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Abst,ract 
11, e introduce and analyze a neu: family of multtpro- 

censor interconnectzon net,works? called generalized 
fat, trees, which Include as special cases the fat trees 
use-d for the connecizon machine architecture CM-5, 
pruned butterflies, and 1 aravus oiher fut trees proposed 
in the literature. 7’hc generalized fat trees provide 
a ,formal unifying concept to de.sign and analyze a 
fat tree based archztrcture. The extended generalized 
fat tree network 2YGFl (h;,mI,. , irrh; uij! . wh,) of 
h,t lght h has nf=, tni !eaj’ processctirs and the inner 
nodes serve onlll as switches or routers. Each non-leaf 
node in level i kas m; children and tach non-rooi has 
w;,+.l pawn1 nodes. The generalzzed fat trees provide 
regularity, symmetry. recurszve sc~zlabaliiy, maximal 
fault-tolerance, logarlthtnzc diameter. basectaon srala- 
bilrty, and permit wmplr algorithms for fault tolerant 
seLFrouting and broadcasting. These networks are also 
versatile, since they can r,flciently embc:d rmgs, mtshes 
anO tori, twes. p:yramids and hypercubes. 
Keywords: edge basectlon. rmbeddang, fat tree, inter- 
covnection network, r,outing. 

1 Introduction 
Several topologies have been proposed as inter- 

connection networks for multicomputer systenls [6]. 
Anlong these, the hypercute and the mesh topologies 
art\ t,wo popular networks from a commercial point 
of view. However, although the hypercube is an 
efficient network because of its symmetry, regularity, 
logarithmic diametc,r, niodularity and fault tolc,rance 
[14], it suffers from wirability and packing problems 
for VLSI inlplernentation due to a n>n-constant node 
degree. The n-dimensional hypcrcube has an edge 
bist)ction of O(2” ) which implies a VLSI-layout area 
of at least 0(2*‘l) [6]. >lany problems in science 
anti engineering such ati matrix problems. multigrid 
mfxi,hods [a. lo], and image processing algorit,hms 
hale mesh-like communication pattrarns with constant 
nocle-degree. A mesh again has the drawback of a 
larger diameter and low edge bisection 51. Therefore 

h it ib important to search for topologies w ich overcolne 
tht, disadvantages of rrleshes and hypercubes, but 
efficiently simu1at.e both topologies. The generalized 
fat tree concept, allows to choose either a high edge 
bisc&on for efficient, embeddings or a low edge bisr:tc- 
tiotl for reduced layout complexity, as desired, without 
-- 
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changing the number of nodes or the diamt+er. 
Leiseison [8, 91 proposed fat trees as hardware- 

efficient, general-purpose interconnection networks. 
Several architectures including the Connection Ma- 
chine CM-5 of Thinking Machines, the memory 
hierarchy of the KSR-1 parallel machine of Kendall 
Square Research 
[13, 151 are base 6. 

31, and Meiko supercomputer CS-2 
on the fat trees. A different fat 

t#ree topology called “pruned butterfly” is proposed in 
[l], and other variants are informally described in [4], 
where the increase in channel bandwidth is modified 
compared to the original fat t.rees in [8]. 

In a fat, trrf, archit,ect,ure, t,he> processing elements are 
located at the leaf nodes and the intermediate nodes 
serve as rout#ers or switches. For example, the CM-5 
Data Network is a fat tree, where each node has four 
children and two parents for level 0 (leaf level) upto 
Il:vel 2 and four parents from level 3 upwards. The fat 
trees have the advantage of being a recursivl.>ly scalable 
and partit,ionable network with a simple routing algo- 
rithm [9]. I’at trees have low diameter and their edge 
bisect.ion can be customized based on the algorithm, 
fault tolerance and cost requirements. In [t;, 71 it has 
been shown that an area-universal fat tree, of a given 
size is nearly the best routing network of that size. An 
extensive experimental performance evaluat,ion of the 
communication capabilities of the CM-5 has been stud- 
ied in [12]. The performance of random routing on fat 
t#rees was evaluated in [4]. 

In this 
k31. 

paper, we generalize t,hc concept of fat 
trees Our generalized fat tree GFT( h, m, u’) of 
height h consists of m” processors in the lraf-level icnd 
routers or switching-nodes in the non-leaf h‘vels. Each 
non-root has u: parent nodes and each non-leaf has 
m children. We provide a more general d&nition in 
order to accommodate tile CM-5 fat tree as a special 
case. This ext’ended version of the generalized fat tree 
SGE’T(h, ml.. , mh, zul, . , wh) consists of nh rni 
vrocessors. where each node in level i. 0 < i <“Al-- 1 
bas uji+l parent nodes and rni childrei for-l <i’ 5 h. 

This concept provides an unifying approach to the 
existing variants of fat trees. Furthermore, an improved 
scalability of the network is achieved in two a,spects. On 
the one hand, the system size is equal to JJf=, mi for 
arbitrary mi and thus no more restricted to a power 
of m. On the other hand, we obtain somcb bisection- 
scalability, since the edge bisection of the generalized 
fat tree net,works can be chosen indepentlent of the 
number of nodes and its degree. A fat tret can there- 

37 
106:1-7133/95 $4.00 0 1995 IEEE 

Proceedings of the 9th International Parallel Processing Symposium (IPPS '95) 
1063-7133/95 $10.00 © 1995 IEEE 



fore be adapted to efficiently utilize: whatever edge bi- 
section makes engineering sense in terms of cost and 
performance. This is impossible with meshes and hy- 
percubes, where the edge bisection is min{m, n} for an 
m  x n mesh and 2h-1 for a h-dimensional binary hyper- 
cube Q(h). This feature is particula,rly important when 
studying the layout area of a graph, which is at least 
the square of the edge bisection asymptotically [17]. 
Another advantage of our approach is that we modeled 
the fat tree (unlike in [9]) with routing switches havting 
a. fixed degree, which allows to perform communication 
primitives faster than in a fat tree with switches having 
ati exponentially growing degree. 

