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Abstract 
Given a set of‘ n zntervals represtnt2ng an interval 
graph, the problem of jindzng a natzxzmum matchrng 
berween pairs of dzsjoint (nonintersecting) intervals 
has been considered in the sequentzal model. Here 
U~I present parallel algorithms for computzng maxi- 
mum cardinalzty matchings among pazrs of disjoint in- 
tt rvals in znterval graphs rn the BRE’W PRA:CI and 
hypercube modtJ1.s. For tht general case of the prob- 
lem? our algoriihms compute a mtlxlmum matchzng in 
O(log3n) time using 0( n,Jlog2n) processors on the 
EllEW PRAM and using O(n) pro’:cs.sors on th,e hy- 
ptjrcubes. Fo,r ihe case of proper t,nterval graphs, our 
algorithm runs in O(log n) time wi~~g O(n) processors 
zj fhe znput intervals arc not given dzlready sorted and 
using O(n/ log n) processors otherwise, on the EREW 
F’I’tAM. On n-processor hypercubrs, our algorithm for 
this case takes O(log n loglogn) tlmt for unsorted UA- 
prit and O(logn) time jar sorted 2’lrput. Our parallel 
w.uults al.so lead to optimal sequential algorrth.ms ,for 
computing marlmum matchings among disjoint inter- 
vals. We also present an zmprowd pa,rallel algorithm 
fw maxamum matchzng beiween ovt rlappzny zntervals 
in proper interval graph.s. 

1 Introduction 
Cclnsider an interval set I = {IL, I,: , In} on the 
e.;txis, where int.erval Ii q : [l(i), r(i)] is specified by 
it> t,wo endpoints: the left endpoint. l(i)! and the 
right endpoint, r(i). with l(i) < r(i). Two inter- 
Yi+ls I, = [l(i), r(i)] an1.i IJ = [l(.i), ,r(j)] are dzsJoint 
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if r(i) < l(j) or r(j) < l(i); otherwise they overlap. A 
graph G is called an znterval graph if there exists a set 
Ic of intervals such that there is a one-to-one corre- 
spondence between t,he vertices of G and the intervals 
in IG, and that any two vertices in G are connected 
by an edge if and only if their corresponding intervals 
in IG overlap. Such an interval set 1~ is called an in- 
terval model of G. An interval graph G is said to be 
proper if and only if there is an interval model 1~ of 
G such that no interval in IG is contained within any 
ot,her interval in I(:. Interval graphs find applications 
in many areas, such as VLSI design, scheduling, biol- 
ogy, traffic control, and archeology [15]. In this paper, 
we assume that an interval model of the correspond- 
ing interval graph is already given. We will refer to 
interval Ii, interval i, interval [l(i), r(i)], and vertex i 
(corresponding to Interval i) interchangeably. 

A matching in a. graph G is a subset M #,)f edges of 
Cl such that no two distinct. edges in M are incident 
to the same vertex. The problem of computing maxi- 
mum mat,chings in graphs has many applications and 
has received a lot of attention [lo]. However, there is 
no known deterministic parallel algorithm for comput- 
ing maximum matchings in general graphs that takes 
polylogarithmic time using a polylogarithmic number 
of processors [17]. 

We consider the following matching problem on 
a set I of n intervals: Find a maximun1 cardinal- 
ity matching M for I such that two interkals can be 
matched in M only if they are disjoint. This problem, 
in fact, is that of computing a maximum {Tardinality 
matching in the complement graph of the cl,rrespond- 
ing interval graph G of I, and such a complement 
graph is called a comparability graph. An O(n logn) 
t,ime sequential algorithm for this matching problem is 
given by Andrews and Lee [3]. A related problem for 
matching in interval graphs was considered by Moitra 
and Johnson 1241, who give a sequential anrl a parallel 
algorithm for finding maximum cardinality matchings 
in interval graphs where two overlapping intervals can 
he matched. To the best of our knowledge there was 
no efficient parallel algorithm (i.e., in polylogarithmic 
time using a polylogarit,hmic number of ljrocessors) 
previously known for finding maximum miltchings in 
comparability graphs. 

We present, the first efficient parallel algorithms for 
computing maximum cardinality matchings in inter- 
val models in which only disjoint intervals can be 
matched. For the general case of the problem, our al- 
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gorlthms compute a maximum matching in O(log” 71) 

