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Abstract

Given a sel of n iniervals representing an interval
graph, the problem of finding a mazimum matching
beiween pairs of disjoint (nonintersecting) intervals
has been considered in the sequential model. Here
we present parallel algorithms for computing maxi-
mum cardinality maichings among pairs of disjoint in-
tervals in interval graphs in the EREW PRAM and
hypercube models. For the general case of the prob-
lem, our algorithms compute a mazimum matching in
O(log®n) time using O(n/log?n) processors on the
EREW PRAM and using O(n) prozessors on the hy-
percubes. For the case of proper interval graphs, our
alyorithm runs in O(logn) time using O(n) processors
if the input intervals arc not given already sorted and
using O(n/logn) processors otherwise, on the EREW
PRAM. On n-processor hypercubes, our algorithm for
this case takes O(lognloglogn) time for unsorted in-
put and O(logn) time for sorted input. Our parallel
results also lead to optimal sequential algorithms for
computing mazimum matchings among disjoint infer-
vals. We also present an improved parallel algorithm
for mazimum matching between overlapping intervals
in proper interval graphs.

1 Introduction

2,...,1,} on the
r-axis, where interval [; = [I(Z), r(3)] is specified by
its two endpoints: the left endpoint, {(¢), and the
right endpoint, (i), with I(f) < r(i). Two inter-
vals Iy = [I(i),r(#)] and I, = [{{(7).7(J)] are disjoint
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if 7(¢) < (4) or r(3) < I(i); otherwise they overlap. A
graph G is called an interval graph if there exists a set
Ic of intervals such that there is a one-to-one corre-
spondence between the vertices of G and the intervals
in Ig, and that any two vertices in G are connected
by an edge if and only if their corresponding intervals
in Ig overlap. Such an interval set I is called an in-
terval model of G. An interval graph G is said to be
proper if and only if there 1s an interval model I of
G such that no interval in I is contained within any
other interval in I;. Interval graphs find applications
in many areas, such as VLSI design, scheduling, biol-
ogy, traffic control, and archeology [15]. In this paper,
we assume that an interval model of the correspond-
ing interval graph is already given. We will refer to
interval I;, interval ¢, interval [{(?), r(z)], and vertex i
(corresponding to interval ¢) interchangeably.

A matching in a graph G is a subset M of edges of
(7 such that no two distinct edges in M are incident
to the same vertex. The problem of computing maxi-
mum matchings in graphs has many applications and
has received a lot of attention [10]. However, there is
no known deterministic parallel algorithm for comput-
ing maximum matchings in general graphs that takes
polylogarithmic time using a polylogarithmic number
of processors [17].

We consider the following matching problem on
a set I of n intervals: Find a maximum cardinal-
ity matching M for I such that two intervals can be
matched in M only if they are disjoint. This problem,
in fact, is that of computing a maximum cardinality
matching in the complement graph of the correspond-
ing interval graph G of I, and such a complement
graph is called a comparability graph. An O(nlogn)
time sequential algorithm for this matching problem is
given by Andrews and Lee [3]. A related problem for
matching in interval graphs was considered by Moitra
and Johnson {24], who give a sequential and a parallel
algorithm for finding maximum cardinality matchings
in interval graphs where two overlapping intervals can
e matched. To the best of our knowledge. there was
no efficient parallel algorithm (i.e., in polylogarithmic
time using a polylogarithmic number of processors)
previously known for finding maximum matchings in
comparability graphs.

We present the first efficient parallel algorithms for
computing maximum cardinality matchings in inter-
val models in which only disjoint intervals can be
matched. For the general case of the problem, our al-
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gorithms compute a maximum matching in O(log® n)
time using O(n/log?n) processors on the EREW
PRAM and using O(n) processors on the hypercubes.
For the case of proper interval graphs, our algo-
rithm runs in O(logn) time using O(n) processors
if the intervals are not given already sorted and us-
ing O(n/logn) processors otherwise, on the EREW
PRAM. On n-processor hypercubes, our algorithm
for this case takes O(log nloglogn) time for unsorted
input and O(logn) time for sorted input. The ap-
proaches used by our parallel algorithms are very dif-
ferent from the seemingly inherently sequential plane
sweeping method used in [3], and are based on new
characterizations of this matching problem. In fact,
by simulating sequentially our EREW PRAM algo-
rithm, we can immediately give an optimal sequential
O(nlogn) time algorithm for computing maximum
matchings among disjoint intervals. Furthermore, if
the endpoints of the input intervals are given sorted,
we can make our sequential algorithm for computing
maximum matchings among disjoint intervals run in
linear time, as follows: A key subprcblem in our par-
allel algorithms for computing maximum matchings
among disjoint intervals is the problem of finding max-
imum matchings in convex bipartite graphs, which can
be solved sequentially in linear time [13, 23] by using
the optimal sequential algorithm for computing maxi-
mum matchings in convex bipartite graphs [13, 23)].
By simulating sequentially the rest of our EREW
PRAM algorithm, a maximum matching among dis-
joint intervals can be obtained in linear time. Such a
sequential algorithm is very different from the plane
sweeping algorithm of Andrews and Lee [3] (which
still requires O(nlogn) time for sorted input inter-
vals). We also give an EREW PRAM algorithm for
maximum matching between overlapping intervals in
proper interval graphs, improving the processor com-
plexity of the previously best known solution for this
problem [24] by a factor of n/logn.