The rest of this paper is organized as follows. Sect ion 
2 gives the definitions and notations used in the follow- 
ing sections. Section 3 defines the (extended) general- 
izctd fat tree networks. In Section 4, topological prop- 
erties such as node degree, diameter, average distance, 
cost, modularity (recursive scalability) and symmetry. 
aihd implementation aspects such as edge bisection are 
discussed and compared with those of other popular 
nc: tworks. Simple communication algorithms for roui,- 
ing and broadcasting which tolerat#e upto (degree -1) 
nclde- and link-failures are presented in Section 5. The 
versatility of t,he proposed networks is shown by (design- 
ing efficient embeddings of rings, f,ori, complete binary 
trf:es, hypercubes and pyramids in Section li. Section 7 
cc:lncludes the paper. 

2 Definitions and Notations 
An int,erconnection network can be modeled as an 

undirected graph G = (V, E), where I’ is the node set 
representing the processors and E the edgeset. repre- 
senting the communication links itniong the processors. 

A Cartesian product G x H = \i: E) of two graphs 
i (P = (VG, EG) and H = ( VH, EN is defined by 1. = 

1;; x VH and E  = {{(2’,yj,(2’,y’))/1,,2’ E  V~!y,y’ E  
I’lr,r = I’ and {y,y’) E EH or {r,.~‘} E Kc; and 
y = y’}. A tw 0 -d imensional (m ‘r: 71) -mesh M(m, 7)) = 
(I,‘, E) has the node--set 1,’ = {(i, j) 10 < i < m  -- 1.0 < 
j 2 n - 1) and there is an edge between two mesh 
ttt ides z and y if 11. - y] = 1. A mesh M(m, n) can 
1~ described as a cartesla,n product L,(m) x l,(n) where 
/,I m) is a linear array of length nn. A tons ‘I‘( nr, n) 
is defined as R(m) x R(n) where R(m) is a ring of 
length m. An n-diniensional bi7~ry hypercube Q(rr) = 
(t’,, En) = Q(n - 1) x Q( 1) is given by the node-set’ 
I;, = Z.g, the set of binary strings of length n and 
t#trere exists an edge {r, y} E E,, between two nodes z 
and y in Q(n) f i 2: and y differ in exactly one bit. ‘Ihe 
generalized hypercube GQ; of base 6 and dimension II 
is analogously defined with the node--set V = Z;:. ‘I’wo 
ncldes 3: and y, both strings of length n, are acljacetit if 
they differ in at most one symbol. 

The distance bet#ween two nodes in an interconnec- 
tion topology is the length of the ;shortest, path between 
them. Two paths are said to be node-disjoint if they 
have no common nodes, except for the source and des- 
tiliation. The diameter, d, of a n&work is the maxi- 
mum distance among all node-pairs. It is a mea.sure 
of the worst-case communication delay. The degrf’e of 
a node is the number of links incident to it. For a 
regular network of node-degree 6. its cost is defined as 
(:’ = d*6. An import,ant. parameter for the \iLSI-layout 

area of a network G is its edge bisection [ 171, which is 
defined as the minimum number of edges whose removal 
splits G  in two equal-sized disconnected graphs. The 
node (edge)-connectivity is the number of nodes (edges) 
whose removal results in a disconnected network. It is 
a measure of fault-tolerance of the network. A eravh is 
f-node (edge)-faultt 1 o erant if it remains connectid ‘after 
the removal of upto arbitrary f nodes (edges). 

3 Generalized Fat Trees 
Definition 1 : A  generalized m-ary fat tree 
GFT(h, m, w) = 
bisection increasing J 

I/h, Eb) of height h and edge 
actor w is an undirected graph. 

Informally, GFT(h -t= 1, m, w) is recursively gener- 
ated from m  distznct copies of GFT(h, m. o), denoted 
as GFTj(h,m,w) = (Lt, Ei), 0 5 j < m  - 1, and 
wh+’ additional nodes such that each top-level node 
(h,k + j . wh) of each GFTj(m, w, h), for 0 5 k 5 
wh - 1, is adjacent to w consecutive new top-level-nodes 
(i.e. level h + 1 nodes), grven by (h + 1, !c. w), . , (h + 
1, (k+l).w-1). The graph, GFTj(h! m, w) 2s also called 
a sub-fat tree of GFT(h + 1, m, w). This construction 
is sketched in Figure 1. 

Ch+l,O) (h+l,w) (h+l,2w) (h+l,d w-l) 

L .--____ 

GFTh+l,m.w) =(Vh+l,Eh+l) 

Figure 1: Recursive construction of GFT(lr + 1, m, w) 
The node set Vi of GFT(h,,m, w) is gil’en by : 

vh := {(I, i) 1 0 5 1 5 h A  0 5 i 2 mh-‘w’ -. l}, where 1 
is the level of a node (the leaves being at 1~ vel 0) und i 
denotes the position of this node rn level 1 

Since we ~11 use the recursive scalability of the gen- 
eralized fat trees, let us girle a recvrszve definition of 
both the node- and edge-set of GFT(h + 1, m, w): 
- vo := ((O,O)}, flo := 0. 

77, - 1 

- l/h+1 := uv; u {(h+l,a)I 
,e = II 0 5 u < wh+’ - 1) and 

n-1 
- Eh+l = u E”h u {{(hta),(f~+ lib)) I 

j=o a mod tub = [kj}, where 

V~:={(l,u)~O~~~hAj~X<a~(j+1)~~-1} 
and 

Ejh := {{(l,a)l(l+l,b)} IO 5 15 h-l~(I,a),(I,b) E  
1;13A{(l~a-j.~),(l+l,b-j.X)}E Eh}. 