t ime using O(n/log’n) processors on the EREW 
PRAM and using O(n) processors on the hypercubes. 
For the case of proper interval graphs, our algo- 
rit,hm runs in O(logn) time using O(n) processors 
if the intervals are not given already sorted and us- 
ing O(n/ logn) processors otherwise, on t,he EREW 
PRAM. On n-processor hypercubes, ‘our algorithm 
folk this case takes O(log ‘n loglogn) time for unsorted 
input and O(logn) time for sorted input. The ap- 
prr>aches used by our parallel algorithms are very dif- 
ferent from the seemingly inherently sequential plane 
su.cepzng method used in [3], and are based on new 
chnracterizations of this matching problem. In fact, 
by simulating sequentially our EREN PRAM algo- 
rit.hm, we can immediately give an optimal sequential 
0( u log R) t,ime algorithm for computing maximurn 
mar,chings among disjoint intervals. Furthermore, if 
thcs endpoints of the input intervals are given sorted, 
we can make our sequent,ial algorithm for computing 
maximum mat,chings among disjoint intervals run in 
linear time, as follows: A key subproblem in our par- 
alhl algorithms for computing maximum matchings 
anlong disjoint intervals is the problem of finding max- 
imum matchings in convex bipartite graphs, which can 
be solved sequentially in linear time [13, 231 by using 
tht, optimal sequential algorithm for computing maxi- 
mum matchings in convex bipartite graphs [13, 231. 
Bj simulating sequentially the rest, of our EREXV 
PFiAM algorithm, a maximum matching among dis- 
joint intervals can be obtained in linear time. Such a 
secluential algorithm is very different from the plane 
sweeping algorithm of Andrews and Lee [3] (which 
still requires O(n logn) time for sorted input int,er- 
vals). We also give an EREW PRAM algorithm for 
maximum matching between overlapping intervals rn 
prl Iper interval graphs, improving the processor com- 
plt,xity of the previously best known solution for this 
problem [24] by a fa.ctor of n/ log n. 

I’he computational models we USC are t,he EREJY 
PH UI and n-processor llypercube [:!a]. 

The rest of the paper is organized as follows. Sec- 
tion 2 gives some not.ation and preliminary results we 
neell. In Section 3, we present parallel algorithms 
for the disjoint matching problem for general interval 
graphs. In the interest of space, the algorithms for the 
disj ioint mat#ching problem for proper interval graphs 
ani I our improved parallel al.gorithm for the matching 
problem ou overlapping intervals are omitted. See the 
full paper [2]. 

2 Preliminaries 

Thr input consists of a set of n intervals I = 
{I,, I,, . I , In}. To avoid cluttering the exposition, 
we assume that no two input intervals have the same 

endpoint (i.e., the 2n endpoints are distinct). Our al- 
gorithms can easily be modified for the general case. 

We first sort the 2n endpoints in I from left to 
right if they are not given sorted. This sorting can be 
done in O(logn) time using O(n) processors on the 
EREW PRAM [9] and in O(log n log log n) t,ime on n- 
processor hypercubes [ll]. From now on, we assume 
that the 2n endpoints in 1 are available in this sorted 
order. On the EREW PRAM, these endpoints are 
stored in an array; on an n-processor hypercube, each 
processor PEi  stores 2 endpoints, with the sorted or- 
der of the endpoints corresponding to the increasing 
order of the processor indices. Without loss of gen- 
erality (WLOG), we also assume that the intervals in 
I have been relabeled such that i < j implies I(i) oc- 
curs before l(j) in the sorted array of endpoints. In 
the case of proper intervals, i < j also implies r(i) oc- 
curs before r(j) in the sorted array of endpoints. This 
relabeling can be easily implemented by a parallel pre- 
fix computation. The parallel prefix operation can be 
performed in O(log n) time using O(n/ log 71) proces- 
sors on the EREW PRAM [20, 211 and in O(logn) 
time on n-processor hypercubes [22]. 

Given a matching M  for I, we say that an interval 
matches left (resp., right), denoted by a left (resp., 
right) arrow, if it is matched with an interval to its 
laft (resp., right). An interval is free if it is unmatched 
with respect t,o M. That interval i is matched with j 
in !M is denoted as mateM = j. 

An interval i is said to be lo the left (resp., right) 
of a vertical line L if T(i) < z(L) (resp., l(i) > Z(L)), 
where Z(L) denotes the x-coordinate of L. 

Definition 2.1 A middle line V  is a vertical line that 
divides the set of2n endpoints of I into two subsets, 
with one subset to each side of V, such that every sub- 
sft has exactly n endpoints. Those intervals of I that 
are cut by a middle line C’ are called cut intervals. 

Lemma 2.1 For any middle line If, the number b of 
irltervals not cut by V  lying to the left of V  is the 
same as the number of intervals not cut by 1,’ lying to 
th,e right of V. Furthermore, b < JMI? where M  is a 
maximum matching of I. 

Proof: See the full paper. 0 
The following problem, defined by Kim [ 181, plays 

au important role in our algorithms. 

Definition 2.2 Gi,ven a set of points on the x-axis, 
some colored red and the other colored blue, a red point 
r can be matched with a blue point b if x(r) < x(b). 
7’he red-blue matching problem is to find a rn.aximum 
matching between the red and blue points. 

Kim [18] presents an EREW PRAM Jgorithm 
for the red-blue matching problem with sorted input 
which takes O(logn) time using n/ log n processors. 
On n-processor hypercubes, the red-blue matching 
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problem with sorted input can be solved in O(logn) 
time, as follows: First apply Kim’s reduction [18] to 
reduce the problem to the all nearest smaller values 
problem [4] (this reduction takes O(logn) time on the 
hypercubes since it mainly performs parallel prefix); 
then use the optimal hypercube algorithms by Chen 
[81 and Kravets and Plaxton [19] to solve the all near- 
es;t. smaller values problem in O(log 11) time. 

Our algorithms also make use of convex bipartite 
graphs which are defined next. 

