit an equal number of its messages over each one 
of its incident edges. Furthermore, lnessages origina.t- 
ing at individual nodes in a multinocle broadcast,ing or 
scat,tering algorithm are interleaved in such a manner 
that no two messages contend for the same edge at any 
time during the execut,ion of the algorithm. The 2t1 
sul,trees of BSG,p are rotations of each other, and a+$ 
a consequence 2n corresponding edges of the sul Itrees 
of BSGo- are all of difierent dimensions. According 
to lemma 1 it is enough LO use 271 corresponding edges 
of the subtrees of BSGlln in order to avoid message 
c.onflicts. 

4 Communication Algorithms 

4.1 Lower bounds 

ln a multinode broadcasting l,roblem on MT;,,k, 
each node receives a total of M(k” - 1) messages, and 

a lower I~ountl for the numl~r of message traiisnliasions 
is M(k” - l)k”. Siucr rach node of MT,,,k has 211 
incident edges, a lower I~untl for t,he number of time 
steps required for this problem is f-1. 

h a siugk-node scattrriilg problem ou hfT),,k, the 
source node transmits a t.ot,al of M(P - 1) messages. 
Since each node of MT,,,k has 2n incident. edges, a 
lower bound for the nuinl~er of time steps required for 
this problem is [v 1. A lower bound for t)he num- 
ber of message t,ransmissions required is the sum of t,he 
short,est, distances of all nodes t,o t,lie source node, mul- 
t,iplied by M. If WC tlrnotr by Iv,1 t,he numl)er of nodes 
at distance (I from the source node, A lower bound for 
t,he number of message this lower bound is derived as 
follows: 

The expression in parent,hPsrs is the average diamrt,er 

of the MT,,,k net,work which is equal to [q. Nn-;I, 1) 

The multinode scnt,t.ering prol>lem is equivalent, t,o 
12.k” scat,tering problems. one fro111 each nod+~ of MT,, ,k. 
A lower bound for t,he uun~ht~ of meshage trans- 

1 -,,--I ljlissiolls fMtE(k--~l Ik- 1. At, most, 211.X,” lllr~w.gr 

transmissions can IX= prrformed at, each t,ime step 
and a lower bound for the numbc~r of time st,el>s is M(kz-l)k"-' 
f $ 1. 

4.2 Multinode broadcasting 

In a multinode broadcast~ing problem. ~acli node of 
the net,work trausmit,s t.hr Same M messages to all the 
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other nodes. Each source node .q uses 6rSG, for the 
transmission of its messages. 

The multinode broadcasting algorithm proceeds as 
follows: 

I. Each source node s t,ransmits the M  messages it 
wishes to broadcast to all of its neighbors simul- 
taneously. 

2. When an intermediat,e node II of a BSG, receives 
a group of A4 messages originating at node s, it 
stores a copy, and performs the following proce- 
dures. The messages have to be forwarded to thr 
first child of node v, node U, in BSG,. If node 
Tr;‘(u) has period I’ = 271, r hen notlr 1, t.rans- 
mits the A!l messages it recfhived from its pitwnt. 
to node U. However if node 7'78; l(u) ha< period 
P  < 271, then a message splitting technique is ml- 

ployed. In this case, the groilip of h1 messages 
is split, into F sul8group.s of Jf-e messages C?ilCll. 
Node 1) in subtree ‘c, 0 < i < ZU, of B,SG, trilrls- 
mits the (i div P)lh subgroup of messages to it,s 
first child node in RS’C;, . 

3. When a leaf node of BSG, receives a group of 
messages broadcast, by node s, it. transmit,s au ac- 
knowledgment to its parent node in BSG,. 

4. When an intermediate node 1) receives an acknowl- 
edgment, from one of its c.hildren nodes in BS( it, it, 
forwards the messages it receivecl in the past, from 
node s to its next child in BSG, following the mes- 
sage splitting technique described above. LYheu 
an acknowledgment, is receive<1 from the right~most, 
child node of v in HSC:, , node r: transmits an ac- 
knowledgment to its parent uode in BSG,. 

Figure 3: Multinode broadcasting on the MTj,3 network using BSGo”. 