Here X  = mh-‘w’ is the number of le,vel-1 nodes in 
each sub-fat tree GFTJ(h, m, w). The edges m  Ef, are 
simply the edges in GFTJ’(h,m,w); and ,zn edge con- 
necting some top-level node (h + 1~ a) with a top-level 
node (h,b+j.w*) zn Vi where b E  {O,...,wb - 1) 
impliesac {w.b,w.b+‘i,...,w~b+w- l}. 

Although a fat tree is a tree m  graph-tht,oretic terms 
for only w = 1, we will denote all nodes with an out- 
degree of 0 as leurles, nodes with an in-dlsgree of 0 as 
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II 

Figure 2: a) GFT(2, %, 1) 
Gk’T(3,2,2) d) GFT(2,4,4) 

b) GFT(2,4,1) C> 

Figure 3: a) GFTi,2,3.3), b) GFT(2,2,3) c) 
GFT(2,4,2) 

top-level nodes (or roots) and all non-leaves as inner 
nodrs. Nodes that are neither leaves nor roots will be 
callr-bd intermediate nodes. 

As a special case, for w = 1 we obtain a complete 
m-ary tree of height h.. Figures 2a.) and b) show two 
exatnples for m  = 2 (binary tree) and m = 4 (4-ary 
tree), both of height two. For m  q L w we obtain a 
graph similar to the baselim network [6]. Figures 2c), 
3a) and 2d) illustrate fat trees for nr = w = 2,3 and 
4. It is even possible to choose w > m  (cf. Figure 
3b). The fat tree used for the 16 node CM-5 machine 
corresponds to GFT(2,4,2), shown in Figure 3~). 

I1s a further generalization, the constants m  and w 
can be chosen independently for each level. 
Definition 2 : An extended generalized fat tree 
XGFT(h,ml,. ,mh;wl,. ,wh)= (IjL, Eh) of hezght 
h and m = m;, w = ZL,~ ai level i can be defined zn 
the same way as GFT(h, rn,w), replacing m. with 
ml. m2,. . . rnh and zc with WI, ‘~2, , wh. For the 
rest of this paper, we abbreviate XGFT(h,ml,. ,mh, 
WI,, ,wh) as XGFT. 

Informally, XGFT(h + l,ml.. .,mh+l,wl,. .., 
wh.+.i) is recursivefy generated from mh distinct 
copies of an XGFT(h,m.l,. ,mh,w], . ,wh) , called 
XGF’Tj = (I{, Ei), (0 5 j < m  - 11 and 1111 . wh.+l 
addztional nodes, such th,at each top-level node 
(h, k + X j) of each SGFTj (0 5 j 4 WI . w), - 1) 
is adjacent to wh+l consecutive new top-level-nodes 
(h t 1, k . wh+l), , (h. + 1, (k + 1) . W~+I - l), where 

x = Wl’ . . wh is the number of top-level nodes of each 
XGFTj. Formally, 

0 < i 5 wl ..‘W]m1+1 ,“mh - l}, 
m-1 

-- Eh+l = u Ei u {{(hta),(h+l,b)) I 
j=O a mod w1 . ‘wh = [&I}, where 

-- Ejh := {{(I, a), (l+l, b)} 1 0 < 15 h-1+1, a), (1, b) E 
v,j A{(l,a-j.X),(1+1,b-j.X)} E Eh}. 

Here X is the number of level-l nodes in each 
sub-fat tree (r/j”, Ei), i.e. X = u/l wlml+l . . . mh. 

The edges in EL are therefore just the edges in 
XGFTj(h; ml,. . , inh; WI,. , wh), and an edge con- 
necting some top-level node jh + 1, a) with a top-level 
node (h, b + j . A) in Vl where b E (0,. . w1 . . . Wh} 
im 1iesaE {wh.+ 

i or example, t h 
.b,w.b+l,....,wh+l.b+wh+ h- 11. 
e commumcatlon network of t e ex- 

isting Connection Macke CM-5 with 256 leaves [16] 
is nothing but XGFT(4; 4,4,4,4; 2,2,2,4). 

4 Topological Properties 
In most hardware designs using fat trees ‘e.g., Con- 

nection Machine CM-5, KSRl, Meiko CS-2 i between 
multiple processing elements (PE’s), these PE’s are lo- 
cated at the rnh (or ml . mh, respectively) leaves of 
the fat tree, whereas the remaining inner nodes are 
simple routers or high-speed switches. Therefore, the 
usual definitions of “cost”, “distance”, “average dis- 
tance” etc. have to be slightly modified, as follows. 

The diameter of GFT(h, m, w) is the maximum dis- 
tance between two leaves. The average disfance dco,i) 
of a leaf (0 I i) from other leaves is 

it0 ,) .= C,+3 dist((o,i)3(opj)) 
,t . 7?1”-1 

where dist((k, i), (l,j)) d enotes the distance between 
the nodes (k, i) and (1,j) in GFT(h,m, w). The av- 
erage distance, d, of GFT(h, m, w) is defined as the 
arithmetic mean of the average distances of all leaves, 

i.e., d:z C(O,p . Similarly, the average distance 
&o,i) of a leaf (0, i) in XGFT is 

Hence, the average distance in XGFT is 

4.1 Node Degree and Number of Edges 
In GFT(h,m,w , 

d 
by definition the degree of each 

leaf is w and the egree of each intermediate node is 
m  + w. The degree of the roots, i.e., the nodes in level 
h, is m. For each non-root (l,i), the parent nodes are 
(l+l,w~i),...,(Z+l,w~(i+l)-1). Foreachnon-leaf 
(1, i) the child nodes are (I - 1, [$] + 0. w’-l), . . , (I - 
l,[$] + (m - 1). w’-l). 

