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Abstract

We introduce and analyze a new family of multipro-
cessor interconnection mnetworks, called generalized
fat trees, which include as special cases the fat trees
used for the connection machine architecture CM-5,
pruned butterflies, and varicus other fat trees proposed
in the literature. The generalized fat irees provide
a formal unifying concept to design and analyze a
fat tree based architecture. The extended generalized
fat tree network ,X'(}'FT(h;ml,. L g W, ,wp) of

height h has Ht 1 m; leaf processors and the inner
nodes serve onlu as swilches or routers. Each non-leaf
node wn level i has m; children and each non-root has
w; 1 parent nodes. The generalized fat trees provide
regularity, symmeiry. recursiwe scalabulity, mazimal
fauli-tolerance, logarithinic diameter, bisection scala-
bility, and permit simple algorithms for fault tolerant
self-routing and broadcasting. These networks are also
versatile, since they can efficiently embed rings, meshes
and tori, trees, pyramids and hypercubes.

Keywords: edge bisection. embedding, fat tree, inter-
connection network, routing.

1 Introduction

Several topologies have been proposed as inter-
connection networks for multicomputer systems [6].
Among these, the hypercube and the mesh topologies
are two popular networks from a commercial point
of view. However, although the hypercube is an
efficient network because of 1ts symmetry, regularity,
logarithmic diameter, modularity and fault tolerance
[14], it suffers from wirability and packing problems
for VLSI implementation due to a non-constant node
degree. The n-dimensional hypercube has an edge
bisection of ©(2") which implies a VLSI-layout area
of at least ©(2?") [6]. Many problems in science
and engineering such as matrix problems, multigrid
methods [2, 10], and image processing algorithms
have mesh-like communication patterns with constant
node-degree. A mesh again has the drawback of a
larger diameter and low edge bisection Therefore
it is important to search for topologies w 1ch overcorne
the disadvantages of meshes and hypercubes, but
efficiently simulate both topologies. The generalized
fat tree concept allows to choose either a high edge
bisection for efficient embeddings or a low edge bisec-
tion for reduced layout complexity, as desired, without
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changing the number of nodes or the diameter.

Leiserson [8, 9] proposed fat trees as hardware-
efficient, general-purpose interconnection networks.
Several architectures including the Connection Ma-
chine CM-5 of Thinking Machines, the memory
hierarchy of the KSR-1 parallel machine of Kendall
Square Research (£3] and Meiko supercomputer CS-2
[L3, 15] are based on the fat trees. A different fat
tree topology called “pruned butterfly” is proposed in
[1], and other variants are informally described in [4],
where the increase in channel bandwidth is modified
compared to the original fat trees in [8].

In afat tree architecture, the processing elements are
located at the leaf nodes and the intermediate nodes
serve as routers or switches. For example, the CM-§
Data Network is a fat tree, where each node has four
children and two parents for level 0 (leaf level) upto
level 2 and four parents from level 3 upwards. The fat
trees have the advantage of being a recursively scalable
and partitionable network with a simple routing algo-
rithm [9]. Fat trees have low diameter and their edge
bisection can be customized based on the algorithm,
fault tolerance and cost requirements. In [8, 7] it has
heen shown that an area-universal fat tree of a given
size is nearly the best routing network of that size. An
extensive experimental performance evaluation of the
comrunication capabilities of the CM-5 has been stud-
ied in [12]. The performance of random routing on fat
trees was evaluated in [4].

In this paper, we generalize the concept of fat
trees [8]. Our generalized fat tree GFT(h,m,w) of
height h consists of m" processors in the leaf-level and
routers or switching-nodes in the non-leaf levels. Each
non-root has w parent nodes and each non-leaf has
m children. We provide a more general definition in
order to accommodate the CM-5 fat tree as a special
case. This extended version of the generalized fat tree
XGFT(h,my,...,mp,wi,...,wy) consists of I—L —1 M
processors, where. each node | inlevel i, 0 < i <h-1

has w;4, parent nodes and m; chlldren for 1 < 2' < h.

This concept provides an unifying approach to the
existing variants of fat trees. Furthermore, an improved
scalability of the network 1s achieved in two aspects. On

the one hand, the system size is equal to Hf . m; for
arbitrary m; and thus no more restricted to a power
of m. On the other hand, we obtain some bisection-
scalability, since the edge bisection of the generalized
fat tree networks can be chosen independent of the

number of nodes and its degree. A fat tree can there-

Proceedings of the 9th International Parallel Processing Symposium (IPPS '95)
1063-7133/95 $10.00 © 1995 IEEE



fore be adapted to efficiently utilize whatever edge bi-
section makes engineering sense in terms of cost and
petformance. This is impossible with meshes and hy-
percubes, where the edge bisection is min{m, n} for an
m x n mesh and 2*~! for a h-dimensional binary hyper-
cube Q(h). This feature is particularly important when
studying the layout area of a graph, which is at least
the square of the edge bisection asymptotically [17].
Another advantage of our approach is that we modeled
the fat tree (unlike in [9]) with routing switches having
a fixed degree, which allows to perform communication
primitives faster than in a fat tree with switches having
an exponentially growing degree.