I'he computational models we use are the EREW
PRAM and n-processor hypercube [22].

The rest of the paper 1s organized as follows. Sec-
tion 2 gives some notation and preliminary results we
need. In Section 3, we present parallel algorithms
for the disjoint matching problem for general interval
graphs. In the interest of space, the algorithms for the
disjoint matching problem for proper interval graphs
and our improved parallel algorithm for the matching
problem on overlapping intervals are omitted. See the
full paper [2].

2 Preliminaries

The input consists of a set of n intervals I =
{lL.I3,...,I,}. To avoid cluttering the exposition,
we assume that no two input intervals have the same
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endpoint (i.e., the 2n endpoints are distinct). Our al-
gorithms can easily be modified for the general case.

We first sort the 2n endpoints in I from left to
right if they are not given sorted. This sorting can be
done in O(logn) time using O(n) processors on the
EREW PRAM [9] and in O(logn loglogn) time on n-
processor hypercubes [11]. From now on, we assume
that the 2n endpoints in I are available in this sorted
order. On the EREW PRAM, these endpoints are
stored in an array; on an n-processor hypercube, each
processor PE; stores 2 endpoints, with the sorted or-
der of the endpoints corresponding to the increasing
order of the processor indices. Without loss of gen-
erality (WLOG), we also assume that the intervals in
I have been relabeled such that ¢ < j implies I(¢) oc-
curs before I(j) in the sorted array of endpoints. In
the case of proper intervals, i < j also implies r(4) oc-
curs before r(f) in the sorted array of endpoints. This
relabeling can be easily implemented by a parallel pre-
fix computation. The parallel prefix operation can be
performed in O(logn) time using O(n/logn) proces-
sors on the EREW PRAM [20, 21] and in O(logn)
time on n-processor hypercubes [22].

Given a matching M for I, we say that an interval
maiches left (resp., right), denoted by a left (resp.,
right) arrow, if it is matched with an interval to its
left (resp., right). An interval is free if it is unmatched
with respect to M. That interval ¢ is matched with j
in M is denoted as matep (i) = j.

An interval i is said to be to the left (resp., right)
of a vertical line L if 7(i) < 2(L) (resp., I(i) > z(L)),
where (L) denotes the x-coordinate of L.

Definition 2.1 A middle line V s a vertical line that
dwvides the set of 2n endpoints of I into two subsets,
with one subset to each side of V, such that every sub-
set has ezactly n endpoints. Those intervals of I that
are cut by a middle line V' are called cut intervals.

Lemma 2.1 For any middle line V, the number b of
intervals not cut by V lying to the left of V is the
same as the number of intervals not cut by V' lying to
the right of V. Furthermore, b < |M|, where M is a
mazimum maiching of I.

Proof: See the full paper. o
The following problem, defined by Kim [18], plays
an important role in our algorithms.

Definition 2.2 Given a set of points on the x-azis,
some colored red and the other colored blue, a red point
r can be matched with a blue point b if z(r) < z(b).
The red-blue matching problem is to find a mazimum
matching between the red and blue points.

Kim [18] presents an EREW PRAM algorithm
for the red-blue matching problem with sorted input
which takes O(logn) time using n/logn processors.
On n-processor hypercubes, the red-blue matching
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problem with sorted input can be solved in O(logn)
time, as follows: First apply Kim’s reduction [18] to
reduce the problem to the all nearest smaller values
problem [4] (this reduction takes O(logn) time on the
hypercubes since it mainly performs parallel prefix);
then use the optimal hypercube algorithms by Chen
[8] and Kravets and Plaxton [19] to solve the all near-
est smaller values problem in O(logn) time.

Our algorithms also make use of convex bipartite
graphs which are defined next.