Definition 2.3 A  convea’ bipartzte graph G = 
(.‘I, B, E) is a bipartite graph wht,re A  and B  are 
respectively sequences of vertices (al; a2, , a,) and 
(bl, b?!. . ., b,,), and E 1s the set o,f edges. (a, b) E  E  
iorrplzes that a E  A  and b E  B, and furthermore, 
(u,, b3) E  E  zfl f; 5 j 2 li, whew fi (resp., 1,) is 
tb( zndex of the $r.si (resp.. last,.) t lement in B  with 
u:rzch, ai 2s connecied. 

Maximum cardinality matchings in convex hipar- 
tit,r: graphs can be computed sequentially by using i.he 
litlear time algorithm of Gabow and Tarjan [13] that 
is based on the, nearly linear time solution of Lipski 
aold Preparata [23], or by using the O(n logn) (*ime 
algorithm of Gal10 [14]. The next lemma is neederl by 
o~tr PRAM algorithrr~s. 

Lctmma 2.2 For every convex bzpartite graph (: = 
(,I, B, E) with. IAl 2 ( n and [El < 71, a maximum cardi- 
nrll~ty matchzng 51;“t of (; can be obtained in O(log2 n) 
irlrle using O(n/ logn) ER E  W  PRA:M processors. 

Proof: The basic idea IS to apply Brent’s theorenl [6] 
t,o simula.te the parallel algorithm ‘of Dekel and Sahni 
[l:!] for computing maxirnurn cardinality matchings in 
convex bipart#ite graphs Dekel and Sa,hni’s algorithm 
[I?] computes a maximum cardinalitS- matching in a 
coIlvex bipartite graph ~1 O(log2 T~J time using O(n) 
E:REW PRAM processors. Note that. the algorithm 
iii [la] consists of two passes, each pass traversing a 
complete binary trets of n leaves levtbl by level. At 
e:ra.h level, the algorithin in [12] essc$ntially performs 
a ~~onstant number of p:hrallel merges; hence the nuln- 
br*r of operations performed by this algorithm at each 
lc~el is O(ll). The t.otal number of’ <operations taken 
b> the algorithm of Dekel and Sahni [12], therefore, 
is O(nlogn). By applying Brent’s theorem [6] and 
bq using the pa.rallel rnl,rge algorithms on the EREW 
PILAM [5, 7, 161, wc car] easily simulate the algorithm 
[l:?] ui O(log” n) t’ lmc using O(n/ log, 1~) ER.EW PRAM 
prc~cessors. 0 

A maximum cardinality matchmg in convex bipar- 
tile graphs can be computed in O(log’ n! time using 
O( n) processors on an n-processor hypercube [I]. 

3 Disjoint Matching for Gen- 
eral Interval Graphs 

In the next subsection (3.1), we give the ol)servations 
for our algorithms. Subsection 3.2 presenls the idea 
and main steps for finding a maximum matching be- 
t.ween disjoint intervals in general interval graphs. We 
refer you to the full paper for details of our EREW 
PRAM and hypercube algorithms. 

3.1 Useful Observations 

Our algorithms for the general case of disjoint 
iltg are based on the following observations, 

match- 

Lemma 3.1 There exists an optzmal matching M ’ 
such that either the matched intervals in M* that are 
to the left of a m.iddle line V  all have rrght arrows 
(l.e., they match right), or the matched z/ltervals in 
!I[* that are to the right of V all haue left al-rows (i.e., 
ihey match left). 

Proof: See the full paper. 0 

Lemma 3.2 There exists an optzmal matching M ’ 
such that the middle line V  cuts all free intervals with 
respect to M ”. 

Proof: See the full paper. 0 
Based on Lemmas 3.1 and 3.2, there exists an op- 

t.imal matching such that all the non-cut intervals on 
either the left of v match right or vzce versa. For all 
the cut intervals, some of them (say, 1) match left and 
some of them (say, r) match right,. WLOG, assume 
that all the non-cut intervals to the right of V  match 
lrft; this implies that r 2 1. Then there are precisely 
11‘ - II intervals lying to the left of V which are paired 
with each other. Denote this set as C’. Since the in- 
tcrvals of C’ are paired, this implies that Ir - 11 must 
he a multiple of 2. Then, the form of M’ is as shown 
in Figure 1. 

Lemma 3.3 Let M ’ be an optimal matching in the 
form defined in Lemmas 3.1 and 3.2. WLOG, assume 
that the number of intervals cut by V  which match 
right, r, is greater than the number of interuals cut by 
I’ which match left, 1. Let i be the unmatched anterval 
such that I(i) is closest to V  among all the unmatched 
zntervals. Let j be the interval cut by C’ which matches 
rrght, such that l(j) is closest to V  among all the cut 
zutervals that match right. Let z = mar{l(i),l(j)} 
(‘the closest endpoznt to V). Let C’ denott the set of 
zutervals to the left of 1’ whtch are paired together. 
Then there exists an optimal matching M* such that 

for any interual c E  C’, ; 5 r(c) < x(V). (For the 
case in which, 1 > r, i is the unmatched inlerval szrch 
that r(i) is closest to V. Let j be the irzterval cut 
by V  which matches lefl and whose r(j) 2:; closest to 
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V. Let 2 = min{r(i),r(j)}. Then there exists un 
optimal matching M’ such that for any interval c E 
C’, x(V) 5 l(c) 5 z.) 

