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Abstract

We describe our implementation, with virtual pro-
cessing, of several parallel graph algorithms on a
16,384-processor MasPar MP-1. We present exten-
swe test data on our code.

1 Introduction

This paper describes an on-going project for imple-
menting parallel graph algorithms on the massively
parallel machine MasPar MP-1. The main focus of
our project has been the implementation of parallel al-
gorithms that require large amounts of non-oblivious
memory accesses. The first phase of this project is
reported in [14].

There has been a fair amount of recent work on
implementing combinatorial algorithms on massively
parallel machines [3, 10, 15, 12, 24]. There also has
been work reported on implementing combinatorial
algorithms on a vector super computer [10, 27, 29],
of which [10] implements parallel graph algorithms on
a massively parallel machine. In [10], the problem
ol finding connected components is extensively stud-
ied by applying various fine-tuning techniques on sev-
eral algorithms to achieve best performance on sev-
eral classes of graphs. Our work has a different fo-
cus: we address the issue of implementing an exten-
sible parallel graph algorithms library, which includes
the problem of finding connected components. We de-
veloped general implementation and fine-tuning tech-
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niques without expending too much effort on optimiz-
ing each individual routine.

In [14], we reported the implementation of several
parallel graph algorithms on the MasPar MP-1 [2] us-
ing the parallel language MPL [22] which is an ex-
tension of the ANSI C language. The MPL language
requires the user to specify the physical organization
of the processors used in the program. Our implemen-
tation in [14] used an edge list data structure to store
the input graph. An undirected edge (u, v) was stored
twice as one directed edge from u to v and another
directed edge from v to u. (The same data allocation
scheme is used in the more recent work reported in
[10].) Each of the two copies of an undirected edge
was stored in one processor along with a node. As
a result, we could only handle the case when the in-
put graph has no more than nproc nodes and “E2%¢
edges where nproc is the maximum number of proces-
sors that we can use in the system. For the MasPar
MP-1 that we used, nproc = 16,384 processors. In
the current paper, we report the second phase of this
work. By using better data allocation schemes and
virtual processing, we implemented these algorithms
to handle inputs of size greater than 16,384.

Over the past decade there has been a large amount
of work in the theory of efficient, highly parallel graph
algorithm design [18, 19, 20, 28]. Parallel algorithms
that run in polylog time with a linear or sub-linear
number of processors have been developed for sev-
eral fundamental problems on undirected graphs in-
cluding connected components and spanning forest”
[1,5,7,9,10, 11, 17], minimum spanning forest (MSF)
[1, 5, 6], ear decomposition and 2-edge connectivity
[21, 23, 25], open ear decomposition and biconnectiv-
ity [21, 23, 25, 31], triconnectivity [8] and planarity

%In this paper, a spanning forest of a graph G is a maximal
subgraph of G (w.r.t. the edges in G) that is a forest.
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[26]. All of these algorithms (with the exception of
some algorithms for MSF) have the additional fea-
ture that they serialize into linear-time sequential al-
gorithms. However, these algorithms are quite dif-
ferent from earlier depth-first search based linear time
algorithms [30] in that they are very modular in struc-
ture. The algorithm for ear decomposition calls sub-
routines for several basic problems such as connected
components, spanning forest, the Euler tour technique
on trees [31], least common ancestors in trees [31] and
range minima [31}]. More complex algorithms, such
as those for triconnectivity and planarity, call subrou-
tines for open ear decomposition, in addition to calling
subroutines for more basic problems. Thus an imple-
mentation of parallel algorithms for undirected graphs
would have to proceed in a bottom-up fashion, start-
ing with an implementation of basic primitives, and
successively building up to more complex algorithms.

Our implementation followed the above strategy.
We have implemented a large number of parallel algo-
rithms as listed below, grouped into three main cate-
gories. We have incorporated virtual processing in all
of the algorithms listed below:

1. Basic Primitives: Prefix sums (scans) and various
routing routines. These routines are provided in
MPL as systemn primitives without virtual pro-
cessing, but we needed to code in virtual process-
ing.

2. Kernel: List ranking, rotations, Euler tour on
trees, tree functions such as preorder, least com-
mon ancestors in trees and range minima. Al-
though these are not graph algorithms, they are
commonly used subroutines in the graph algo-
rithms that we implemented.