The rest of this paper is organized as follows. Section
2 gives the definitions and notations used in the follow-
ing sections. Section 3 defines the (extended) general-
iznd fat tree networks. In Section 4, topological prop-
erties such as node degree, diameter, average distance,
cost, modularity (recursive scalability) and symmetry,
and implementation aspects such as edge bisection are
discussed and compared with those of other popular
networks. Simple communication algorithms for rout-
ing and broadcasting which tolerate upto (degree —1)
node- and link-failures are presented in Section 5. The
versatility of the proposed networks is shown by design-
ing efficient embeddings of rings, tori, complete binary
trees, hypercubes and pyramids in Section 6. Section 7
concludes the paper.

2 Definitions and Notations

An interconnection network can be modeled as an
undirected graph G = (V, £'), where V' is the node-set
representing the processors and F the edge-set repre-
senting the communication links among the processors.

A cartesian product G x H = (V, F) of two graphs
G = (Vg,Eg) and H = (Vy, Eg) 1s defined by V' =
Vi x Vg and E = {{(z,y),(z",y)} |22’ € Vg y, v/ €
Vig,z = 2’ and {y,¥'} € Fwg or {z,2'} € Ey and
y =y'}. A two-dimensional (m x n)-mesh M(m,n) =
(V, E) has the node-set V = {(3,7) |0 <i<m-1,0<
J < n— 1} and there is an edge between two mesh
nodes £ and y if fr —y| = 1. A mesh M(m,n) can
be described as a cartesian product L(m) x L(n) where
Lim) is a linear array of length m. A torus T(m,n)
is defined as R(m) x R(n) where R(m) is a ring of
length m. An n-dimensional binary hypercube Q(n) =
(Va, En) = Q(n — 1) x Q(1) is given by the node-set
V., = Zy, the set of binary strings of length n and
there exists an edge {z,y} € E, between two nodes
and y in Q(n) if z and y differ in exactly one bit. The
generalized hypercube GQP of base b and dimension n
15 analogously defined with the node-set V = Zj. Two
nodes z and y, both strings of length n, are adjacent if
they differ in at most one symbol.

The distance between two nodes in an interconnec-
tion topology is the length of the shortest path between
them. Two paths are said to be node-disjoint if they
hiave no common nodes, except for the source and des-
tination. The diameter, d, of a network 1s the maxi-
mum distance among all node-pairs. It is a measure
of the worst-case communication delay. The degree of
a node is the number of links incident to it. For a
regular network of node-degree 6, its cost is defined as
(' = d*6. An important parameter for the VLSI-layout
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area of a network G is its edge bisection [17], which is
defined as the minimum number of edges whose removal
splits G in two equal-sized disconnected graphs. The
node {edge)- connectivity is the number of nodes (edges)
whose removal results in a disconnected network. It is
a measure of fault-tolerance of the network. A graph is
f-node (edge)-faulttolerant if it remains connected after
the removal of upto arbitrary f nodes (edges).

3 Generalized Fat Trees
Definition1 : A generalized m-ary fat tree
GFT(h,m,w) Vi, En) of height h and edge
bisection increasing factor w is an undirected graph.
Informally, GFT(h + 1,m,w) is recursively gener-
ated from m distinct copies of GFT(h,m, w), denoted
as GFTiI(h,m,w) = (V],EL), 0 < j < m-—1, and
wh*! additional nodes such that each top-level node
(h,k + 7 - w") of each GFTI(m,w,h), for 0 < k <
wh —1, is adjacent to w consecutive new top-level-nodes
(i.e. level h+1 nodes), given by (h+1,k-w),...,(h+
1,(k+1)-w—1). The graph GFT?(h, m,w) 1s also called
a sub-fat tree of GFIT(h+ 1, m,w). This construction
ts sketched in Figure 1.

(h+1,0)

(h+ 1w w-1)

GFT(h+1,m,w) =(Vp; 1.Ep4 1)

Figure 1: Recursive construction of GFT(h+ 1, m, w)

The node set Vi, of GET(h, m,w) is given by :

Vi = {(1,)) |0 <1< hAD <i<mh w1}, wherel
is the level of a node (the leaves being at level 0) and i
denotes the posttion of this node in level | .

Since we will use the recursive scalability of the gen-
eralized fat trees, let us give a recursive definition of
both the node- and edge-set of GFT(h+ 1, m,w):

— Vo :={(0.0)}, 5o =0

m~1
U {h+1a)]

= Vi1 = U Vi
0<a<w* —1} and

a=0

U ({(ha),(h+1,0)} |
amod w" = [ L]}, where
Vi={(la)[0<I<hAj-A<a<(G+1)-A-1)

and
L= {(la),(1+1, )} |0 < I < h~1A(La), (1.b) €
VIA{(La—7-2),(14+1,6—7 X} € Ep}.
Here A = m"~'w! is the number of level-l nodes in
each sub-fat tree GFT(h,m,w). The edges in EJ are
simply the edges in GFTI(h,m, w), and an edge con-
necting some top-level node (h + 1,a) with a top-level
node (h,b+j - wh) in V) where b € {0,...,w" — 1}
impliecsa € {w-b,w-b+1,...,w-b+w-1}..
Although a fat tree is a tree in graph-theoretic terms
for only w = 1, we will denote all nodes with an out-
degree of 0 as leaves, nodes with an in-degree of 0 as

m—1

— Enr = | B
§=0
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top-level nodes (or roots) and all non-leaves as inner
nodes. Nodes that are neither leaves nor roots will be
called intermediate nodes.