Proof: See the full paper. 0 
Based on Lemmas 3.1 and 3.2, there is an optimal 

matching M’ that has four different types of matched 
parrs, as illustrated in Figure 1. 

Type 1 matches an interval to the left of IJ’ with 
one to the right of V. 

Type 2 matches an interval t,o the left of IJ’ with 
an interval cut by I’. 

Type 3 matches an interval to the right of V with 
an interval cut by 1;‘. 

Type 4 matches two intervals on the same side of 
V 

Ii 

empty). Note that we can combine these two sets into 
asinglerangeofintervals(k,k+l,,... b,b+l,..., 1). 
We can also represent the range as (first, lust), where 
first = k and last = 1. Note that this representation 
of all possible matching pairs between U and (X u Y 
ZZ I - U) is that of a convex bipartite graph. 

V 

6- -L 12 
- 11 

5- U 
4- 10 
3 9 

-. 2 8 

l- x = 1...6 -7 

Y = 7...1‘2 

(fu,L) = (4910) 

Figure 2: Candidates for matching with u E U 

free L 
w-4 

t ype3 

[ 

b - 
b4 

-4-- 7 - type4 

+ 
-f- -1 type2 

Yb ‘- type1 

Figure 1: The four t,ypes of matched pairs in an max- 
im urn matching. 

From Lemma 2.1, we know that there are b intervals 
to the left and to the right of I’. We number the 
intervals to the left (resp., right) of ‘V from 1 t’o b 
(resp., from b + 1 to 26) by decreaszng z-coordinates 
of the right (resp., left) endpoints and store them in 
an array X (resp., Y). For example, the interval b has 
its right endpoint furthest from 1.’ and the interval 2b 
ha?- its left endpoint closest, to V (see Figure 2). Let 
11 denote the set of intervals cut, by 1’. sow consider 
ail interval u E I/. The set of possible candidates 
for u to ‘match left“ is a range of intervals k, k + 
1, , b, where k is the interval whose right endpoint is 
closest, to 1(u) on the left (if l(u) 5, r( 6). then this srt, is 
enlpty). Similarly, tht: set of posstbl? candidates for u 
t,o “match right,” is a range of intervals b+ 1, b+2, 1, 
where 1 is the interval whose left endpoint is closest to 
T(U) on the right (if V(U) 2 l(b + 1). t.hert this set is 

In order to determine the subset of intervals in U 
which are candidates for M’, we construct, a convex 
bipartite graph G such that A = U, B = I-11, and the 
edge set E such that (u, b,) E E iff k 5 6, < 1, with 
k and 1 determined as discussed earlier. Nr:bte that A 
is convex on B. The maximum cardinality matching 
!ll;b of G is useful to us. 

Lemma 3.4 Let M:b be a maximum rardinality 
matching of the convex bipartite graph G. Then any 
zhterval u E Ci not matched in MC** is not u candidate 
for matching zn the maximum matching M’ as defined 
111 Lemmas 3.1 and 3.2. 

Proof: See the full paper. 0 
The following operation involving red-blue match- 

ing is needed by our algorithms. Given a set SR of 
red points and a set. S, of blue points on r he z-axis, 
we first perform a red-blue matching to obtain a max- 
imum assignment MRB of the red points to the blue 
points. We then include more red points (Sk) and 
rerun the red-blue matching algorithm to get a new 
optimal matching Mhs on the sets SR U S), and SE. 
We claim that it is possible to convert MkB to a.n- 
other optimal matching M& (for SR U S$, and SS) 
such that every red point in SR that is nkatched in 
f\lR~ is also matched in :M&. 

Lemma 3.5 For ezjery red point r E SR which is 
matched in MRn but not in MhB, there exists a dzs- 
t/net red point p(r) E Sk that is to the right ofr and 
zs matched in M&” 

Proof: See the full paper. 0 
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Therefore, to convert MkB to M&, such that every 
T E SR which is matched in MRB is also matched in 
M&, we must find, for every r which is matched in 
MRB but unmatched m M&, a corresponding point 
p(y) E Sk that is matched in MkB and is to the right 
of r. There are two sets of points, (i) r E SR such 
that r E MRB but r @  M&, and (ii) r’ E Sk such 
that T’ E MA,. We want to find a pairing (matching) 
between T and T’ such that r is to the left of T’. Clearly, 
this is an instance of a red-blue matching with the first 
set of points as red and the second set of points as blue. 

3.2 General Matching Algorithm for 
Disjoint Intervals 

We begin with a general discussion of the basis for the 
algorithms, and then give the main steps. 

Let M* be an optimal matching in the form defined 
by Lemmas 3.1 and 3.2. Then all intervals not cut by 
V  will be in M ’. Hence we can start with an initial 
matching M  which consists of the b matched pairs 
formed by matching each interval to the left of V  with 
a distinct interval to the right of V. (In fact, any 
interval to the left of V  can match with any interval 
to the right of V.) We then try to increase the size 
of the matching by pairing intervals cut by V  with 
intervals in M, as described below. Let U be the set 
of unmatched intervals with respect to M. 