3. Graph Algorithms: Connected components and
spanning forest, minimum spanning forest, ear
decomposition, cut edges, strong orientation and
open ear decomposition.

In this paper, we describe our implementation, with
virtual processing, of the graph algorithms listed
above. In a companion paper [13] we describe our
implementation and algorithm choices for the basic
primitives and kernel problems.

We tested all of our code on random graphs of var-
ious edge densities. We performed a least squares fit
on our data, both with and without virtual processing
(the results in [14] do not include any least squares
fit). We also compared the performance of our code
for virtual processing with the data reported in our
earlier work [14] without virtual processing.

The rest of the paper is organized as follows. Sec-
tion 2 describes the mapping of virtual processors
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on to the MasPar MP-1. Section 3 describes our
implementation strategy and two optimizing features
that we incorporated. Section 4 describes our testing
scheme, including the least squares fit, and our code
for the six graph algorithms, and provides extensive
data. Section 5 provides some concluding remarks.
Due to space limitation, some details of our imple-
mentation and performance data are omitted in this
abstract. They can be found in the full paper [16].

2 Mapping Strategy

Let nproc and vnproc be the number of physical
processors and virtual processors, respectively. For
the MasPar MP-1 we used, nproc = 16,384, and these
processors are organized as an nzproc X nyproc mesh,
where nzproc = nyproc = 128. In our programs, each
virtual processor {or VPE) is given a unique ID rang-
ing from 0 to vaproc — 1. The number of virtual pro-
mproc | The

nperoc
virtual processors are arranged into a 2-dimensional
vnzproc x vnyproc mesh. The choice of the vpr value
(and hence the vnproc value) is discussed in Section 3.
For our implementation, we used the so-called hier-
archical partitioning scheme. Each physical processor
simulated a vpr x 1 sub-mesh of virtual processors.
Thus given an nzproc x nyproc 2-dimensional mesh,
the virtual machine being simulated is an (nzproc -
vpr) x nyproc 2-dimensional mesh. (This is the same
mapping scheme used in the implementation of bitonic
sort with virtual processing [24].) The reason for our
choice is that in our implementation, we frequently
need to use operations that utilize locality of data
(e.g., the prefix sum (scan) operator). Our data par-
titioning scheme preserves locality of data.

cessors per physical processor is vpr = [

3 Implementation of Parallel Graph
Algorithms

To build our parallel graph algorithms library, we
first wrote a kernel that includes all of the subroutines
commonly used in parallel graph algorithms. Then
we built our graph application programs by calling
routines in the kernel and routines provided in the
system library. The structure of the whole library is
shown in Figure 1.

Initially, we coded the routine for finding a span-
ning forest with virtual processing using the simple
graph representation of a list of edges where each undi-
rected edge has two copies with the two end points
interchanged. Let m and n be the numbers of (undi-
rected) edges and nodes in the input graph, respec-
tively. Using the naive strategy for allocating the
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graph application routines

system library

commonly used subroutines

(kernel)

Figure 1: The structure of the routines we built for the parallel graph algorithms library. An arrow from one node
to another node means the routine at the tail of the arrow (upper) is used by the routine at the head of the arrow

(lower).

edges in an undirected graph described in the pre-
vious paragraph, we determined the value of wpr by
computing the least power of 2 that is greater than or

. 2m42 :
equal to %-l Edges were allocated among virtual

processors with ID’s from 2 to 2m + 1. (For ease of
programming, we did not use the first two virtual pro-
cessors for storing edges.) The ith node was allocated
to the virtual processor with the ID <.

In the case when m was much greater than n, this
type of data allocation scheme was not balanced since
only a small portion of the machine was performing
computations related to nodes. The other drawback
in using this type of allocation came from the types of
operations that were usually used in parallel graph al-
gorithms. It is often the case that information related
to edges incident on a node v had to be collected to
produce data to be stored in the processor that was al-
located for v. In performing these operations, data will
compete with each other to reach a small number of
processors. The delay for this type of inter-processor
communications is very large. In order to improve the
performance of our code, we implemented the follow-
ing two strategies.