As a special case, for w = 1 we obtain a complete
m-ary tree of height h. Figures 2a) and b) show two
exainples for m = 2 (binary tree) and m = 4 (4-ary
tree), both of height two. For m == w we obtain a
graph similar to the baseline network [6]. Figures 2c),
3a) and 2d) illustrate fat trees for m = w = 2,3 and
4. 1t is even possible to choose w > m (cf. Figure
3b). The fat tree used for the 16 node CM-5 machine
corresponds to GFT(2,4,2), shown in Figure 3c).

As a further generalization, the constants m and w
can be chosen independently for each level.
Definition 2 : An extended generalized fat tree
XGFT(hmy,. .. mpwy,. .. wp)= (Vi, Ex) of height
h and m = m;, w = w; af level i can be defined n
the same way as GFT(h,m,w), replacing m with
my.ma,...,my and w with wy,ws,. .., wy. For the
rest of this paper, we abbreviate XGFT(h,my,...,my,
wy,...,wy) as XGFT.

Informally, XGFT(h + 1mi... mpp1,01,. ..,
whyt) 8 recursively generated from my  distinct
copies of an XGFT(h,my,... ,mpwy,. .. wy) , called

XCFT = (V] E), (0<j<m—1)and w;-- wpy
additional nodes, such that each fop-level node
(hk+ X j) of each XGFT? 0 <j<w --wp—1)
1s adjacent to wpy1 consecutive new top-level-nodes
(h+ 1,k -whe1),...,(h+1,(k+1) wpyr — 1), where
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A= wy - -wy 15 the number of top-level nodes of each
XGFT?. Formally,

—Vh={(L,i)]0<I< hA
0<i<w --wmyy - -my — 1},

m—1
—Ewn=J B |J {{ha) (h+1,8)}]

j=0 amod wy -+ wy = L-I%TJ}, where

— E} = {{(1,a), (1+1,0)} | 0 < I < h=1A(l ), (1,b) €
VIiA{(la=j - X),(I+1,b~j-N)} € Ep}.

Here X is the number of levell nodes in each
sub-fat tree (V7 E}), ve.
The edges in E{l are therefore just the edges in
XGFTI(h;my,...,mp;wy,...,wy), and an edge con-
necting some top-level node (h 4 1,a) with a top-level
node (h,b+ j-A) in V)] where b € {0,.... w1 wp}
implies a € {wpyy b, w-b+1,.. . whyy b+ wpyq — 1},

or example, t]he communication network of the ex-
isting Connection Machine CM-5 with 256 leaves [16]
is nothing but XGFT(4;4,4,4,4;2,2,2,4).

A= wiocupmyyy oMy,

4 Topological Properties

In most hardware designs using fat trees (e.g., Con-
nection Machine CM-5, KSR1, Meiko CS-2) between
multiple processing elements (PE’s), these PE’s are lo-
cated at the m" (or my - --my, respectively) leaves of
the fat tree; whereas the remaining inner nodes are
simple routers or high-speed switches. Therefore, the
usual definitions of "cost”, "distance”, “average dis-
tance” etc. have to be slightly modified, as follows.

The diameter of GFT(h, m,w) is the maximum dis-
tance between two leaves. The average distance d(o 5
of a leaf (0,7) from other leaves is
Z‘ﬁ dist((0,i3,(0.5))

mh —1 !

where dist((k, ), ({,j)) denotes the distance between
the nodes (k,¢) and 81,]') in GFT(h,m,w). The av-
erage distance, d, of GFT(h,m,w) is defined as the
arithmetic mean of the average distances of all leaves,

d(‘o‘,') =

3 i JD,‘ . . .
Le., d:= Zi-"r—n);,—(-—) Similarly, the average distance
d(o,iy of a leaf (0,%) in XGFT is
D, diSt((0.4).(0,4))

my--my—1

J(O,i) =
Hence, the average distance in XGFT is
d:= ——-L——)——Z Lo d_m").
My My

4.1 Node Degree and Number of Edges

In GFT(h,m,w), by definition the degree of each
leaf is w and the degree of each intermediate node is
m + w. The degree of the roots, i.e., the nodes in level
h, is m. For each non-root (l,1), the parent nodes are
(I+1L,w-d),...,(I+1,w-(i+1) - 1). For each non-leaf
(1,4) the child nodes are (! = 1, |+ ]+ 0-w!=1), ... (I
L|E|+(m—-1) w?).

The generalized fat tree GFT(h,m,w) has |V| =
Z?—o m*wh=* nodes, such that level ¢ contains mfw?—*
nodes. The extended generalized fat tree of height h has
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my-mg - - -my leaves, wy-mo---my nodesinlevel 1, ...,
and finally wy -ws - - - wy, top-level nodes. Therefore the
total number of nod’?s in i\’GFT is
IVhl = Zi:O H_j:i+l my H;:l wj.