The generalized fat tree GFT(h,m,w) has lvhl = 
C:-, miwhbi nodes, such that level i contains miwhei 
nod’&. The extended generalized fat tree of height h has 
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n~l~m~~~~m~leaves,~~~n~2~~~mhnodesinleve11,...,  
and finally wl w2 I wh top-level nodes. Therefore the 
total number of nodes in XGFT is 

lvhl = Cf=(j ni,,+l n&j jJj,l Wj. 

The number of edges bet,ween the levels 1 and I+ 1 in 
L1 GFT is by definition wl+l times the number of nodes 
in level I, since every node ([, j) has wl.+l parents. Thus, 
the total number of edges in XGFT and GFT( h, m, w) 
,Y GFT is respectively <given by 
\!“/&I = ~,“m’~;=,+, mi flJ’=: wj and CFzCl mh-iwi+l. 

4.2 Diameter 
The distance between two leaves (O,il) and (Cl,,&) 

CA GFT(h,m,, w) or XGFT is two times the height 
of’ a smallest generalized sub-fat t,ree of GFT(h, m, w) 
which contains both of them. 

To be more precise, consider the following st,ring no- 
tation of the node--set Vh, which also simplifies our 
routing algorithms in Section 5. An arbitrary node 
(1.1, i) of XGFT is contained in exactly ant: of the sets 
1,’ 0 Vmh-‘. Let ah E (0, I,. . .,mh .- 1) be the ,&-lr..‘r h-1 
nllrnber such that (O,2’) E I/hQ-. Fbr the same reason, 
t.lkere exists exactly one number a,s-l E {0, . , mh-I-- 
l} such that the leaf IO,i modrrll ‘.‘rnh-l) E  I;/L”<‘. 
Recursively, the IltImberS Nh-? Cf {o,. . , ?nh-2 - I}, 
(the3 E (0,. ,,rn,b,-3 ...- 11, . . . tk1 E (0,. ..ml - I} 
are computed. In fact. (~1 = i mod ml. 

The mapping ,4 (0, i) I-+ 10; cry), . , ojo3*)) 
j ;dso denoted as (0, crJl(“il . . ckl. “““)) is one-t,o-one 
and dist((0, i), (0,j)) =z 2 h’, where Q::‘~’ i 

(OLi) 
“h 7 . 7 “h’+l - (*h’.+l 

(Oxi) - (O!j) itnd a(h(i.il f ,‘,‘;,j 1 TI~,,~ the 

diameter of GFT(h, m., w) and SGF’T is 2h. 
For example, ’ t,he dist,ance between the leaves 

(1); pqr)=(O; 001) and (0; stu)=(O; (110) in GFT(3,2,2), 
shown in Figure ‘Lcj is 2 2 = 4, since 11 = s = (1 but 
/I # t, i.e. the smallest sub-fat tree cont,aining both 
lt,aves has height 2. 

For the inner nodes of GFT(h, m, w), we use a simi- 
lar notation. We denot,tb an arbit#rary ancestor .r of a leaf 
fJ = (O:ah,Nh-1,. ..,‘11) as (l;cth,ah-I...., 02,Pl), 
where 0 < ,& < w - 1 and 2 is the $lt+h oft he m  ances- 
1 )rs of the lea&. The nodes in l+bvttl 2 are then denoted 
:I:+ (2; ah,, . . , (Y:S, $2 ~ PI ) and finallv the top-level nodes 
;\re denoted by (h: /?h9 , ,@I). i’his not;ttjion IS well 
qdefined. Using this notation, the UP parents of a non- 

rid (1; (lh, . . . , tq+] .%. b(-l,. . , h, ‘1, 0 5 1 :; h -- 1, 0 < 

‘,h,ah-I...., a/+1, 1: < m  - 1, 0 <; 61.-l, ( bl :g w - 1 

itre(l+l;ah ,.,., al+l,y,bl-l ,..., 01)forO<~~7rl-l. 
>imilarly, the m  children of a non-leaf (I; ah,. ( cll+l, 
g,l~-~,. ..,hl), 1 < 1 < h, (I < ah,at,-.lS . . . . 
al+1 5 m  -. 1, 0 :5 !~,hl_l, . . ,/)I 5 w - I a.re 
(i + l;Uh,. .U[+l,x,b:-1.. _. ,611 for 0 5 2 5 771 - 1. 

4.3 Average Distance 
From an arbitrary leaf (0, i) in ,YG F’l’, t,hctre ex- 

1st (ml - 1) other leaves at a distance two, Tn.2 - 
l)ml leaves at distance four, and finally ?nh - 
I)rnh-1 I .rnl leaves at distance 2;. Thus, the average 
tlistance of this leaf is obtained as 

4w = 2 CL “(Lab rnyy,n,;) (“a;: ,;:L+ 
which is independent of the choice of (0, i). Due t.o leaf- 

symmetry, this formula also gives the average distance, 
d, of XGFT. In GFT(h, m, w), the average distance 
is given by d = 2 (E) C:ii (; + 1) . m ’ . Since for 
m  2 2 and h > 1, the identity 

holds, it follows that a! = 2h - ~~~~~~~~;:l. For 
m  = 1, d = 0 due to only one leaf. 
4.4 Leaf-Symmetry 