From Lemma 3.2, we know that all free intervals in 
M* will be cut by V. Thus, if we match the maximum 
number of cut intervals (i.e., the set U) while simulta- 
neously retaining all non-cut intervals in the matching, 
then we will have the optimal matching M ’. In order 
to increase the cardinality of the matching (from the 
size of M), for every j E I1 which is a candidate to 
match right (resp., left) with a non-cut interval i, we 
must find another interval which can match left (resp., 
right) with mateM( That is, by finding a new mate 
for both i and mateM( we increase the cardinality 
of the matching (from the size of M) by one pair. Pre- 
cisely, we can increase the size of the matching in one 
of two ways. 

1. For a j E CT which matches left (resp., right), we 
find another j’ E U which matches right (resp., 
left). Or, 

2. For two intervals j, j’ E U which both match left 
(resp., right), we find a type-4 interval pair (see 
Figure 1) to the right (resp., left) of V. Note that 
it takes two intervals of U  to match left (resp., 
right) for every type-4 pair to the right (resp., 
left) of V. Consider the pairs formed with j and 
j’ (say, (i, j), (i’, j’), with both i and i’ to the 
left of V). These pairs can possibly belong to 
M’ if we are able to find two intervals from the 
right of V  to create a type-4 pair (such a type-4 
pair does not have to be (mateM(i),mateM(i’)) 

because any interval to the left of V  can match 
any interval to the right of V). 

For all the intervals in U, we determine the max- 
imum subset of U  which can be matched with the 
intervals in M, and let U’ denote this subset. We par- 
tition U’ into two subsets: L (resp., R), the set of 
intervals of U’ which are paired with some intervals of 
M  to the left (resp., right) of V. Each interval in L U 
R is paired with a unique interval in M. We refer to 
any interval in M  not paired with an interval in L U R 
as unassigned. If L and R are not equal in size, then 
we attempt to make the sizes of the two sets equal by 
finding from the larger set those intervals which can 
be paired with unassigned intervals of M  on the op- 
posite side of V; i.e., for such intervals, we change the 
direction of their matching. 

If L and R cannot be made equal in size, then on the 
side of V  which has fewer candidates (e.g., if IL1 > IRI, 
then the right side of V), we look for type-4 pairs. 
WLOG, assume that IL/ > 1RI (the reasoning is iden- 
tical for the case in which I R( > ) LI). In order to utilize 
in the matching as many intervals in L as possible, we 
must find intervals of M  to the right of V  such that 
their matching direction can be reversed (i.e., match 
right instead of left). Note that we need to find at 
most [( IL1 - IRl)/2] type-4 pairs from the intervals to 
the right of V. Hence when IL1 - /RI is not a multiple 
of 2, we delete one interval from L. We then com- 
pute the set of intervals to the right of V  which are 
candidates for type-4 pairs. For all such candidates, 
their endpoints are in the range specified by Lemma 
3.3. Let these candidate intervals belong to a set C of 
intervals. (C may also contain some intervals from R; 
this will be made clear.) For the set C, we compute 
its optimal matching M:. Let m  denote the number 
of type-4 pairs in M,‘. If m  2 [(IL1 - IRI)/2], then 
we take L( IL1 - I RI)/21 type-4 pairs from Mf and add 
them to M*; otherwise, we add all the type-4 pairs 
in M,’ to M ”, and delete (IL/ - IRI) - 2m intervals 
from L. For each remaining 1 E L, there is a unique 
interval to the left of V  with which I is paired, and 
we add these IL1 pairs to M*. For each T E R, there 
is a unique interval to the right of V  with which r 
is paired, and we add these IRI pairs to M ”. Finally, 
there are s unassigned intervals remaining on both the 
left and right sides of V; form s pairs from those in- 
tervals and add them to M ’. M ” thus obtained is an 
optimal matching in the input interval set I. 