The number of edges between the levels { and {41 in
AN GFT is by definition w4 times the number of nodes
in level I, since every node ([, j) has wy, parents. Thus,
the total number of edges in XGFT and GFT(h, m, w)
XGFT is respectively given by

—h

. ~h—1 11h i+l Pox=h=1 R
[Enl = 2 iz0 [ jmipa my L2 wy and g m™ 7 0™

4.2 Diameter

The distance between two leaves (0,71) and (0,43)
of GFT(h,m,w) or XGFT is two times the height
of a smallest generalized sub-fat tree of GFT(h, m,w)
which contains both of them.

To be more precise, consider the following string no-
tation of the node-set Vj, which also simplifies our
routing algorithms in Section 5. An arbitrary node
{0,7) of XGFT is contained in exactly one of the sets
VO, vt Let ap € {0,1,...,mp — 1} be the
number such that (0,17) € V;™*,. For the same reason,
there exists exactly one number «y_) € {0,...,mp_q1—
1} such that the leaf (0,i mod my - -mu_i) € V25",
Recursively, the numbers ap_2 € {0,...,mu_3 — 1},
ap-3 € {O,..‘,Tnh.‘g 1} .ooap € {0,....my — 1}
are computed. In fact. oy = imod my.

The mapping A (0,7) — 1_0;a§10’”, R
(0,7) (
h R i 1

= 2. h',

a({[),z))

is one-to-one,
(0,2

{also denoted as (0:c 0’“))
and  dist((0, 2), (0, 7))

where a,
(0,5 0,4 0,j 0. 0,5
ol Do ai,i)l = ug‘,,ﬂ and ol0"! # a(h, 9 Thus, the

diameter of GFT(h,m,w) and XGFT is 2h.

For example, the distance hetween the leaves
(1); pgr)=(0;001) and (0; stu)=(0;010) in GFT\3,2,2),
shown in Figure 2¢) is 22 = 4, since p = s = 0 but
q # t, i.e. the smallest sub-fat tree containing both
leaves has height 2.

For the inner nodes of GFT(h,m,w), we use a simi-
Jar notation. We denote an arbitrary ancestor z of a leaf
a = (Oap, ap-1....,0q) as (Lap,ap-1.. .. 02, 51),
where 0 < #y € w—1 and z is the 8y th of the m ances-
1ors of the leaf . The nodes in level 2 are then denoted
as (2; ap, .. ., a3, 32, 81) and finally the top-level nodes
are denoted by (h;Bh,...,51). This notation s well
defined. Using this notation, the w parents of a non-
ot (Lap, .., aip1. 2 b=y, ..., b1}, 0<I<h-1,0<
Ahy @ty G, 2 <m—1,0 <oy, byp S =1
are (I+1;an, ..., 0141,¥,bi—y,..., b)) for0 <y <w-—1.
Similarly, the m children of a non-leaf (I;an,.. . a4y,
whiog, b)), 1 < U < h 0 < ap, @,y
a1 < m—1, 0 b1, .., bp < w -1 are
'+ Lan,...agpr, 28,0000, - ) for0<z<m-1.
4.3 Average Distance

From an arbitrary leaf (0,7) in XGFT, there ex-
st (m; — 1) other leaves at a distance two, (my —
1)m; leaves at distance four, ... , and finally (my —
1)mp_q ---m leaves at distance 2h. Thus, the average
distance of this leaf is obtained as

)‘/

o h mg—1 my oy
d(o.l) =2 Ek:] k(‘mh Mh—1 M4t ) (ml smpy—1

which is independent of the choice of (0, 7). Due to leaf-

AN

40
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symmetry, this formula also gives the average distance,
d, of XGFT. In GFT(h, m,w), the average distance

FSRRR U T B -1 h=1,. , i P
is given lDy (’1.' == 2(#_—1') E‘-_:o (i -T 1) . Tn,’. Suu,e f T

m > 2 and h > 1, the identity

h=1,. i _ hmMl_(ai1ymt 4
2imo i+ 1) -mP = (m-1)2 =

holds, it follows that d = 2h — _ZpFhmth=l For
m = 1, d = 0 due to only one leaf.

A A T anf Q
4.4 Leal-Symmetry

The networks GFT(h,m,w) and XGFT are leaf-
symmetric, because there exists an automorphism
which maps each level onto itself and the leaft a

(0;ap,an-1,...,a1) onto b = (0;an, ap—1...., @k41, bk,
..,by) for any arbitrary choice of a,t. Such an
automorphism is given by r : (licy,...,...,c1) —

(Iichy - - Chgr, cx Dk (be Sk ak), ..., c1 @1 (b1 ©1 ar)),
where &; and ©; denote the addition and substraction
of integers modulo m;, for 1 <1 < k.

4.5 Edge Bisection

Theorem 1 : The edge bisection of GFT(h,m,w) is

at most mw" .

Proof W.lo.g., we show the result for even m.
First we split V, into the two equal sized blocks
Bi = UL, Vi, U{(hd)0 < i < % —1) and
By = Vi, — By. Obviously, the only edges between B
13
and By are the ™)~ edges from level k in B; to level
h -1 in By, and the '—"Qﬁt edges from level h in B; to
level h — 1 in By. Therefore, mu” is an upper bound
of the edge bisection.

4.6 Comparison

Table 1 summarizes several topological properties,
namely the number of nodes (N), degree (8) which is
equal to the connectivity (%) or fault tolerance, and
edge bisection (E'B) of the generalized fat trees. These
parameters are compared with those of the equal-sized
hypercubes and tori.