The algorithm terminates when each source node re- 
ceives acknowledgment8s from all it,s neighbors. In t,his 
algorit8hm, the transmission of messages in each B.CG, 
corresponds to a simultaneous dept,li first traversal of 
its subtrees. At each time st5ep of the algorithm, mes- 
sages originating at node 0” of the network are t,rans- 
mitted over 211 corresponding edges of B,SGo". From 
the properties of B.S'CI~,~~. these edges are all of differ- 
ent dimensions, and t,lir rrquirement~ of lemma I for 
message conflict avoidance is satisfied. An example of 

a multinode brontlcast~ing algorit~hm on the MT?,, 
network can be seen in Fig. 3. This figure helps illus- 
trate the terhiiique of uirssage split.t.ing performed by 
the algorithm. 

The numl)er of message t,ransrnissions and t,hr num- 
ber of Crrie st,eps required by t.his algorit,hm are A!( P’ - 
1)k’” and [JQ$+Ql, rrsI)ectively. Consertueiit,ly, t,lie 
algorit,liiii is optimal wit,h respect, to bot,h of t,hese mea- 
sures. 

4.3 Single node scattering 

In a single-node scatt,ering problem, a source node s 
transmits dist,inct groups of 114 messages to each ot,her 
node. Node s uses B.S'(;, for the t,ransmission of its 
messages. Each source node keeps a table of 0(g) 
nodes, which correspond to t,he nodes in subtree To 
of BSC'~~~, sort,ed in reverse ordering of their distance 
from node 0”. Each one in this table is accompanied 
by a number to indicate its period P. R.ecall that 
nodes wit,h period P  have $$ pa& t.o node 0” t,hrough 
B,W,,.s. The interest~ing propert,?; of this algorithmis 
that. nodes with period P receive q of t.heir IV mes- 
sages t,hrough each one of t,he $ pat.hs from uoclt~ 0’“. 
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Figure 4: Single-node scattering on the MT,., network using BSG,“. 

The single-node scattering algorit,hm proceeds as 
follows: For each node 1, in the table of O(g) rnt,ries 
do the following: 

child notle of 11 t,liat has this digit, updat~etl. 

‘1 Each source node s transmit.s messages dextinrtl 
to nodes Tr,( Ro”( v)), 0 2 i <: 211, simultane- 
ously. If node c has period P = D. t,lren thrse 
Tr,(Roi(v)), 0 5 i < 2rr, are distinct and the M  
messages clestined to node TT.> ( Roi(v)) are trans- 
mitted through sulbtree T, of Zj,‘;C;, , for 0 5 / < 
271, respect,ively. However, if node 7 has lnriod 
P < D, then nodes Tv,(Ro’(7~)). 0 < i < 2t1, are 
not distinct,, but they are a group of P nodes, rc- 
peated 9 times. In this case, a message splitt,mg 
technique is employed by the source node. Each 
one of t.he P groups of n4 messages that, node ?I has 
to transmit, is split into y sulqroups, each con- 
t,aining F messages. The ith 0 5 i < F, sub- 
group of the jth, 0 ~5 J <: P, group of message:; is 
transmitted through subt,ree T,r*+.j of B,Ct’;, . As 
a consequence, each of t,he P nodes rereives g 
of its ,V messages through each of the 9 paths 
from node s through BSG,. 

3. As soon as A source noclr has t,ransmit,t rcl t,lre IIICS- 
sages to nodes Tr*, ( Ko’( t!)), 0 5 i < 211, t,lirougli 
its incident, edges, it smrt,s t,ritn~mit,ting messages 
to nodes Tr, ( Koi( I:)), 0 5 i < 212, ft)r t,hr next 
ent,ry ?L in the t,ablc. 

An instance of the single-node scatt,ering algorit,hm 
0x1 t,he hf7:~,, network is shown in Fig. 4. 

R.YG, is a sliort,rst p&h spanning graph mid 
the numl>er of iiiessagc- t,ransmissions ptrformrtl is 

M,l(k2-l)k”-’ 
r 4 1, whiclt is ol&mal. Each hornce node 
t,ransmit,s an equal nuinl~c~r of it.s ines~ag~ 5 over each 
one of its incident edges and the t.he nuinl~er of timt 
steps recpiired is [ -1, which is also ,q~t,iinal. 