3.1 Dynamic Load Balancing

One possible solution to the above problem is to
compute different vpr values for nodes and for edges.
However, for this we would have to revise our code
for parallel primitives such that each primitive knew
whether it was performing operations on edges or on
nodes. Also, the code for our graph algorithms would
have to be changed. This would result in a more com-
plicated implementation. Instead of going through
such a serious revision, we came up with the follow-
ing simple method that did not require us to change
other programs. We first computed the number of vir-
tual processors per node to be nfactor = | XZB2L22 |
We then allocated the ith node to the (i - nfactor)th
virtual processor. We had to make sure that the
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node numbers referred to in each edge are changed
accordingly. This was done by multiplying nfactor
to every node number used in the edge list. We
then performed all of our computations as if the num-
ber of nodes is n - nfactor. (This is equivalent to
adding n-(nfactor —1) isolated vertices into the input
graph.) After performing the computation, data was
collected for nodes allocated to virtual processors with
ID (i - nfactor), for each i, By performing these sim-
ple preprocessing and post-processing steps, we evenly
distributed all nodes and did not have to track the
value of vpr during each operation. Thus, with minor
modifications, we could use our previous code with
the data allocation scheme given in Section 3 to find
a spanning forest with virtual processing.

Note that we could apply the same technique to
several data structures used in our programs. For
example, our graph algorithms often found a span-
ning forest in the input graph and obtained an Euler
tour of each tree in the spanning forest. The total
number of edges in the Euler tours of the forest was
at most 2n — 2. We applied the same technique to
achieve a better load balancing by evenly distribut-
ing tour edges among physical processors. Our graph
algorithms also performed range minimum queries on
an array of elements whose size was 2n — 2. We also
used this technique to achieve a better load balancing
by evenly distributing elements in the array among
physical processors.

We tested the implementation of our parallel pro-
gram for finding a spanning forest on random graphs
of three different edge densities: sparse (linear number
of edges), medium (n!® edges, where n is the number
of vertices), and dense (quadratic number of edges).
Performance data is shown in Figure 2 for this prob-
lem with and without the usage of dynamic load bal-
ancing on dense graphs. We find that by using dy-
namic load balancing, our parallel prograin ran about
12 times faster than our parallel program without dy-
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Figure 2: Performance data for our parallel programs,
with and without dynamic load balancing, for finding
a spanning forest in a dense graph.

namic load balancing on dense graphs. On medium
graphs, it was about 8 times faster. On sparse graphs,
it was about 1.5 times faster. We would expect this
type of behavior as dynamic load balancing provides
more speed up as the input graph gets denser.

3.2 Compressed Data Structure

A major goal of our implementation was to run in-
puts whose sizes are as large as possible. Since we
have a limited amount of memory space per physical
processor, we wanted to minimize the amount of space
used by each edge without paying too much overhead
in computation. It turns out that except for the case
of representing a tree for finding an Euler tour, we can
easily simulate the effect of having two processors han-
dling one undirected edge by performing computations
twice, one from each direction. Thus our program only
allocated one processor to handle each edge. A side
effect of this allocation scheme is that we had to write
an expansion routine to convert this compressed rep-
resentation into the tree format if we needed to build
an Fuler tour. In summary, our program first allo-
cated wvpr virtual processors per physical processor,

where vpr is the least power of 2 that is greater than

m
nproc

and a spanning tree format was needed, we doubled
the value of vpr and called the expansion routine to
transform the compressed data structure into the nor-
mal graph representation.

The performance data for our program with and
without the use of compressed data structures for
dense graphs to find a spanning forest is given in Fig-
ure 3. We find that our program ran at about the same
speed with or without the usage of compressed data
structures on dense graphs and mediumn graphs. Note
that by using compressed data structures, we could

or equal to

. In the case when 2n > vpr-nproc
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Figure 3: Performance data for our parallel programs,
with and without the use of compressed data structure,
for finding a spanning forest in a dense graph. Both
programs were run using the same amount of memory
per physical processor. Note that we can run inputs
whose sizes are twice as large using the compressed
data structure for graphs.

double the size of the largest graph we could handle.
For sparse graphs, we had to pay a small overhead
for using compressed data structures. Since the over-
head was small, we decided to use compressed data
structures for graphs though the code became a bit
longer. Thus when allocating vpr virtual processors
to each physical processor, we could run our programs
on graphs with vpr-nproc nodes and vpr - nproc edges
if we did not require the use of a spanning forest in
the program. We could run programs on graphs with
“ET7ET2E nodes and vpr - nproc edges if we had to use
a spanning forest representation during the computa-
tion. Without the use of compressed data structures,
we could only run our programs on graphs with half
the number of edges.