The networks GFT( h, m, w) and XG FT are leaf- 
symmetric, because there exists an automorphism 
which maps each level onto itself and t.he leaf a = 
(O;ah,ah-l,...ral)ontob= (o,;~h,%-I...., ak+l,bk, 
. . . , bl) for any arbitrary choice of a,!~. Such an 
automorphism is given by T : (/I ch, . , . , ~1) I-+ 
(ijch,..., Ck+lr Ck @k (bk @k a), . , Cl @I (bl 81 al)), 

where $; and @i denote the addition and substraction 
of integers modulo mi, for 1 5 i 5 /c. 
4.5 Edge Bisection 
Theorem 1 : The edge bisectzon of GF r(h, m, w) is 
at most mwh. 
Proof : W.l.o.g., we show the result for even m. 
First we split Vh into the two equal sized blocks EL-1 
B1 = UiLo Vie1 U {(h,i)lO 5 i < $ - 1) and 
B2 = Vh - B1. Obviously, the only edges between B1 
and B2 are the K$ edges from level h in B1 to level 
h - 1 in Hz, and the ?$ edges from level h in 82 to 
level h - 1 in B1. Therefore, mu? is an upper bound 
of the edge bisectlion. 0 
4.6 Comparison 

Table 1 summarizes several topological properties, 
namely the number of nodes (N), degree (6) which is 
equal to the connectivity (K) or fault tolerance, and 
edge bisection (EB) of the generalized fat trees. These 
parameters are compared with those of the equal-sized 
hypercubes and tori. 

Tori have a fixed degree and connectivity, while 
these values in a hypercube are equal to t#he logarithm 
of the number of nodes. Also the edge bisection of 
both topologies is fixed once the number of nodes is 
chosen. On the other hand, the generalized fat, tree 
GFT(h, m, w) allows us to choose the paramet,er w 
equal to the node-degree and connectivity, indepen- 
dent of the number of nodes. Also the edge bisection 
EB=Y$ and the cost C=2wh is influenced from the 
value of UJ. Thus, the generalized fat trf:es provide a 
so called bisection scalability, contrary to the meshes, 
tori and hypercubes. The same holds for the extended 
generalized fat tree XGFT(h; ml,. . , rn,h; 1~1,. . , wh), 
but additionally the values for w,, 2 5 i 5 h, can 
be chosen such that the value for tht, edge bisec- 
tion is adapted t)o the desired value. For instance, 
XGFT(h;4,. . ., 4; 2h, 1,. . ., 1) has the ;iame number 
of nodes, degree and diameter as the binary hypercube 
Q(2/2), but, a smaller edge bisection of 4h compared to 
22h-1 for Q(2h). 

5 Communication Issues 
As defined in Section 4.2, the nodes in level i of the 

generalized fat tree GFT(h, m, ~1) can be represented 
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Network 

Hypercube Q(2h) 

Table 1: Comparison of topologic 
N  =rC d 

1 4h 

:al properties 
= . EB I 

1 2h 1 2h 1 4h2 I 22h-1 
Generalized Hypercube G&Y 1 mh 1 (m-IN1 h I Cm- llh2 

L- . -’ - - I \ I I I x -I-- 
I’ort ‘I’(nl, n2) 

4 
T(2h, 2”) 

-___ 1 4 Lnl+n2-2 1-4(n1+1 %2)-8 
2h+l - 2 

min nl, n2 
4 2h+3-8 2h 

T(ml,...,mh) 2h , *-/L-I - 
I L 

2(CL, mi)-h 2h(~fzlmi)--4h2 mini{njfi mi} 
- - -__-,. h 

-.- ..--____-- 
4h 2h 2h 4h2 
I”If=, mi WI 

2. (2h)h 
2h 2hwl rn)&‘uJ, -.u, 

A.3 2 . 

by strings (i; zh . X~+IZ, . .x1) where 0 < Xj < m  -‘- 1 
for i + 1 5 j < h and 0 5 xJ 5 uj - I for 1 < j < i 

processors in GFT(h, m, w) and XGFT, respectively, 
can be guaranteed. 

5.1 Message Routing 5.2 Broadcasting 
In the following, we describe a simple self- 

routing scheme betwer,n any two processors in 
GFT( h, m, w). I,et (0: ah .a1 j denote the source 
node and (0; bh . bl ) the destination node. W.1.0.g.~ 
it is sufficient to give a routing between the source and 
thrs top-level node t = (h; 0. .O) since we can route 
thch message from the source to the node t and front t 
to the destination node. 

A possible routing f’rorn (9; ah al) to (h: (1 .O) is 
the following path : p = ((0. ah . . .a~). (1; ah.. .cL~O)~ 
(2;flh...u:300) ,..., (h - I;u,~O...o),~t2;0...())). 

Even w node-disjoint paths pi. 0 5 i 5 ‘UJ - 1, be- 
twt:ckn the source and dest,ination nodes can be given a.s : 
pi = ((o;uh...ul).(l;uh ..n2i),(2;ah...a~1Oi),. .,(h- 
l;cl,r,O...Oi),(h;C)...Oi),ih - 1; bh0.. .O%),(h - 
2;bhbh-lO...Oi)* . . . . (l,bh. .b7i),(O~hh...b1)). 

These UJ paths are node dis.joint a.s well as edge dis- 
joillt. Figure 4a) shows the I.WO nod? disjoinl, paths in 
G1”r(3,2,2) betwceu (0; 000) and (0: 101). 