We now discuss in more detail the various steps 
involved. To determine the initial matching M, we 
sort the 2n endpoints and determine the location of 
the middle line V. Then by Lemma 2.1, the set of 
intervals to the left of V  is of the same size as the set 
of intervals to the right of V. Identify these intervals 
and store them in the array M  of size 2b. All the 
remaining intervals are cut by V  and are stored in the 
array U. 
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We next determine, for all the intervals in U, 
whether they can be matched with intervals in M. 
First, for every u E U, we find the range of the inter- 
vals in M  with which u is disjoint, as follows. Store the 
intervals to the left of V  in an array X in decreasing 
order of their right endpoints and assign a new index 
to each interval from 1 to b; also, store the intervals 
to the right of V  in an array Y in decreasing order 
of their left endpoints and assign a new index to each 
interval from b + 1 to 26. For each u E U, find from 
the set X the right endpoint, fU, closest to I(u) on the 
left, and from the set Y find the left endpoint, I,, clos- 
est to r(u) on the right. Then using the new indices 
1,2,. . ,2b, express the set of intervals with which u 
is disjoint as a range (fU, lU) of intervals. Construct 
a convex bipartite graph G = (A, B, E), with A  = U, 
B=M=I-U, and the edge set E  = {(ai, bj) I 
G  E CT, bj E I - U, f*, 5 bj 5 I,, , fa, and I,, E M}. 
Compute a maximum matching Mc+b in G. As a re- 
sult, each u E U which is a candidate for M ’ (Lemma 
3.4) will be assigned to an i E M. Based on whether 
i is to the left or right of V, u either matches left or 
matches right in M,“,. Denote the subset of U which 
matches left (resp., right) in M$ as L (resp., R), and 
let kl = IL/ and Ic, = IRI. The intervals of M  which 
are paired (resp., not paired) in Me36 with intervals 
in L U R are referred as assigned (resp., unassigned). 
For any j E U which is not matched in Me+b (call these 
‘free’), there is no unassigned interval of M  with which 
j is disjoint (otherwise, Mc+b would not be optimal); 
therefore j need not be considered any further. Fur- 
thermore, any ‘balancing’ step (e.g., moving an inter- 
val from L to R) will not unassign an interval of M  
with which a ‘free’ interval could be paired because 
this also implies that Me+b is not optimal. The convex 
bipartite matching algorithm (the algorithms [l] and 
[la] and Lemma 2.2) that we use assigns matches us- 
ing the lowest indexed vertices of B  first. Therefore, 
if Icr > k,, we must determine whether any of 1 E  L 
can match right instead (so as to make kl = k,.). If 
k, > kl, knowing that no interval in R can be ‘moved’ 
to L because of the way matches are made by the al- 
gorithm in Lemma 2.2 and [l] and [12], we proceed to 
compute the set C that contains the intervals to the 
left of V  which are candidates to match with intervals 
on the same side of V  (Lemma 3.3). If kl = k,, then 
the size of the optimal matching is known and we pro- 
ceed with creating the representation of the optimal 
matching M ’. 

If kl > k,, then we first attempt to ‘balance’ the 
sizes of L and R. To determine the subset of intervals 
of L which can also match right, we perform a match- 
ing between the intervals in L U R and the intervals 
in Y. In this matching, j E L U R can be matched 
with i E Y if r(j) < l(i). Thus, we can transform this 
into an instance of a red-blue matching. We color the 
right endpoints of the intervals in L U R red and the 

left endpoints of the intervals in Y blue, and then per- 
form a red-blue matching. Let M &  be the maximum 
red-blue matching so resulted. If IMiB ] > k,, then 
some intervals of L which formerly matched left are 
now matched right. When MiB is computed, it does 
not necessarily include all the intervals of R. How- 
ever, as shown in Lemma 3.5, we can convert MiB to 
A!& (both optimal) by performing another red-blue 
matching with the red points being the right endpoints 
of those intervals of R not in MiB and the blue points 
being the right endpoints of the intervals of L which 
are in M&B.  If I M&k  ( - k, 2 [( kl - k,.)/2J, then L and 
R can be made equal in size by deleting [(kl - k,)/2] 
intervals of L that match in Mi iB from L and adding 
them to R. Otherwise (IM& 1 - k, < [(kl - k,)/2j), 
we move all 1 E  L m  M A ’B from L to R and still have 
h > k,. As stated earlier, when computing type-4 
pairs, we want ICI - k, to be a multiple of 2, so that if 
it is not, we delete the interval from L with its right 
endpoint closest, to V. Note that since we are using 
the floor function, if kl - k, = 1, then that interval in 
L need not be included in the optimal matching M ’. 
If k, = k,, then the size of the optimal matching is 
known and we proceed with creating the representa- 
tion of the optimal matching. If it is still the case of 
k, > k,, then we next compute, based on Lemma 3.3, 
the set C of intervals (for obtaining type-4 pairs from 
intervals to the right of V). We find the unique in- 
terval j E L such that r(j) is closest to V. As shown 
in Lemma 3.3, there exists an optimal matching in I 
such that its type-4 pairs consist of only the intervals 
of Y whose left endpoints are to the left of r(j). How- 
ever, because some of these intervals may already be 
assigned to cut intervals in L U R, we must include 
more intervals in C when computing Mf. The inter- 
vals to be included in C are as follows: 

1. All unassigned intervals y E Y. Clearly, at this 
stage, there is no unassigned interval of Y which is 
to the right of r(j) (otherwise j would have been 
made to ‘match right’ in the balancing step). 

2. All the matched pairs (r,muteM;oB(r)) of Mi’B 
such that r E R and l(muteM.$r)) < r(j). Let 
R’ denote this set of matched pairs so obtained 
from M&i.  The pairs R’ are required because 
a swap with previously unassigned intervals may 
occur, thus creating a type-4 pair. In the example 
of Figure 3, clearly we can perform a swap to 
generate new pairs (r, ~2) and (muteMA;( ~1). 

Any assigned interval y E Y such that r(j) < l(y) 
need not be included in C. This is because such an 
interval y can only be included in a type-4 pair at the 
expense of making its former mate (say, r E R) un- 
paired. This will not increase the size of the matching. 
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Figure 3: An example for inclusion of r E R. 

To show this, consider the followmg two cases. 

1 r does not overlap with some unassigned interval 
y’ E Y. This situation cannot, exist because it 
implies that we can increase the size of M& by 
pairing (r, y’) and (.j, Y)~ vioMing the optimality 
of M&lB. 

%  r overlaps with a.11 t,he unassigned intervals in I’. 
If y  is paired with an unassigned interval, then 
r is free as there is no other unassigned interval 
with which it can be paired. Thus, we do not 
increase the size of the matching by including y 
in C. 