4 Performance Analysis

We tested our code by generating test graphs and
measuring the performance of the code on these test
graphs. The test graphs were of three types: dense,
medium, and sparse and are defined in Section 3.1.
For each size and edge density, we generated 4 test
graphs. We ran each program on each test graph for
10 iterations and recorded the average of the 40 trials.

We had access to a MasPar MP-1 machine with
16,384 processors and 32 kilobytes of available memory
per processor. (The other 32 kilobytes of memory in
each processor was not available to us.) We were able
to test all of our programs except the one for finding
an open ear decomposition for values of vpr up to 64.
We were able to run our parallel program for finding
an open ear decomposition only up to the value of
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vpr = 32.

4.1 Least-Squares Curve Fitting

We applied the least-squares fit package in Mathe-
matica [32] to the data we obtained. To test the good-
ness of the curve we obtained, we computed the good-

SR S A
ness of fit [4], v(f), as S (w9

where k is the number of experimental data points,

= % -Ele ¥i, f 1s the function that describes the
fitted curve, and y; is the experimental value when the
input size is z;. The value ¥(f) is 1 if f is a perfect fit
of the input data. If 1-v(f1) < 1—+(f2) for two fitted
curves f; and fy of a set of data, then f; is a better
fit than f,. We applied curve fitting to data obtained
with and without virtual processing, since [14] did not
perform any curve fitting.

We used the following method to find the fitted
curves for our data. We first derived the theoreti-
cal asymptotic running time for our parallel programs.
Let z be the size of the input graph. All of the graph
algorithms we implemented run in O(% -log® z) time*

using p processors since we used the O(i— log? r) time
bitonic sort in implementing global concurrent write
operations. Let S {L,z,z logz,z-log’z, -
log®z}. Given a set of functions, let the element in
the set with the largest asymptotic value be the dom-
inating term. For instance, the dominating term in
S is z - log® z. We used Mathematica to find a least-
scquares fit function f where f is a linear combination
of a subset of elements in S. Among all fitted curves
for f whose coefficients are all non-negative, we picked
the one with the largest goodness of fit that contained
the dominating term. For data without virtual pro-
cessing, the set S we used was {1,logz, log’ z, log” £}
We noticed that, when no virtual processing was used,
the best fit in every case contained the dominating
term log® z. For data with virtual processing, in the
few cases where the best fit did not contain the domi-
nating term z - log® z, a function with the dominating
term was close to the best. In view of this and the
theoretical justification, we chose. for each piece of
code, the curve with the best fit that contained the
dominating term.

For each problem and each class of graphs tested,
we present the fitted curve and its corresponding cor-
responding goodness of fit in Table 2. The data for
programs without virtual processing is taken from [14].

*We use log to denote logarithm to the base 2.
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4.2 Overhead for Implementing Virtual
Processing

We compared the amount of time used by our par-
allel programs with and without virtual processing.
The performance data is shown in Table 1. Note that
we ran 5 of our 6 programs for values of vpr up to 64
using no more than half of the available memory in the
system. The one program that we could run only up
to vpr = 32 was the open ear decomposition routine.
Also, when vpr = 32, our code for open ear decompo-
sition could not handle inputs of size 32 - 16,384 (i.e.,
524,288) on sparse graphs. Hence in Table 1, we use
vpr = 16 to show the performance of our parallel code
when all virtual processors simulated in each physical
processor were active. Our implementation of par-
allel algorithms with virtual processing had excellent
speed-ups on dense graphs and medium graphs in re-
lation to the implementation without virtual process-
ing. For example, for finding an ear decomposition
on dense graphs, we used 15 times more CPU time
with virtual processing while handling graphs that
were 32 times larger. For sparse graphs, the overhead
was fairly large. The reason might be that for sparse
graphs, using virtual processors increased the degree
of concurrency when concurrent read or write is used.
Since we could not offset it by the use of dynamic load
balancing, our implementation had a big overhead on
sparse graphs. We also note that the overhead for im-
plementing the open ear decomposition algorithms is
about twice as large as the overhead for implementing
other algorithms.