Tori have a fixed degree and connectivity, while
these values in a hypercube are equal to the logartthm
of the number of nodes. Also the edge bisection of
both topologies is fixed once the number of nodes is
chosen. On the other hand, the generalized fal tree
GFT(h,m,w) allows us to choose the parameter w
equal to the node-degree and connectivity, indepen-
dent of the number of nodes. Also the edge bisection

EB:’—"—’Q”i and the cost C=2wh is influenced from the
value of w. Thus, the generalized fat trees provide a
so called bisection scalability, contrary to the meshes,
tori and hypercubes. The same holds for the extended
generalized fat tree XGFT(h;my, ..., my;wi, ..., W),
but additionally the values for w;, 2 < ¢ < h, can
be chosen such that the value for the edge bisec-
tion is adapted to the desired value. For instance,
XGFT(h;4,...,4;2h,1,..., 1) has the same number
of nodes, degree and diameter as the binary hypercube
Q(2h), but a smaller edge bisection of 4h compared to

22h=1 for Q(2h).

5 Communication Issues
As defined in Section 4.2, the nodes in level 7 of the
generalized fat tree GFT(h, m,w) can be represented




Table 1: Comparison of topological properties
[ Network N [6=x TJd C=46-d | EB ]
Hypercube Q(2h) 4h 2h 2h 4h* 92h=T
Generalized Hypercube GQP| m" (m—1Dh| h (m — 1)h? ”‘:“
Tori  T(ny,ny) ny - noy 4 ny+ny — 2 4(ny + ny)-8 min{n;, ny}
T(2",2%) 4" 4 M 9 2"+3.8 2
2 13 12 -
T(mh Tt m’!) Hi:i m; 2h 2(21':1 m‘)—h 2h(Ei=1mi)_—4h2 m“n"{nj;éi mi}
| Fat Trees GFT(h,m,w) mh w 2h 2hw "";"h
GFT(h,4,4) 4* 4 2h 8h 2%h+T
GFT(h,4,2h) 4% 2h 2h 4h? 2-(2R)?
XGET(hymy,..., mp; wy,..., wp) H?:l m; | w 2h Shuw, T
XGFT(h;4,..,4;,2h,1,..,1) 4h 2h 2h 4h* 4h
XGFT(h;4,...,4;wy,.... wy) 4h w, 2h 2hw; 2w - -wp
XGFT(hym,...,m;(m-1)k,1,.,1) | mh (m-1)h | 2h 2h%(m-1) mim-1)a
by strings (425 ... 2ig12i ... 21) where 0 < z; <m-—1 processors in GFT(h,m,w) and XGFT, respectively,
fori+1<j<hand0<z;<w-1lforl<j<i can be guaranteed.
5.1 Message Routing 5.2 Broadcasting
In the following, we describe a simple self- Broadcasting, i.e., sending a message from a source
routing scheme between any two processors in node to all other nodes of a network in GFT(h, m, w)
GFT(h,m,w). Let (0:ay...a;) denote the source can be done by sending the message from the source
node and (0;by ...b1) the destination node. W.lo.g., node to the top-level node ¢ = (h;0...0) w L.o.g., and
it is sufficient to give a routing between the source and afterwards sending the message from the node ¢ to all
the top-level node ¢ = (h;0...0) since we can route other processors in the network. The routing from the
the message from the source to the node t and from ¢ source to node ¢ is done as described in Section 5.1. For
to the destination node. the broadcasting, we construct a spanning tree with
A possible routing from (3; a5 .. .a1) to (h:0...0) is root't = (h;0...0) as illustrated in Figure 4b). Under
the following path : p= (0 ax...a1).(1;ax...as0}, the all port communications model, broa‘dcas_tlng from
(2;an . ..az00),...,(h—1;a,0...0),(h;0.. 0)). any nosie in GFT(h, m,w) talggs at most 2h time steps.
Even w node-disjoint paths pi, 0 < i < w — 1, be- ’ IanFT(fz, m,w ,wefdlge disjoint leeif-spanmng trees
tween the source and destination nodes can be given as : (l‘?n % cons [ﬁl(ﬁ]te £ ag ollows. Leﬁ “ *E {0, w~
pi = ((0san...a1). (L;an ..a21),(2an...as0i),.. ., (h— et Or,ﬁac(‘ eg. ( ’“g “'al)t’ the a 't}l’vleaf span-
1:an0...00),(h;0...0i),(h —  1:bs0...00),(h — m;;g ree Ty« (in Figure a2 contains exactly the p%ths
2ibnba-10...00), ., (Liby . bod), (0:by .. b)). ((:0--0a), (Rrand...0a"), .., (1 anany - aza),
These w paths are node disjoint as well as edge dis- g.‘ [2’ " fll))a. besg wl leag—spar}nlr}gt tlree:? T, fO hS
joint. Figure 4a) shows the two node disjoint paths in liffer iw val re ? VIousy ihgel 1:301n‘t.)emusse © }t‘ N
GFT(3,2,2) between (0:000) and (0 101). cdiftering values for 4 in the last position. So, they
can be arranged as a multiple spanning trees graph,
\i‘=<_§_3':?;:]<i‘;:*’(>3: Y 000 (ot T g‘;“g{ﬁ“, MST, with the root r = (0;0...0) and the w spanning
Lo %} PG ; trees Tqo as subtrees (cf. Figure 5). The individual
SN : . trees in M ST are edge-disjoint and there exist w node
2:000) % ) \< 2t 200 ’ )Bmm disjoint paths between the root r and any other pro-
. \‘ ’/ cessor in GFT(h,m,w). Thus, MST can be used to
o0 Y Wt 00 [, broadcast a message from the root to any other node
' g on w nodf;~ and edge disjoint paths. Consequently, the
a) \ b(? N\ ; ‘ broadcasting of a message from the root still works in
N A P Lhe presence of upto w—1 faulty nodes or links. So we
Figure 4: a) Node disjoint paths between (0;000) and i ' ©:by. b))
(0;101) in GFT(3,2,2) b) Two edge disjoint spanning e
trees in GFT(3,2,2) with root (0;000) ' G
The routing and the construction of w; node disjoint L0 (b0, .., O,l)l)\(h 0, ... 0.(w-1))
paths between any two nodes can be shown analogously
in the XGFT network. As a consequence, the following T, T, /l"w_,\x\
theorem and corollary are obtained. Ei ) N ; L )
Theorem 2 : The generalized fat trees GET(h, m, w) tngure S ha)MSSB%""'ng tree Toe  b) Multiple spanning
and XGFT have a node-connectivity of w and w, re- rees grap :
spectively. This implies a norive~ and edge-fault tolerance Theorem 3 : In GFT(h,m,w) and XGFT, there ez-
of w — 1 and wy — 1, respectively. ists @ w- (or wy-) multiple spanning trees graph M ST
Corollary 1 : Even with upto w—1 (or w: — 1) node- of height 2h which has w (or wy) edge-disjoint subtrees
or hnk-failures, a routing between any two operational and provides w {or wy ) node disjoint paths between the
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root and any other processor in GFT(h, m,w). This al-
lows broadcasting which tolerates upto w—1 (or w1 —1)
faulty links or nodes.