,1:om ,3:01w G.,(n) ,-4.1,11, o:K!o, ,1.:11~1, ,3:1w) 

Broadcasting, i.e., sending a message from a source 
node to all other nodes of a network in GFT(h, m, w) 
can be done by sending the message from the source 
node to the top-level node t = (h; 0.. .O) w l.o.g., and 
afterwards sending the message from the node t to all 
other processors in the network. The routing from tshe 
source to node t is done as described in Section 5.1. For 
the broadcasting, we construct a spanning tree with 
root t = (h; 0. .O) as illustrated in Figure 4b). Under 
the all port communications model, broadcasting from 
any node in GFT(h, 

In GFT(h, m, w , 
can be const,ructe d 

m, w) takes at rnost 2h t.ime steps. 
w edge disjoint, leaf-spanning trees 

a) iO.cm oJo10, @.m, ml 10, bR c :mxu Klo1m co:lla, ,0:1111i 
1o:uoo WI I, ,0101, ,l’.iil, WXII 4Oll) N%101) itllll 

Figure 4: a Node disjoint paths between (0; 000) and 
(0; 101) in I4 FT(3,2; 2) b) Two edge disjoint spanning 
trees in GFT(3,2,2) with root (0: 000) 

‘Ihe routing and the construction of u;l node disjoint 
pat,hs between any two nodes can bf: shown analogously 
in the XGFT network. As a consequence, t,he following 
theorem and corollary arc‘ obtained. 
Theorem 2 : The genera&ed fat fn:c,s Gl’l’(,h, In, TV) 
and XGFT have a node-cortnectivzty of w an.d u:I, re- 
spcc~tively. This zmplies a node- and edge-fault tolerance 
of U. - 1 and w1 - 1. respecf~vely. 
Corollary 1 : Even uoith upto w - 1 (0.r. w. -- 1) node- 
or Ilnk-failures, a roafin!, brtuleen any iwo operafional 

1) . 
as follows. Let a* E (0,. . ,2~’ - 

For each leaf (0;ah.. .a~), the a*-th leaf span- 
nlng tree T,* (in Figure 5a) contains exactly the paths 
((h;O...Oa*),(h;ahO.. .Oa*),. .,(I; ahah- .Qd), 
(0; ah . .a~)). These 2~1 lea.f-spanning trees T,. , 0 < 
(~‘l 5 w - 1 are obviously edge disjoint because of t.h< 
differing values for a* in the last position. So, they 
can be arranged as a mult.iple spanning trc:es graph, 
CYST. with the root T = (0; 0. . .O) and the L/J spanning 
trees T,* as subtrees (cf. Figure 5). The individual 
trees in MST are edge-disjoint and there exist zu node 
disjoint paths between the root r and any ,+ther pro- 
cf’ssor in GFT(h, m, 20). Thus, MST can l)e used to 
broadcast a message from the root to any other node 
on 21’ node- and edge disjoint paths. Consequently, the 
broadcasting of a message from the root still works in 
t,tle presence of upto 1u - 1 faulty nodes or liltks. So we 
ohtain: 

(0; b,. . . . . b,) 

CT- -- > -I’ 

Figure 5: a) Spanning tree T,. 
trees graph MST 

b) Multiple spanning 

Theorem 3 : In GFT(h. m, w) and XGF?‘, there ex- 
ists a w- (or WI-) multiple spanning trees graph MST 
of height 2h ulhich has w (or ~1) edge-disjoznt subtrees 
arid provides w (or UQ) node disjoint paths between the 
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rl)ot and any other processor in GFT(h, m, w). Thrs al- 
lows broadcasting which tolerates upto w - 1 (or WI- 1) 
fuulty links or nodes. 

6 Network Embeddings 
Simulation of one network by another or mapping 

a task graph of a problem onto ia multicomputer can 
be described by a graph embedding. An embedding of 
a guest graph G = (KG 1 EG) into a host graph N = 
(1’~~ EH) is formally defined by t,he tuple (f, g) with a 
node-mapping f : VG --+ C;J and an ed ca-lnapping g : 
I~‘G -+ P(H) (pathset of H 
,f(~) and f(u) in I/;{, for al 1 

, where y( u,~}) connects P; 
{u.v} E Ec 

The dilaizon of the embedding (I, g) is the maximum 
distance in the host bet,ween the images of adjacent 
guest-nodes. The erpansion is the rot io \a. The load 
is the maximum, over all host-nodes, of the number 
of guest-nodes mapped onto a host-node. The edge 
(Trmgestion is the maximum numbfsr of edges of (Y that 
are routed by the mapping g over a single edge of H. 

6.1 Linear Arrays and Rings 
Theorem 4 : Let w 2~ 2. In GFT(h, m. w) wzih even 
171, a ring R(mh) (‘an be embedded with optamal load 
one, dilation 2h, and edge congestion ont. If m zs odd, 
/hen, a lin,ear array L(m”) can bt embedded with, op- 
llrnal load one, dzlation %h and edge congeslion one. 
In the latter case, a rtng R(mh) can be zmbtdded an 
(I’FT(h, m, w) wiih loud one, dilatron 2h and edge con- 
gestion -two. For w = t, Ihe edge congestion doubles. 
Proof : For w = I the theoreIn is trivial! since 
(;F’T(h,m, 1) is a m-ary complelt, tree of hc~gf~t h. 
Therefore. we consider t,he case 21.1 2 2 and odd m 

Let an ?-f-path in GFT(h, ~n,w) be a path which 
st,arts at the root, (h,(I), routes to the leaf (Il,O), 
r.hen connects all leaves by a path of length at most 
Zh, finally rea.ches the leaf (0, rnh -- 1) and routcys to 
(h, mh-I). Also, no cbdgc is allowc,d to appear more 
I.lian once in a.n WI)ath. 

For h = 1, we choose the X-path as H = (( 1,O ), 
(O,O),(l,l),(O, 1),(1,0),(0,2),...,(0,m- 2),(1,0), 
(,I), m - l), (1, 1)). This is illustratc:d in I’igurc 6a). 

For the induction step (h + I), we embed in each 
L Vi, I$) an ‘H-path H3 st,arting with the node (h,jwh) 
and ending with (h, jw* + wh-’ -- 1) where 0 < j < 
II~ - 1. Let, HI:’ denotr the trace of’ Hj traversed ill the 
ff,versed order. Then t.he new ‘H-path, H.,,,, is built 
by glueing all small ‘H-paths togetticr, using ff;’ for 
odd j. 