Definition 2.3 A conver bipariite graph G =
(A,B,E) is a bipartite graph where A and B are
respectively sequences of vertices (ay,az,...,am) and
(by,bo, ..., bn), and E 1s the set of edges. {a,b) € E
implies that a € A and b € B, and furthermore,
(ar,b;) € E off fi < j < L, where fi (resp., I} is
the index of the first (resp., last) element in B with
which a; 1s connecied.

Maximum cardinality matchings in convex bipar-
tite graphs can be computed sequentially by using the
linear time algorithm of Gabow and Tarjan [13] that
is based on the nearly linear time solution of Lipski
aid Preparata [23], or by using the O(nlogn) time
algorithm of Gallo {14]. The next lemma is needed by
our PRAM algorithms.

Lemma 2.2 For every conver bipartite graph G =
(A, B, E) with |A] < n and |B| < n, a mazimum cardi-
nality matching M, of (5 can be obtlained in O(log? n)
tume using O(n/logn) FREW PRAM processors.

Proof: The basic idea is to apply Brent’s theorem [6]
to simulate the parallel algorithm of Dekel and Sahni
[12] for computing maximuin cardinality matchings in
convex bipartite graphs Dekel and Sahni’s algorithm
[12] computes a maximum cardinality matching in a
couvex bipartite graph in ()(log2 n) time using O(n)
EREW PRAM processors. Note that the algorithm
ini [12) consists of two passes, each pass traversing a
complete binary tree cf n leaves level by level. At
each level, the algorithin in [12] essentially performs
a constant number of parallel merges; hence the num-
ber of operations performed by this algorithm at each
level is O(n). The total number of operations taken
by the algorithm of Dekel and Sahni {12], therefore,
is O(nlogn). By applving Brent’s theorem [6] and
by using the parallel merge algorithms on the EREW
PRAM [5, 7, 16], we can easily simulate the algorithm
[12] in O(log® n) time using O(n/ log n) EREW PRAM
processors. )
A maximum cardinality matching in convex bipar-
tite graphs can be computed in O(log® n) time using
O(n) processors on an n-processor hypercube [1].
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3 Disjoint Matching for Gen-
eral Interval Graphs

In the next subsection (3.1), we give the observations
for our algorithms. Subsection 3.2 presenis the idea
and main steps for finding a maximum matching be-
tween disjoint intervals in general interval graphs. We
refer you to the full paper for details of cur EREW
PRAM and hypercube algorithms.

3.1 Useful Observations

Our algorithms for the general case of disjoint match-
ing are based on the following observations.

Lemma 3.1 There exisis an optimal matching M*
such that either the matched intervals in M* that are
to the left of a middle line V all have right arrows
(i.e., they match right), or the matched intervals in
M* that are to the right of V all have left arrows (i.c.,
they match left).

Proof: See the full paper. a

Lemma 3.2 There ezxists an optimal matching M*
such that the middle line V' cuts all free intervals with
respect to M*.

Proof: See the full paper. ]

Based on Lemmas 3.1 and 3.2, there exists an op-
timal matching such that all the non-cut intervals on
either the left of V' match right or vice versa. For all
the cut intervals, some of them (say, /) match left and
some of them (say, r) match right. WLOG, assume
that all the non-cut intervals to the right of V' match
left; this implies that r > [. Then there are precisely
|» — {] intervals lying to the left of V which are paired
with each other. Denote this set as C”. Since the in-
tervals of C’ are paired, this implies that | — {] must
be a multiple of 2. Then. the form of M* is as shown
in Figure 1.

Lemma 3.3 Let M’ be an optimal matching in the
form defined in Lemmas 3.1 and 3.2. WLOG, assume
that the number of intervals cut by V which match
right, r, ts greater than the number of intervals cut by
V" which match left, I. Let i be the unmaiched interval
such that l(7) 1s closest to V among all the unmaiched
intervals. Let j be the interval cut by V which matches
right, such that I(j) is closest to V among all the cut
intervals that match right. Let z = max{I(),1(j)}
(the closest endpoint io V). Let C’ denote the set of
wntervals to the left of V' which are paired together.
Then there erists an optimal matching M* such that
for any interval c € ', = < r(c) < x(V). (For the
case in which | > r, i is the unmaiched interval such
that r(3) is closest to V. Let j be the interval cut
by V which matches left and whose r(j) s closest to
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V. Let z = min{r(i),r(j)}. Then there exists an
optimal matching M* such that for any interval ¢ €
' 2(V)y<le)<z.)

Proof: See the full paper. O

Based on Lemmas 3.1 and 3.2, there is an optimal
matching M* that has four different types of matched
pairs, as illustrated in Figure 1.

Type 1 matches an interval to the left of V' with
one to the right of V.

Type 2 matches an interval to the left of V" with
an interval cut by V.

Type 3 matches an interval to the right of " with
an interval cut by V.