6 Network Embeddings

Simulation of one network by another or mapping
a task graph of a problem onto a multicomputer can
be described by a graph embedding. An embedding of
a guest graph G = (V, Eg) into a host graph H =
(Vi , Eg) is formally defined by the tuple (£, g) with a
node-mapping f : Vg — Vg and an edge-mapping g :
Eg — P(H) (pathset of HP, where g({u,v}) connects
f(u) and f(v) in Vg, for all {u,v} € Eg

The dilation of the embedding ( £, ¢) is the maximum
distance in the host between the images of adjacent

%%1[ The load
G

is the maximum, over all host-nodes, of the number
of guest-nodes mapped onto a host-node. The edge
congestion is the maxirnum number of edges of G that
are routed by the mapping g over a single edge of H.

6.1 Linear Arrays and Rings
Theorem 4 : Let w > 2. In GFT(h,m,w) with even

m, a ring R(m") can be embedded with optimal load
one, dilation 2h and edge congestion one. If m 1s odd,

then a linear array L(m") can be embedded with op-
tamal load ome, dilation 2h and edge congestion one.

In the latter case, a ring R(m") can be embedded in
(/FT(h, m, w) with load one, dilation 2h and edge con-
gestion two. For w = 1, the edge congestion doubles.
Proof : For w = | the theorem is trivial, since
(‘FT(h,m,1) is a m-ary complete tree of height h.
Therefore, we consider the case w > 2 and odd m

Let an H-path in GFT(h,m,w) be a path which
starts at the root (h,0), routes to the leaf (0),0),
then connects all leaves by a path of length at most
2h, finally reaches the leaf (0, m" — 1) and routes to
(h,mP=1). Also, no edge is allowed to appear more
than once in an H-path.

For h = 1, we choose the H-path as / = ((1,0),

((‘)v 0)1 (lv l)v (07 ]")- ( 1) O)v (07 2)v R} (O\ m-— 2)3 (1v0)>
{0, m — 1),(1,1)). This is illustrated in Figure 6a).

For the induction step {h + 1), we embed in each
{ V,f , Efl) an H-path H; starting with the node (h, jwh)
and ending with (h, juw” + wh=! — 1) where 0 < j <
m—1. Let H]-_1 denote the trace of H; traversed in the
reversed order. Then the new H-path, Hpey, s built
by glueing all small H-paths together, using Hj_] for
odd j.