H net0 = ((h, + l,O),(h,O)) o He o ((h,wh-‘), (h + 
l,wh),(h,wh + (oh-l)) o (?I1)-l((h,.wh),(h + 
1,0),(h,2wh)) o o (Et,-2)-l o ((h,(nz - 2)ulh + 
wh-‘). (h + l,O), (11, ( rtz - 1)~~):) o H,...l o ((h,(,m - 
l)wh + u?-‘), (h + t,wh)), where o denotes the 
concatenation of paths.This is sket,ched in Figure 6b). 
For even m, the R-pat,hs begin and end at (h, 0). 0 

Figures 6c) and t-l) illustrate enlbtbddings of 1,(g) in 
(>FT(2,3,2) and 1416) in GFT(2,4,2). The leaves are 
numbered according to their positions in the list. 

a) (04) (O.m- I) \ ‘\ 
(0,1)(0,2)(0,m-2) (0.0) (O,I). (0.k2) (O,m- 1) 

0 63 . ., . ,. 1 
., 

cl1 !iiibdl 
2 36 5 47 8 9 4 I2 345 67 li910111213141.516 

Figure 6: L(mh) in GFT(h,m;w) : a) Induction base 
b) Induction Step 
in GFT(2.4,2) 

c) C(9) in GFT(2,3,2) d) L(16) 

6.2 Complete Binary Trees and Meshes 
For embeddings of meshes and trees, as well as to 

compute a lower bound of their edge congestion, we 
prove first t,he following lemma. 
Lemma 1 : a) For each leaf (0, i) in (:FT(h, LU,W) 
there exzsl w paths pi,l3 ,~i,~ startmg at (0, i) 
and ending al some roof (h, ji). All paths in the set 
{pi,j 1 (0, i) leaf, 1 < j 2 w} are edge disjoznt. 
b) For each h, m,w there exzsts an ( mbedding of 
wmh paths pi,j, 1 < j < u! for each leaf (0, i) in 
GFT(h, m, w) to a top-level node with ed,qe congestion 
([yl)“-‘. On the other hand, the edge corrgeshon L(h) 
is in 0( [( :)“-‘I) such that C(h) = O( [(E)“-‘1). 
Proof : Note t,hat a! is just a special case of b). 
W.l.o.g., we assume that w divides h. Each of the w 
paths from each of the mh leaves has to arrive at the 
root-level. Since there are onlv wh ton level nodes. even 
with an opt,imal balancing at-least ohe of those &ill be 
an endpoint of at. least $ = uj( z)h paths. Since each 
top-level node has m successors, the edge congestion is 
greater than or equal to m(E)” = ( E)h-‘. 

To construct an optimal embedding, we enu- 
merate all ul paths starting from the leaf 1 = 
(0; ah, ah-1, . . , ct.1). For some arbitrarily chosen cro E 
0,. .,m - 1, the w paths are (O;CY~,CI~-1,. .,al), 
(l;ah,%-I,...,&), &ah, Qh-1, ” h,A), “‘, 
(h;Ph,...,Pl), with /?*+I = 121. 0 5 i 5 h - 1. 
Obviously, the congestion of edges among nodes in 
levels 0 and 1 is one. The edge congestion increases 
per level by 5. This completes the proof 0 
Theorem 5 : A complete binary tree CBT(h 
height h can be embedded in GFT(h + 1.2,2) wat a 

of 
an 

-p+1 
optimal load one, expansion 2,.+,-1 x I, an optimal 
dilation 2(h + 1) and edge congestaon thne. 
Proof : See [ll] 0 
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Theorem 6 : A  two dimensional m ’ x mh-mesh 
M(m’, mh) can be embedded in GFT(h + I, m, m) with 
load and expansion one, dilation 2(h + 1) and edge 
congestion three. If m  is even, a two-dimensional 
mh 

5 
x m ’)-torus can be embedded with the same values 

or load, expansion, edge congestion and dilation. 
Proof : The expansion and load are equal to one and 
the dilation is equal to 2(h + 1). 

We show by induction that there exists an embed- 
ding of the mesh M(m’, mh) = L(m’) x L(mh) wit,h two 
additional paths starting at each of the first and last ml 
leaves (0, i), 0 < i < m’- 1 and mh+‘--m’ < i < mh-+‘- 
1, and ending at the root (h+l, (i mod m ’).wh-‘) with 
edge congestion three. For h = 1, we obtain the result 
from Lemma 1 and Theorem 4. For the induction step, 
we embed m  distinct (m’ x mh)-meshes in the nz sub- 
fat trees GFT’(h+l,m,in), . ,GFT”“-l(h+l,m, m). 
We link the end nodes of the additional paths t,o the 
top..level nodes GFTj(h+, m, m) via the correspond- 
ing root in the fat tree GFT(h, m, m) (i.e., t,he nolle 
(h, j.mb+‘+k) is connecttld with (h+I, (j+l).&+‘-+k) 
via the new root (h + I + 1, w. k). This can be achievt%d 
with edge congestion two between the levels h + I and 
h. I3y induction hypothesis, the edge congestion in each 
sub. fat tree is at most three. This construction is illus- 
trated in Figure 7. For even m, the wraparound edges 
can be routed via the top-level nodes analogously t.o 
t.he proof of Theorem 4. 0 

[No J3? )I [C”d % ! ,J ICY? .E? 1) 
Figure 7: Embedding of M(m’,n~.h~‘Lj in GFT(h + 
1, lli, w) 

A generalization of the last theorem yields : 
Thoorem 7 : A  k-dimensional (m.hl >: .xm”“)-m,esh 
cm be embedded in GFT(hl + h2 + t hk, m, m) with 
load and expansion one, dilation 2(h1 +. . hk) and edge 
congestion 2k-1. If m  is even, a torus ofthe same size 
cav be embedded with the same values for loud, dilation, 
edycs congestzon and expansion. 