Type 4 matches two intervals on the same side of
‘/7

v
free L
> -—
typed - i
- —
— ————
> - :I typed
—_— -
Y e - ] type2
_—
_— S E— 1 typel

Figure 1: The four types of matched pairs in an max-
imum matching.

From Lemma 2.1, we know that there are b intervals
to the left and to the right of V. We number the
intervals to the left (resp., right) of V from 1 to b
(resp., from b+ 1 to 2b) by decreasing z-coordinates
of the right (resp., left) endpoints and store them in
an array X (resp., Y'). For example, the interval b has
its right endpoint furthest from V and the interval 2b
has its left endpoint closest, to V (see Figure 2). Let
U denote the set of intervals cut by V. Now consider
an interval u € U. The set of possible candidates
for u to “match left” is a range of intervals k, k +
1, .., where k is the interval whose right endpoint is
closest to {(u) on the left (if {(u) < r(b), then this set is
empty). Similarly, the set of possible candidates for u
to “match right” is a range of intervals b+1,0+2, . ... {,
where [ is the interval whose left endpoint is closest 10
r(v) on the right (if r(u) > /(b + 1). then this set is
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empty). Note that we can combine these two sets into
a single range of intervals (k, k+1,...,6,6+1,...,]).
We can also represent the range as ( first, last), where
first = k and last = l. Note that this representation
of all possible matching pairs between U and (X UY
= I —U) is that of a convex bipartite graph.

\4

6 12

— 11
5 U
4 10

3 9
1 - X=1.6 7

Y =7.12

(fu,lu) = (4,10)

Figure 2: Candidates for matching with u € U.

In order to determine the subset of intervals in U
which are candidates for M™*, we construct a convex
bipartite graph G such that A = U, B = I/, and the
edge set E such that (u,b,) € £ iff k < b, <, with
k and ! determined as discussed earlier. Note that A
is convex on B. The maximum cardinality matching
M7, of G is useful to us.

Lemma 3.4 Let M} be a mazimum cardinality
matching of the conver bipartite graph G. Then any
interval u € U not matched in M}, ts not a candidate
for matching in the mazimum matching M~ as defined
in Lemmas 3.1 and 3.2.

Proof: See the full paper. ]

The following operation involving red-blue match-
ing is needed by our algorithms. Given a set Sp of
red points and a set Sg of blue points on the z-axis,
we first perform a red-blue matching to obtain a max-
itnum assignment Mgp of the red points to the blue
points. We then include more red points (S%) and
rerun the red-blue matching algorithm to get a new
optimal matching Mpp on the sets Sp U Sy and Sp.
We claim that it is possible to convert Mpp to an-
other optimal matching My (for Sp U S}; and Sg)
such that every red point in Sy that is matched in
Mpp is also matched in Mp 5.

Lemma 3.5 For every red point r € S which is
matched in Mgrp but not in Mgp, there erisis a dis-
tinct red pownt p(r) € Sk that is to the right of v and
is matched in Mpp.

Proof: See the full paper. m]
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Therefore, to convert Mpp to Mpg such that every
r € Sg which is matched in Mgp is also matched in
M}g, we must find, for every r which is matched in
Mpgp but unmatched in Mpg, a corresponding point
p(r) € Sk that is matched in Mpp and is to the right
of r. There are two sets of points, (i) » € Sg such
that r € Mgp but r € Mppg, and (ii) ' € S% such
that r' € Mpp. We want to find a pairing (matching)
between = and 7’ such that r is to the left of 7. Clearly,
this is an instance of a red-blue matching with the first
set of points as red and the second set of points as blue.

3.2 General Matching Algorithm for
Disjoint Intervals

We begin with a general discussion of the basis for the
algorithms, and then give the main steps.

Let M* be an optimal matching in the form defined
by Lemmas 3.1 and 3.2. Then all intervals not cut by
V will be in M*. Hence we can start with an initial
matching M which consists of the b matched pairs
formed by matching each interval to the left of V with
a distinct interval to the right of V. (In fact, any
interval to the left of V can match with any interval
to the right of V.) We then try to increase the size
of the matching by pairing intervals cut by V with
intervals in M, as described below. Let U be the set
of unmatched intervals with respect to M.

From Lemma 3.2, we know that all free intervals in
M™ will be cut by V. Thus, if we match the maximum
number of cut intervals (i.e., the set U) while simulta-
neously retaining all non-cut intervals in the matching,
then we will have the optimal matching M*. In order
to increase the cardinality of the matching (from the
size of M), for every j € U which is a candidate to
match right (resp., left) with a non-cut interval i, we
must find another interval which can match left (resp.,
right) with mateps (7). That is, by finding a new mate
for both i and mates (i), we increase the cardinality
of the matching (from the size of M) by one pair. Pre-
cisely, we can increase the size of the matching in one
of two ways.