Hpew = ((h + 1,0),(h,0)) 0 Ho o ((h,w""1),(h +
Lwh), (hyw 4w ) o (H) H((howh), (b +
1,0),(h,2w™)) o -+ 0 (Hm-2)"" o ((h,(m -~ 2)0" +
w1, (h + 1,0),(h, (m — V™)) 0 Hpoy o ((h,(m —
Dw" + w1, (h + 1,w")), where o denotes the
concatenation of paths.This is sketched in Figure 6b).
For even m, the H-paths begin and end at (h,0). O

Figures 6¢) and d) illustrate embeddings of L(9) in
GFT(2,3.2) and L(16) in GFT(2,4,2). The leaves are
numbered according to their positions in the list.

guest-nodes, The expansion is the ratio
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""" e (0.m-1)
0,1)(0,2)(0,m-2)
m odd

a) 0.0

. * Ld
(0,0 (0,1)-{0,m-2) (0O,m-1)
m even
(h+1,0)
AN

(h+1,wh)
Vel

b) A N/ e NG\

C)] g d) 1234567 8910111213141516

236 5 478
Figure 6: L(m") in GFT(h, m, w)

. a) Induction base
b) Induction Step ¢) L(9) in GFT(2,3,2) d) L(16)

in GFT(2,4,2)

6.2 Complete Binary Trees and Meshes
For embeddings of meshes and trees, as well as to
compute a lower bound of their edge congestion, we
prove first the following lemma.
Lemma 1 : a) For each leaf (0,1) in GFT(h. w,w)
there exist w paths piy,...,piy starting at (0,7)
and ending at some root (h,j;). All paths in the set
{pi; | (0,7) leaf, 1 < j < w} are edge disjoint.
b) For each h,m,w there erists an cmbedding of
wm® paths p;;, 1 < j < w for each leaf (0,i) in
GFT(h,m,w) to a top-level node with edge congestion
([-’;’—] )i=1. On the other hand, the edge congestion E(h)
ts i O([(2)"1]) such that £(h) = O([(2)"~1]).
Proof : Note that a) is just a special case of b).
W.lo.g., we assume that w divides h. Each of the w
paths from each of the m" leaves has to arrive at the

root-level. Since there are only w” top level nodes, even
with an optimal balancing at least one of those will be
an endpoint of at least iwﬂii = w(%)h paths. Since each
top-level node has m successors, the edge congestion is
greater than or equal to % (Z)h = (Zyh-1,

To construct an optimal embedding, we enu-
merate all w paths starting from the leaf 1

(0; an, a1, ..., 1). For some arbitrarily chosen ag €
0,...,m—1, the w paths are (0;ap,an_y,...,a1),
Lan,apor,..,81), (25an, anoy,....0,B1), ..
(hiBa, .., Br), with Bipy = [2], 0 < i < h— 1.

Obviously, the congestion of edges among nodes in
levels 0 and 1 is one. The edge congestion increases

per level by 2. This completes the proof [m]
Theorem 5 : A complete binary tree CBT(h;L of
hetght h can be embedded in GFT(h + 1,2,2) with an

optimal load one, exrpansion 5;?—_;% ~ 1|, an optimal
dilation 2(h + 1) and edge congestion three.
Proof : See [11] O



Theorem 6 : A two dimensional m' x mP-mesh
M(m',m") can be embedded in GFT(h+1,m, m) with
load and expansion one, dilation 2(h + 1) and edge
congestion three. If m is even, a two-dimensional
m" x m')-torus can be embedded with the same values
or load, expansion, edge congesiion and dilation.
Proof : The expansion and load are equal to one and
the dilation is equal to 2(h + ).

We show by induction that there exists an embed-
ding of the mesh M(m!,m*) = L(m') x L(m") with two
additional paths starting at each of the first and last. m/
leaves (0,i),0 < i < m/—land m**t'—m! <i < mhti -
1, and ending at the root (h+1, ( mod m'). w”~1) with
edge congestion three. For h = 1, we obtain the result
from Lemma 1 and Theorem 4. For the induction step,
we embed m distinct (m' x m")-meshes in the m sub-
fat trees GFTO(h+1,m,m),...,GFT™ Y(h+1,m, m).
We link the end nodes of the additional paths to the
top-level nodes GFT?(h+,m,m) via the correspond-
ing root in the fat tree GFT(h,m,m) (i.e., the node
(h, j-mP+! k) is connected with (h+1, (j+1)-mP+i4k)
via the new root (A-+1+ L, w k). This can be achieved
with edge congestion two between the levels A + 1 and
h. By induction hypothesis, the edge congestion in each
sub-fat tree is at most three. This construction is illus-
trated in Figure 7. For even m, the wraparound edges
can be routed via the top-level nodes analogously to
the proof of Theorem 4.

(o} o [e] 0

T
\.

\
\

Figure 7. Embedding of M(m!,m**'} in GFT(h +
1,m,w)

A generalization of the last theorem yields :

Theorem 7 : A k-dimensional (m*' x .. . xm"*)-mesh
can be embedded in GFT(hy+ho+ -+ hg, m, m) with
load and expansion one, dilation 2(hy +- - - hi) and edge
congestion 2k —1. If m is even, a torus of the same size
can be embedded with the same values for load, dilation,
edge congestion and expansion.

6.3 Hypercubes

Theorem 8 : The h-dimensional hypercube Q(h) can
be ¢mbedded in GFT(h,2,2) with load and ezpansion
one dilation 2h, and edge congestion [4].

Proof : We prove this result recursively starting with
h = 1. Figure 8a) illustrates the embedding of the hy-
percube (1) in GFT(1,2,2). For the induction we use
the recursiveness of both the hypercube and the fat tree
GFT(h,2,2). Thus, the hypercube (2(2) is embedded
in (+FT(2,2,2) as shown in Figure 8b).