5 Concluding Remarks

We have implemented a set of parallel algorithms
for undirected graphs on the MasPar MP-1 to handle
input sizes that are larger than the number of avail-
able physical processors. We wrote more than 12,000
lines of parallel code for the set of parallel graph algo-
rithms that we implemented with virtual processing.
For comparison, 4,000 lines of parallel code were writ-
ten in [14] for the same set of parallel programs with
no virtual processing. We tested our parallel programs
on inputs whose sizes were up to 64 times larger than
the number of physical processors. If we had been
able to use the full configuration of our machine, we
could have simulated up to 128 virtual processors per
physical processor. However, since we were sharing
the machine with other users, we could use only half
of the available memory in each processor. Thus if the
full machine had been available, we could have run our
programs on graphs with one million nodes and two
million edges.



m =3n/2 m = n3/*% m =n?/4
no vpr vpr = 16 no vpr upr = 16 no vpr vpr = 16
m = 8,191 m = 262,142 | m = 8,151 m = 262,142 | m = 8,191 m = 262,142
(seconds) (seconds) (seconds) (seconds) (seconds) (seconds)
|| Spanning Forest 1.01 74.86 0.41 7.23 0.39 5.35
|| Minimum Spanning Forest 1.05 51.97 0.73 18.58 0.70 19.69
|| All Cut Edges 1.17 83.36 0.61 17.92 0.57 15.85
|| Ear Decomposition 1.19 72.54 0.60 11.32 0.58 8.71
" Open Ear Decomposition 1.47 90.35 1.11 33.69 0.94 33.50
|l Strong Orientation 1.20 75.35 0.63 11.61 0.60 9.06

Table 1: Performance data for our parallel programs with and without virtual processing.

programs without virtual processing is from [14].

We compared the experimental data points with the
interpolated points on the fitted curves. For programs
with virtual processing, the goodness of fit for 13 of the
curves was very close to 1 (i.e., greater than 0.99). The
goodness of fit for the remaining 5 curves was greater
than 0.95. If we did not insist on the coefficients of
the function corresponding to each fitted curve to he
non-negative, the goodness of fit for these 5 curves
is much closer to 1. For programs without virtual
processing, the goodness of fit was slightly smaller. We
also note that for all of our programs without virtual
processing, a fitted curve with the dominating term
log’ z had better goodness of fit than a fitted curve
with the dominating term log? z. Let the average error
of a fit f be 1 — 4(f). In some cases, the average
error was twice as large if using fitted curves with the
dorninating term log” z. For our programs with virtual
processing, a fitted curve with the dominating term
z - log®z did not always have smaller average error
than a fitted curve with the dominating term z-log® r;
however, the difference between the average errors of
two fitted curves was not too large.

The fitted curves showed that the dominating term
for the number of operations in our parallel code was
z - log® z both with and without virtual processing,
where z is the input size. This tracks theoretical pre-
dictions since our graph algorithms usually compute
by performing O(log z) iterations and if each iteration
takes ©(log? z) time using ¢ processors, the total work
is Oz - log® z).

Our parallel programs were much faster on dense
graphs and medium graphs than on sparse graphs.
We traced our parallel program for finding a span-
ning forest and noticed that by using our dynamic load
balancing technique, the performance of a concurrent
read or write was not too bad on a dense graph com-
pared to the performance of the same operations on
a sparse graph. Recall that this algorithm obtained a
spanning forest by repeatedly growing forests in paral-
lel until the size of any tree in the current forest could
not be extended. For dense graphs, the parallel algo-

The data for parallel

rithms terminated in fewer iterations than on sparse
graphs. Thus the running time was much smaller on
dense graphs than on sparse graphs.
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m = 3n/2 m = nl? m=n?/4
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Orient. v.p. 0.46z"log” ' + 175027 | 0.9972 | 0.13x" log® =" + 5020 0.9607 | 0.58x"log™ =" + 230z’ 0.9992
+890

Table 2: Fitted curves for the performance of our parallel code (in milliseconds) without virtual processing and
with virtual processing. The goodness of fit ¥(f) for a curve f is defined in Section {.1. In each curve, z is the
mput size and 2’ = 10,000z. The inpul size is 2 - m for programs without virtual processing, and is m + n for
programs with virtual processing.
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