1. For a j € U which matches left (resp., right), we
find another j/ € U which matches right (resp.,
left). Or,

2. For two intervals j,j’ € U which both match left
(resp., right), we find a type-4 interval pair (see
Figure 1) to the right (resp., left) of V. Note that
it takes two intervals of U to match left (resp.,
right) for every type-4 pair to the right (resp.,
left) of V. Consider the pairs formed with j and
j' (say, (i,),(¥,j'), with both i and i’ to the
left of V). These pairs can possibly belong to
M* if we are able to find two intervals from the
right of V to create a type-4 pair (such a type-4
pair does not have to be (mateps (i), matens (¢'))
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because any interval to the left of V' can match
any interval to the right of V).

For all the intervals in U, we determine the max-
imum subset of U which can be matched with the
intervals in M, and let U’ denote this subset. We par-
tition U’ into two subsets: L (resp., R), the set of
intervals of U’ which are paired with some intervals of
M to the left (resp., right) of V. Each interval in L U
R is paired with a unique interval in M. We refer to
any interval in M not paired with an intervalin L U R

as unassigned. If L and R are not equal in size, then

Witwooeyrel, 11 L/ QI LUV Qi HVe Ga 222
we attempt to make the sizes of the two sets equal by
finding from the larger set those intervals which can
be paired with unassigned intervals of M on the op-
posite side of V; i.e., for such intervals, we change the
direction of their matching.

If L and R cannot be made equal in size, then on the
side of V which has fewer candidates (e.g., if |L| > |R],
then the right side of V), we look for type-4 pairs.
WLOG, assume that |L| > |R| (the reasoning is iden-
tical for the case in which |R| > |L|). In order to utilize
in the matching as many intervals in L as possible, we
must find intervals of M to the right of V such that
their matching direction can be reversed (i.e., match
right instead of left). Note that we need to find at
most |(|L| —|R|)/2] type-4 pairs from the intervals to
the right of V. Hence when |L| — |R| is not a multiple
of 2, we delete one interval from L. We then com-
pute the set of intervals to the right of V' which are
candidates for type-4 pairs. For all such candidates,
their endpoints are in the range specified by Lemma
3.3. Let these candidate intervals belong to a set C of
intervals. (C may also contain some intervals from R;
this will be made clear.) For the set C, we compute
its optimal matching M. Let m denote the number
of type-4 pairs in M}. If m > |(|L| — |R})/2], then
we take |(|L| — |R|)/2] type-4 pairs from M and add
them to M*; otherwise, we add all the type-4 pairs
in M? to M*, and delete (|L| — |R[) — 2m intervals
from L. For each remaining [ € L, there is a unique
interval to the left of V with which [ is paired, and
we add these |L| pairs to M*. For each r € R, there
is a unique interval to the right of V with which r
is paired, and we add these |R| pairs to M*. Finally,
there are s unassigned intervals remaining on both the
left and right sides of V; form s pairs from those in-
tervals and add them to M*. M* thus obtained is an
optimal matching in the input interval set .

We now discuss in more detail the various steps
involved. To determine the initial matching M, we
sort the 2n endpoints and determine the location of
the middle line V. Then by Lemma 2.1, the set of
intervals to the left of V is of the same size as the set
of intervals to the right of V. Identify these intervals
and store them in the array M of size 2b. All the
remaining intervals are cut by V and are stored in the
array U.