For the interval set C, we compute (recursively) 
thr* maximum matching M,’ between disjoint intervals. 
Clearly, IM,‘I > IR’I. H  owever, not every interval r E 
R 17 R’ is necessarily included in M:. We will show 
next that it is necessary to retain in the matching the 
cut intervals in R n R’. 

We must be careful not to create type-4 pairs at the 
esklense of removing cut intervals from the set R’ since 
this will not increase the size of thv? matching. This 
call be shown as follows. For every cut interval r E R’ 
which is not in M,‘, it is possible to put r back to the 
matching through a swa.pping operation; furthermore, 
tht. swapping can be performed such that the size of 
AJ,: is unchanged. We claim that there exists a distinct 
interval of one of the following 2 types, with which r 
cali be swapped: 

analysis gives a sequential procedure to convert M,” to 
h,“. To obtain M,*’ in parallel, we need the following 
lemma. 

Lemma 3.6 It is possible to convert the optimal 
matching M,* in C to another optimal matching M,” 
in C, such that every interval r E R” zs matched 
in M,“‘, in O(log n) time on an O(n/ log n)-processor 
b’REW PRAM and on an n-processor hypercube. 

Proof: See the full paper. 0 
So after computing MT, we perform twice the red- 

blue matching to obtain Al:‘, such that all r’ E R” are 
niatched in M ”‘. 
4 pairs in M:‘f 

Let m  denote the number of type- 
If m 2 [( IL1 - IRl)/2J I then we take 

I( IL1 - IRl)/2] type-4 pairs from M,” and add them to 
JP’. All other type-4 pairs in M,” are ignored (these 
intervals will be paired with intervals on the other side 
of V). If m  < [(IL81 - IRl)/2J, we add all the type-4 
pairs in Mf’ to M ” and delete (ILI-lRJ)-2~nintervals 
from L. For each y E R, there is a unique Interval to 
the right of c’ with which it is paired, we add these 
(RI pairs to M ’. For each 1 E L, there is a unique 
interval to the left of V with which it is paired, we add 
t,hese IL1 pairs to M’. Finally, there are s rmassigned 
intervals remaining on both the left and right sides of 
1. which form s pairs, and we add them to M’. The 
matching M ’ thus obtained is an optimal matching in 
the input interval set I. This is because there exists no 
augmenting path that includes an unmatchs>d interval 
to the right of V such that the size of the matching 
can be increased from the size of M” (othern,ise, either 
Al:’ would have not been optimal in C or .v:b would 
have not been optimal in the convex bipartite graph 
(; = (U, I - I’, E)). 

I A formerly unassigned interval which is now a left 
mate of a type-4 pair in M:. 

>!. An interval which was the right mate of an r’ E R’ 
(r’ not necessarily equal to r) and which is now 
the left mate of a type-4 pair in M,‘. 

Set: the full paper for a lliscussion ot’ the various cases 
where a swap can occur 

Thus given MC+, we want to convert it, in parallel, 
to a new optimal matching M,” in C, such that, all 
r c: Rn R’ which are not matched ill M: are matched 
in MT’. Let R” = R n R’. Note that the a.bove case 

If k, > k1, t,hen due to the nature of the convex 
bipartite matching algorithm (Lemma 2.2), we cannot 
perform further ‘balancing’ and hence procec,d directly 
to computing the set C  of intervals to thr left of V 
which are candidat,es for type-4 pairs. The comput,a- 
tion for this case is symmetric to the case of k, > k,. 

The formal description of the main steps ,,f our par- 
allel algorithms is now given. The implementation tle- 
tails on the EREW PRAM and on hypercubes are 
described in the full paper. The algorithms produce a 
maximum matching of the set of intervals :‘. 

Algorithm G-Disj-Match(1, -4, B) 
Input: A set I = {1i,lz, , In} of n intervals, 

each specified by its two endpoints. 
Output: A set. A, of first elements of the pairs of 

a.n optimal matching M ’ in I and a set, B, of second 
elements of the pairs of the matching M”, listed in 
corresponding order. 

1. Sort by the z-coordinates of the left and right 
endpoints in 1 and relabel the intervals so that 
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i < j if I(i) < r(j), if th e endpoints are not given Every interval in R goes in A, its mate goes in 
already sorted. B. Each interval in L goes in B, its mate goes in 

2. Compute the location of the middle line 1,’ and 
the set U of intervals cut by V. Let II- CT1 = 2b. 
the number of intervals not cut by V. 

A. Each unassigned interval in X goes in A; each 
unassigned interval in Y goes in B. Return. Else 
continue (with JLI # [RI). 

3. Obtain the subset X of the intervals to the left of 
V and rnaintain them in the order of decreasing 
right endpoints. Assign these intervals a label 
from 1 to b such that i < j if I > r(j). 

4. Obtain the subset Y of the intervals to the rights 
of I/ and ma,intain them in the order of decreasinr 
left endpoints. Assign these imervals a label from 
b + 1 to 26 such t,hat i .: j if /( ;) > I(j). 

5. C’omput,e for each u E C’, the range of intervals in 
I - IT (i.e., X U 1”) which are possible <candidates 
for matching, using the labels assigned in Steps 
3 and 4. Express this range as (first, last) (i.e., 
(fu7 Lb)). 