For the construction of a hypercube Q(f + 1) in
GFT(h+1,2,2), one utilizes two instances of an em-
bedded Q(h) in GFT'(h,2,2). The corresponding nodes
in the two instances of the hypercube are connected in
the fat tree using the path which routes over the least
common ancestor in the fat tree (¢f Figure 8¢) and

Figure 9). If there are two unused least common an-
cestors, one chooses the left one. This is the case for A
odd. For even h, we choose the unique least common
ancestor which is unused.

Thus, the load and expansion are equal to one. The
dilation is equal to the diameter 2h + 2 in the fat tree
GFT(h+ 1,2,2) which is obviously optimal. The edge
congestion increases only for odd h by one, i.e., in each
second step of this recursive construction. Hence, the

edge congestion obtained is equal to ]"‘—;—1] ]

Q. 8 p._.o 0O o 0 ]

1.0) (Ln

o on B FN FN VN VN VNN
Figure 8: Embedding of a) Q(1) in GFT(1,2,2),b) Q(2)
in GFT(2,2,2) and ¢) Q(3) in GFT(3,2,2) ‘

Figure 9: Q(4) in GFT(4,2,2)
6.4 Pyramids
A pyramid P R(n) of height n is a 4-ary complete tree
of height n and the nodes at each level form a square
mesh. Pyramids are very useful data structures in im-
age processing and scientific multigrid computations.
Theorem 9 : In a fat tree GFT(h+ 1,4,4), three in-

stances of a pyramid PR(R) of height h can be embedded
with load one, dilation 2h + 2, ezpansion 1—,*;:%1 =~ 1,
and edge congestion at most 5.

Proof : The pyramid PR({) has Z::O 4 = i‘”—;'—l
nodes. Thus an embedding of three instances of PR({)
in GFT(1,4,4) leads to an expansion of 4,?4,%—1 =~ 1.

_ Figure 10 embeds three instances of PR(1) in
GFT(2,4,4). This embedding has load 1, expansion

%, dilation 4, and edge congestion 1.

GFT!(1,4.4)
Figure 10: Embedding of three PR(1)'s in GI'T(2, 4,4)

The embedding of three instances of PR{A + 1) uses
the embedding of three instances of PR(h) in GFT(h+

GFTO(1,4,4) |
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L.4,4). A scheme is shown in Figure 11. The detailed
proof is provided in [11]. 0

M@®, 22y M@, 2%y MM, 29T ) PR(k)PR(K) PR(K)
Figure 11: Embedding of PR(h+ 1) in GFT(h+ 2, 4,4)

6.5 Lower bound for the edge congestion
Since for m > w the ratio between roots and leaves

i GFT(h,m,w) decreases exponentially with respect
Lo the height h, it seems that every embedding of a
guest graph with an edge bisection increasing linearly
with the number of nodes must have necessanly a high
adge congestion. The following theorem gives a rela-
tion between the edge bisection of the guest graph, the
parameters b, m, w and the minimnum edge congestion.
[t shows that an exponentially increasing edge conges-
tion is necessary for every embedding where the edge
hisection of the guest graph is in Q(#nodes&. Thus, for
guest graphs with linearly increasing edge bisection, it
is desirable to have m < tw.
Theorem 10 : Let G = (V, E) be a guest graph to be
unbedded i GFT(h,m, wS, and b the edge bisection of

. Then the minimum edge congestion in every possiblc
fmbeddzngFofG in GFT(h,m,w) ts at least € O

Proof or m = 1, the théorem is trivial.
assume m even. Then in each possible embeddmg, from

the left 5 subtrees th“1 to the 3+ right subtrees there

have to be at least b connections, consuming each two
links. These 2b links must be distributed over the mw"
edges connecting level h and h — 1 of GFT(h, m, w).
Thus, at least one edge must have a congestion of at

least m a
Since the edge bisection of Q(h) is 2", we obtain:
Corollary 2 : Every embedding of a Q(2h) in a
G'FT(h,4,w) has an edge congestion of at least
OU2)Y") (e.g. = O(2") for the fat iree GFT(h.4,2))

7 Conclusions

We have introduced a family of (extended) gener-
alized fat tree interconnection networks which include
as special cases Leiserson’s fat trees used in the CM-5
machine, pruned butterflies and a few other variants.
Our concept provides an unifying approach to define
and analyze these fat tree based architectures. The
generalized fat tree GFT(h,m,w) has m® PE’s, de-

gree w, diameter 2h, and edge bisection "‘T‘”h Thus,
the degree, connectivity, cost and edge bisection can
be chosen independent of the number of PE’s.

The extended generalized fat tree XGFT(h,m,,...,
My, W, . ., wy) with my - -my PE’s has a connectivity
equal to its degree of w1, a diameter of 2h, and an edge
hisection of B (w; - - -wy). The edge bisection can ad-
ditionally be chosen independent of the degree. Thus,
we can construct fat trees tailored to the application.

As part of our future research, we intend to analyze
several implementation aspects of the generalized fat
trees, such as constructing a VLSI-layout and analyz-
ing other lower bound indicators such as the crossing
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number, the bandwidth and the vertex bisection of the
fat trees. To improve the scalability of the network
model, we plan to design an incomplete fat tree net-
work providing an arbitrary number of processors. Fur-
thermore, it is worthwhile to investigate fault-tolerant
embeddings and communication algorithms.
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