We next determine, for all the intervals in U,
whether they can be matched with intervals in M.
First, for every u € U, we find the range of the inter-
vals in M with which u is disjoint, as follows. Store the
intervals to the left of V in an array X in decreasing
order of their right endpoints and assign a new index
to each interval from 1 to b; also, store the intervals
to the right of V in an array Y in decreasing order
of their left endpoints and assign a new index to each
interval from b + 1 to 2b. For each u € U, find from
the set X the right endpoint, f,, closest to I(u) on the
left, and from the set Y find the left endpoint, I, clos-
est to (u) on the right. Then using the new indices
1,2,...,2b, express the set of intervals with which u
is disjoint as a range (fu,{,) of intervals. Construct
a convex bipartite graph G = (4, B, E), with A = U,
B =M =1-U, and the edge set E = {(a;,b;) |
a; € bej €1- U,fa, < b] < s, fa, and 10. € M}
Compute a maximum matching M2, in G. As a re-
sult, each u € U which is a candidate for M* (Lemma
3.4) will be assigned to an i € M. Based on whether
i is to the left or right of V, u either matches left or
matches right in M},. Denote the subset of U which
matches left (resp., right) in M} as L (resp., R), and
let k; = |L| and k, = |R|. The intervals of M which
are paired (resp., not paired) in M}, with intervals
in L U R are referred as assigned (resp., unassigned).
For any j € U which is not matched in M, (call these
‘free’), there is no unassigned interval of M with which
J is disjoint (otherwise, M}, would not be optimal);
therefore j need not be considered any further. Fur-
thermore, any ‘balancing’ step (e.g., moving an inter-
val from L to R) will not unassign an interval of M
with which a ‘free’ interval could be paired because
this also implies that M}, is not optimal. The convex
bipartite matching algorithm (the algorithms [1] and
[12] and Lemma 2.2) that we use assigns matches us-
ing the lowest indexed vertices of B first. Therefore,
if k; > k., we must determine whether any of Il € L
can match right instead (so as to make k; = k,). If
kr > ki, knowing that no interval in R can be ‘moved’
to L because of the way matches are made by the al-
gorithm in Lemma 2.2 and [1] and [12], we proceed to
compute the set C that contains the intervals to the
left of V' which are candidates to match with intervals
on the same side of V' (Lemma 3.3). If k; = k,, then
the size of the optimal matching is known and we pro-
ceed with creating the representation of the optimal
matching M*.

If k; > k., then we first attempt to ‘balance’ the
sizes of L and R. To determine the subset of intervals
of L which can also match right, we perform a match-
ing between the intervals in L U R and the intervals
in Y. In this matching, j € L U R can be matched
with i € Y if »(j) < I(?). Thus, we can transform this
into an instance of a red-blue matching. We color the
right endpoints of the intervals in L U R red and the
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left endpoints of the intervals in Y blue, and then per-
form a red-blue matching. Let Mgy be the maximum
red-blue matching so resulted. If |Mpg| > &, then
some intervals of L which formerly matched left are
now matched right. When M}y is computed, it does
not necessarily include all the intervals of K. How-
ever, as shown in Lemma 3.5, we can convert Mpp to
M}, (both optimal) by performing another red-blue
matching with the red points being the right endpoints
of those intervals of R not in Mpp and the blue points
being the right endpoints of the intervals of L which
arein Mpg. If IMpg|—k. > [(ki—k.)/2], then L and
R can be made equal in size by deleting |(k; ~ &,)/2]
intervals of L that match in M} from L and adding
them to R. Otherwise (|Mpg| — k. < [(ki — k,)/2)),
wemovealll € L in M;{’B from L to R and still have
ki > k.. As stated earlier, when computing type-4
pairs, we want k; — k, to be a multiple of 2, so that if
it is not, we delete the interval from L with its right
endpoint closest to V. Note that since we are using
the floor function, if k; — k, = 1, then that interval in
L need not be included in the optimal matching M™.
If k; = k,, then the size of the optimal matching is
known and we proceed with creating the representa-
tion of the optimal matching. If it is still the case of
k; > k., then we next compute, based on Lemma 3.3,
the set C of intervals (for obtaining type-4 pairs from
intervals to the right of V). We find the unique in-
terval j € L such that r(j) is closest to V. As shown
in Lemma 3.3, there exists an optimal matching in I
such that its type-4 pairs consist of only the intervals
of Y whose left endpoints are to the left of 7(j). How-
ever, because some of these intervals may already be
assigned to cut intervals in L U R, we must include
more intervals in C' when computing M. The inter-
vals to be included in C are as follows:

1. All unassigned intervals y € Y. Clearly, at this
stage, there is no unassigned interval of Y’ which is
to the right of r(j) (otherwise j would have been
made to ‘match right’ in the balancing step).

2. All the matched pairs (r, mateM:B(r)) of M;,/B
such that r € R and l(mateM;;B(r)) < r(j). Let
R’ denote this set of matched pairs so obtained
from M,"{B. The pairs R’ are required because
a swap with previously unassigned intervals may
occur, thus creating a type-4 pair. In the example
of Figure 3, clearly we can perform a swap to
generate new pairs (7, uz) and (mateM;B (), w1).

Any assigned interval y € Y such that »(j) < I(y)
need not be included in C. This is because such an
interval y can only be included in a type-4 pair at the
expense of making its former mate (say, r € R) un-
paired. This will not increase the size of the matching.
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Figure 3: An example for inclusion of r € R.

To show this, consider the following two cases.

1. r does not overlap with some unassigned interval
y' € Y. This situation cannot exist because it
implies that we can increase the size of MgB by
pairing (r,y') and (j,y), violating the optimality
of Myp.