4.4 Multinode scattering 

2. As soon as an intermediate node II receives a new 
message, it performs the following procedures. If 
node u is the destinat,ion of the message it stcrres 
a copy and remc)ves it from the network. If ~1 is 
not the dest,ination of the message, the itlrntit,y 
of the child node to which t,he message will Ire 
forward has to be ciet,erminetl., Node TV in sul)tree 
Ti, 0 5 i < 211, of BS’G, idemities the first digit. 
to the left of digit (1~ - 1 - i‘) mod II in ib lal~l 
that is not, equal to the corresponding digit of t.hc 
destination node. The message is forwarded to the 

In a multinode scat,tering l~rol~lern each node t,rans- 
mits dist,inct, groulrs of AJ messages t,o each ot,hrr node. 
Each source node s uses HSG, for t,he transmission 
of its messages. The method usetl for t,lns nmltinode 
scatt,ering algorit~liin is similar to tin one :lsecl for the 
single-node scat,t.rring algorit~lim, but sirlliilt,anPonsly 
executed from all nodes of the network. Each node 
keeps a tal&s of I)(g) tnt,rit-s t,lliitd corresi>ontl t.0 the 
1~0&5 in suhtree 7;) of 11 S’C;,,,. . Each node in t.his t,;+hle 
is nccon~l~anirtl by a rnlr~~l~er t,o indicate it. period P. 

The multinode scat t.ering algorithm frown each node 
of the net,work proceetls as follows: For each node 71 in 
the t,able of g ent,rirs do t,lie following: 

1. Source node s dt~t~erininrs the tlestinit,ion of t,he 
messages t,o be t~ransinitt~ed over its lt”, 0 5 i <: 
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2n, port as Tr,(Ro’(w)). For node o with period 
P, each of the P groups of M  messages that have 
to be transmitted by the source node is split into 
9 subgroups of F messages each. The it”, 0 5 
i < 9, subgroup of the jth, 0 5 j < P, group 
of messages is transmitted over subtree Tip+j of 
BSG,. 

2. As soon as an intermediate node u receives a group 
of messages it performs the following procedures. 
If node v is the destination node of the messages, 
it stores a copy and removes them from the net- 
work. If node w is not, the destination node of 
the messages, it has to identify the child node to 
which the messages have to be forwarded. Notle 
2r in subtree Ti of BAG,, locates the first, digit, to 
the left of digit (II -I 1 -- i) mod n in its label t,hat, 
is not equal to the corresponding digit of the rles- 
tination node. The messages arc forwarded to the 
child node of u that has this digit, updat,ed. 

3. When the messages transmitted from a source 
node s have reached their destination nodes 
Tr,(Ro’(v)), 0 5 i < 211, then s can transmit, 
messages to nodes ~‘~,(Ro’(u)). 0 < i < 2rl, for 
the next entry u in t,he table. 

From the properties of BS(&n, we know that, the 211 
paths that lead to nodes Roi(v), 0 1; i < 271, through 
its subtrees Ti, 0 5 i < 211, respectively, are rot,at,ions 
of each other, and as a ronsequenc.e, the 271 edges at 
each level of these paths are of different dimensions. 
Earh node in a path receives all the messages from it,s 
parent node before it starts transmitt,ing t,hem t,o t.he 
next node down the path. As a consequence, at each 
time step, 2n edges that are all at the same level of t,he 
paths are used. Since t,hesr edges are all of differtnt. 
dintensions the requirrmcnt of lemma 1 is satisfied, and 
no two messages cont,enrl for the same edge during the 
execution of the algorithm. 

Each message follows a shortest path to its drst,iun- 
tion node and the minimum number of message brans- 
missions, [MR(tl-1)k2”-‘,l, is perfornttd. Furthermore, 
an rqual number 40f the M(k” - 1) ntrssages that, each 
source node has to t,ransmit are transmitted over each 
OIW of its incident edges and the minimum number of 
t,ime steps, [-=“I, is achieved. 

5 Conclusions 

A general framework was developed 0x1 t,he mult,i- 
dimensional torus network, that led to the construc- 
tion of a spanning graph that, possesses some special 

properties. The applicabion of bhis graph t#o the cle- 
velopment of optimal communication algorithms was 
demonstrated by describing algorithm for t,he multin- 
ode broadcasting, and the single-node and mult~iuode 
scattering problems, under the store-and-forward, all- 
port commurlication model. Our method is mostly usc- 
ful for communication problems that, require a groull or 
all nodes of the network to be sources of messages, such 
as the multinode broadcasting and scattering prob 
lems. The property that corresponding edges of bhe 
subtrees are of different, dimensions, along wibh lemma 
1, give the necessary condit,ion for conflict avoidance. 
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