6 Construct a convex bipartite graph G = (I/, 1 -. 
I”, E) with the edge set 11 = {(ui, bj) I a, E 6’; b, F 
I - I;. fLI, < 6, < l,, }, by using the values of f,, 
and 1, computed in Step 5. Compute a maximmn 
matching &fz* in G. (Mz* gives the maximuin 
number of intervals of I)’ that can match left or 
right.) After the matching, each interval of c’ that 
is makhed has an inter\-al numbered from 1 t,o 2b 
assigned. If the assigned interval is in the range 
1 b, then the interval matches left, otherwist 
it, matches right. Let, L (resp.. ii) be the subset 
of intervals of CT t-hat naatch left (resp., right,) in 
Mz*. If IL1 = [RI, then ret,urn as AZ* the matched 
pairs from L and R and the matched pairs formed 
from the intervals in I --- I;i. (1 E I, goes in B, its 
mate in A. r E R goes in A, its inate in H. E:ach 
interval in X that, is unassigned goes in A; each 
interval in Y that is unassigned got:s in B). Else, 
continue. 

7 If IL1 > [RI, let Red == {r(jj 1 j E (L u R)}, 
Blue = {l(j) 1 j E I’). Perform a red-blue match.- 
ing to see how many’intcrvals of I, can also match 
right. Let MA,, denote the resulting maximunr 
red-blue matching. For each red point (T E L u R) 
in MlfiB, we have a blue point (h E Y) assigned. 
If not every r E R is included in M&, t,hen we 
do another red-blue snatching with Red = {r(j) / 
j E R and j # ME, } a,nd Blue = {r(j) 1 j E i, 
and j E M&} t,o transform it (Lemma 3.5) to 
MA’,. If IM$nI --- IRj > [(IL] - R/)/Z,], then we 
add [(IL1 - lRl)/2~ intervals of I, that are in M& 
to R and remove them from L. If IL.1 .- IRI = 1, 
then delete one interval from the larger set (smce 
the two sets L and Ir’, must be equal in size), At 
this point, IL/ = lRI M’ is obt;tined as follows. 

8. If IM&I--IRI < [(IL/--IRl)/2J, then add IM$nI- 
/RI intervals of L that are in M& to R and delete 
them from L. 

9. At this point, either IL] > IRI or /RI > (LI. 
If IL1 - [RI is an odd number, then delete one 
interval (whose left or right endpoint is closest 
to V) from the larger set. If IRJ > IL/, then 
we find j E R, whose r(j) is closest to V. Let 
t = I(j). Compute the set, C, of intervals from X 
whose right endpoints are to the right 11f z (i.e , 
r(c) > Z,C E X). If mateM;; E L. then we 
also include mate M;;B( c) in C. Let I’ denote 
the intervals of L in C. Similarly, if //,I > IRl, 
we find j E L whose r(j) is closest to V. We 
let z = r(j), and compute the set C such that 
UC) < z, c E 2’. If rnclte,w ;I,(c) E R, then we 
also include mate MA~ (c) in C. Let R’ dtnote the 
intervals of R  in C. 

10. Let M, = G-Disj-Match(C,A’, El’). 

Il. If IL1 > [RI, t,h en examine the intervals in A’ 
to see if all the intervals T E R n R’ have been 
retained. If not, convert the optimal snatching 
MJ in C to another optimal matching MJ’ in c‘, 
such that all the intervals of RnR’ are matched in 
M,’ (by using Lemma 3.6). Update A’ according 
to the pairs in M,“. 

12. If IRI > lLI, th en examine the mtervals in B’ 
to see if all the intervals 1 E L n L’ have been 
retained. If not, convert the opt,imal matching 
M,’ in C to another optirnal matching ‘IT:’ in C, 
such that all the intervals of LII L’ are matched in 
MT (by using Lemma 3.6). Updat,e B’ according 
to the pairs in &I,‘. 

13. Identify the type-4 pairs in (A’, B’) and delete all 
other pairs (which are pairs involving intervals in 
R or L). 

14. Let w = l(ILI - IRl)/2J. If IA’/ < w, the11 remove 
intervals from R (resp., L) whichever is larger so 
that IRI = IL1 + 2lA’I (resp., IL1 = [RI t 2lA’I). 
If IA’/ 2 w, then delete (IA’/ - w) pairs from 
(A’, B’). M* is obtained as follows. Return the 
remaining pairs in (A’. R’) and the matched pairs 
from R and L. (An interval in L goes m  B, its 
mate in A. An interval in R goes in A, its mate 
in B. Each interval in A’ goes in A; each inter- 
val in B’ goes in B.) Each interval in S that is 
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unassigned goes in ‘4; each interval in Y that is 
unassigned goes in R. Return. 

Theorem 3.1 Given a .set I of n intervals, algorithm 
G-Disj-Match solves the maximum matching prub- 
lem between disjoint zntervals in O(log3 n) time using 
O(rz/log’ n) processors on the EREW PRAM and w- 
znq n processors on the hypercubes. 

Proof: The correctness and time and processor com- 
plexities follow from t,he descriptions presented in the 
full paper. 0 
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