(3]

r overlaps with all the unassigned intervals in Y.
If y is paired with an unassigned interval, then
r is free as there is no other unassigned interval
with which it can be paired. Thus, we do not
increase the size of the matching by including y
in C.

For the interval set C, we compute (recursively)
the maximum matching M between disjoint intervals.
Clearly, |M| > |R'|. However, not every interval r €
RN R’ is necessarily included in M?. We will show
next that it is necessary to retain in the matching the
cut intervals in RN R’

We must be careful not to create type-4 pairs at the
expense of removing cut intervals from the set R’ since
this will not increase the size of the matching. This
can be shown as follows: For every cut interval r € R’
which is not in M, it is possible to put r back to the
matching through a swapping operation; furthermore,
the swapping can be performed such that the size of
M is unchanged. We claim that there exists a distinct
interval of one of the following 2 types, with which r
cail be swapped:

1. A formerly unassigned interval which is now a left
mate of a type-4 pair in M.

2. An interval which was the right mateof anr’ € R’
(' not necessarily equal to r) and which is now
the left mate of a type-4 pair in M.

See the full paper for a discussion of the various cases
where a swap can occur.

Thus given M, we want to convert it, in parallel,
to a new optimal matching M?  in C, such that all
r €& RN R’ which are not matched in M are matched

in M7, Let R” = Rn R'. Note that the above case
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analysis gives a sequential procedure to convert M} to
M? . To obtain M? in parallel, we need the following
lemma.

Lemma 3.6 It is possible to convert the optimal
malching M} in C to another optimal matching M}
in C, such that every interval r € R’ is matched
in M}, in O(logn) time on an O(n/logn)-processor
FREW PRAM and on an n-processor hypercube.

Proof: See the full paper. |

So after computing M, we perform twice the red-
blue matching to obtain M, such that all » € R” are
matched in M>'. Let m denote the number of type-
4 pairs in M. If m > |(|L] — |R])/2], then we take
[(JL|—|R]|)/2] type-4 pairs from M;' and add them to
A*. All other type-4 pairs in Mc*’ are ignored (these
intervals will be paired with intervals on the other side
of V). If m < [(|L] = |R|)/2], we add all the type-4
pairs in M to M* and delete (|L|—|R|)—2rn intervals
from L. For each r € R, there is a unique interval to
the right of V' with which it is paired, we add these
|R| pairs to M*. For each | € L, there is a unique
interval to the left of V' with which it is paired, we add
these |L| pairs to M*. Finally, there are s unassigned
intervals remaining on both the left and right sides of
V" which form s pairs, and we add them to M™. The
matching M* thus obtained is an optimal matching in
the input interval set I. This is because there exists no
augmenting path that includes an unmatched interval
to the right of V such that the size of the matching
can be increased from the size of M* (otherwise, either
M?" would have not been optimal in C or M7, would
have not been optimal in the convex bipartite graph
G =(UI-UE).

If k. > k;, then due to the nature of the convex
bipartite matching algorithm (Lemma 2.2), we cannot
perform further ‘balancing’ and hence proceed directly
to computing the set C of intervals to the left of V
which are candidates for type-4 pairs. The computa-
tion for this case is symmetric to the case of k; > k.

The formal description of the main steps of our par-
allel algorithms is now given. The implementation de-
tails on the EREW PRAM and on hypercubes are
described in the full paper. The algorithms produce a
maximum matching of the set of intervals /.

Algorithm G-Disj-Match(/, A, B)

Input: A set | = {I1,I,...,I,} of n intervals,
each specified by its two endpoints.

Qutput: A set, A, of first elements of the pairs of
an optimal matching M in I and a set, B, of second
elements of the pairs of the matching M~ listed in
corresponding order.

1. Sort by the z-coordinates of the left and right
endpoints in [ and relabel the intervals so that
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i < j if I(3) < I(7), if the endpoints are not given
already sorted.

. Compute the location of the middle line V' and
the set U of intervals cut by V. Let |I —U| = 2b.
the number of intervals not cut by V.

. Obtain the subset X of the intervals to the left of
V' and raintain them in the order of decreasing
right endpoints. Assign these intervals a label
from 1 to b such that ¢ < j if »(i) > r(j).

. Obtain the subset Y of the intervals to the right
of V and maintain them in the order of decreasing
left endpoints. Assign these intervals a label from
b+ 1 to 2b such that 7 < 7 if [{7) > I(j).

. Compute for each u € U, the range of intervals in
I-U (i.e., XUY) which are possible candidates
for matching, using the labels assigned in Steps
3 and 4. Express this range as (first, last) (ie.,
(furtu)).

Construct a convex bipartite graph G = (U, I —
U, E) with the edge set E = {(a;,b;) | a; € U;bj €
I-U, fa, <b; <lg}, by using the values of f,
and [, computed in Step 5. Compute a maximuin
matching M7, in G. (M}, gives the maximum
number of intervals of {7 that can match left or
right.) After the matching, each interval of U that
is matched has an interval numbered from 1 to 2b
assigned. If the assigned interval is in the range
1...b, then the interval matches left, otherwise
it matches right. Let L (resp.. %) be the subset
of intervals of I’ that match left (resp., right) in
M2 If|L] = |R|, then return as M* the matched
pairs from L and R and the matched pairs formed
from the intervals in I - U. ({ € L goes in B, its
mate in A. r € R goes in A, its mate in B. Each
interval in X that is unassigned goes in A; each
mterval in Y that is unassigned goes in B). Else
continue.

If |L] > [R], let Red = {r(j) | j € (LUR)},
Blue = {I(j) | j € Y'}. Perform a red-biue match-
ing to see how many intervals of L can also match
right. Let Myy denote the resulting maximum
red-blue matching. For each red point (r € LUR)
in Mgp. we have a blue point (b € Y} assigned.
If not every r € R is included in Mgy, then we
do another red-blue matching with Red = {r(j) |
JERand j & Mpp} and Blue = {r(j) | j € L
and j € Mpp} to transform it (Lemma 3.5) to
Mpg. I |Mpgl— Rl > [(IL] - R[)/2], then we
add |(|L|—|R|)/2] intervals of L that are in M,
to R and remove them from L. If |[L| - |R| =1,
then delete one interval from the larger set (since
the two sets L and R must be equal in size). At
this point, [L] = |R|. M* is obtained as follows.
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. At this point, either |L| > |R| or |R

Every interval in R goes in A, its mate goes in
B. Each interval in L goes in B, its mate goes in
A. Each unassigned interval in X goes in A; each
unassigned interval in Y goes in B. Return. Else
continue (with |L| # |R]).

I |M7gl—|RI < [(IL1=IRI)/2], then add |M 5|~

|R| intervals of L that are in MﬁlB to R and delete
them from L.

> |L|.
If |[L] — |R| is an odd number, then delete onle
interval (whose left or right endpoint is closest
to V) from the larger set. If |R| > |L|, then
we find j € R, whose {(j) is closest to V. Let
z =1(j). Compute the set, C, of intervals from X
whose right endpoints are to the right of z (i.e,
r(c) > z,c € X). If mateM;llB(c) € L, then we
also include mateM;z/B(c) in C. Let .’ denote

the intervals of L in C. Similarly, if |Z| > |R],
we find j € L whose r(j) is closest to V. We
let z = r(j), and compute the set C such that
lle) < z,e e Y. If 1naten1;35(c) € R, then we
also include mateM‘.qrB {¢) in C. Let R’ denote the

intervals of Rin C.

Let M} = G-Disj-Match(C, A, B').

. If |L| > |R|, then examine the intervals in A’

to see if all the intervals r € RN R’ have been
retained. If not, convert the optimal matching
M? in C to another optimal matching MC"I in C,
such that all the intervals of RN R’ are matched in
M? (by using Lemma 3.6). Update A’ according
to the pairs in M.

. If |R| > |L|, then examine the intervals in B’

to see if all the intervals I € L N L’ have been
retained. If not, convert the optimal matching
M in C to another optimal matching A7 in C,
such that all the intervals of LN L' are matched in
M;" (by using Lemma 3.6). Update B’ according
to the pairs in ,'\/Ic*"

Identify the type-4 pairs in (4’, B’) and delete all
other pairs (which are pairs involving intervals in
Ror L).

Let w = [(|L] - |R]|)/2|. If |A"| < w, then remove
intervals from R (resp., L) whichever is larger so
that |R| = |L| 4 2]A’| (resp., |L| = |R| + 2|A")).
If |A'| > w, then delete (|A'] — w) pairs from
(A, B’). M* is obtained as follows. Return the
remaining pairs in (4’, B’) and the matched pairs
from R and L. (An interval in L goes in B, its
mate in A. An interval in R goes in A, its mate
in B. Each interval in A’ goes in A; each inter-
val in B’ goes in B.) Each interval in X that is



unassigned goes in A; each interval in Y that is
unassigned goes in 3. Return.

Theorem 3.1 Given a set I of n intervals, algorithm
G-Disj-Match solves the mazimum matching prob-
lem between disjoint intervals in O(]ogan) time using
O(n/log® n) processors on the EREW PRAM and us-
ing n processors on the hypercubes.

Proof: The correctness and time and processor com-
plexities follow from the descriptions presented in the
full paper. o
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