6.3 Hypercubes 
Thctorem 8 : 7’h.e h,-dimensional hypercube Q(h) can 
be t mbedded an. GFT(h, 2,2) with load and expansion 
one dilation 2h, and edge con,gestion [il. 
Proof : We prove this result, recursively starting with 
h =- 1. Figure 8a) illustrates the embedding of the hy- 
percube Q(1) in GFT(l, 2, 2). For the induction we use 
the recursiveness of both IShe hypercube and the fat tree 
GE’ r( h, 2,2). Thus, the hypercubr Q( 2) is embedded 
in C:FT(2,2,2) as shown in Figure 8b). 

For the construction of a. hypercube Q(h + 1) in 
GJ’ I(h + 1,2, 2), one utilizes two instances of an em- 
bedaled Q(h) in GFT(h, 2,2). The corresponding nodes 
in t,he two instances of the hypercube are connected in 
the fat tree using the path which muttas over the lea.st 
common ancest$or in the fat, tree (cf Figure 8~) ;u~d 

Figure 9). If there are two unused least common an- 
cestors, one chooses the left one. This is the case for h 
odd. For even h, we choose the unique least common 
ancestor which is unused. 

Thus, the load and expansion are equal to one. The 
dilation is equal to the diameter 2h + 2 in the fat tree 
GFT(h+1+,2,2) h’ h’ b w K IS o viously optimal. The edge 
congestion increases only for odd h by one, i.e., in each 
second step of this recursive construction. Hence, the 
edge congestion obtained is equal to [yl. cl 

Figure 8: Embedding of a) Q(1) in GFT(l, 2,2), b) Q(2) 
in GFT(2,2,2) and c) Q(3) in GFT(3,2,2) 

Figure 9: Q(4) in GFT(4,2,2) 
6.4 Pyramids 

A pyramid PR(n) of height 71 is a 4-ary complete tree 
of height n and the nodes at each level form a square 
mesh. Pyramids are very useful data structltres in im- 
age processing and scientific multigrid computations. 
Theorem 9 : In a fat tree GFT(A+ 1,4,4), three in- 
stances of a pyramid PR(h) of height h can bt. embedded 
with load one, dilation 2h, + 2, expansion. &  x 1, 
and edge congestion at most 5. 
Proof : The pyramid PR(1) has CfZ04’ = p 
nodes. Thus au embedding of three instances of PR(1) 
in GFT( 1,4,4) leads to an expansion of && M 1. 

Figure 10 embeds three instances of PR(l) in 
GFT(2,4,4). Th’ 1s embedding has load 1, expansion 
lfi dilation 4, and edge congestion 1. 15’ 

c&? 1,4,4) GFT '(I ,4,4) GFT+1,4,4) G!T3(1,4,4) 

Figure 10: Embedding of three PR(l)‘s in GJ’T(2,4,4) 
The embedding of three instances of PR( II + 1) uses 

t,he embedding of three instances of Pll(h) in GFT(h+ 
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1,4,4). A scheme is shown in Figure 11. The detailed 
proof is provided in 1111. 0 

MC2 k+l , 2k+l ) M(2 k+I , 2k+l ) M(2k+1 ,2k+’ ) PR(k)PR(k)PR(k) 

Figure 11: Embedding of PR(h+ 1) in GFT(h + 2,4,4) 

6.5 Lower bound for the edge congestion 
Since for m  > w the ratio between roots and leaves 

ile GFT(h. m. zu1 decreases exDonentiallv with resnect 
I,II the hkihht’ h: it seems thai everv &lbeddine bf a 
guest grapYh with an edge bisection increasing &early 
with the number of nodes must have nect:ssarilq. a high 
ib(lge congestion. The following tSheorenl. gives a rela- 
I,ion between the edge bisection of the guest graph, the 
I,:trameters h. m. w and the minimum edge congestion. 
it shows that’ an’exponent,ially increa.sing edge ‘conges- 
tion is necessarv for everv embecldin~ where tht? edge 
hIsection of the%uest grayh is in O(#Godes 

b 
. Thus, f& 

gllest graphs with linearly increasing edge isection, it 
is desirable to have m < ‘u:. 
Theorem 10 : Let G = (V, E) bc a guest graph to be 
crnbedded in GFT(h, m, ul), and b, the edge bisection of 
(1’. Then the minimum edye congestion in every possible 
fmbeddin 
Proof : %  - 

of G in GF’T(h, m,w) is pt lepsjl E  0 
or m  - 1, the theorem IS trlvlal. d 

4). 
T0.g. 

assume m even. Then iin each possible embedding, from 
t,lle left ?j subtrees Vjel io the 7 right subtrees t,here 
have to be at least, b connections, consuming each two 
links. These 26 links must. be distribut,ed over t.htb 77wh 

cadges connecting level h and h -- 1 of GFT(h, m, w). 
Thus, at least one edge lnust have a congestion of at 
Itmast *. 0 

Since the edge bisection of Q(K) is 2h--‘, we obtain: 
Corollary 2 : Ever,y ernbeddzn,g of a Q(2h) in a 
C:FT(h, 4. w) has an edge congc,stion of at least 
O(( $)“) (‘e.g. = 0(2*) for the Jut trfe GFT(h, 4,‘L)) 

7 Conclusions 
We have introduced a family of (extended) gener- 

alized fat tree interconnection networks which include 
as special cases Leiserson’s fat trees used in the CM-5 
machine, pruned butterflies and a few other variants. 
Our concept provides an unifying approach t.o define 
and analyze these fat tree based architectures. The 
generalized fat tree GFT(h, m, .w) has mh PE’s. de- 
gree w, diameter 2h, and edge bisection ?$. Thus, 
Ihe degree, connect,ivity, cost and edge bisection can 
be chosen mdepenclent, of the number of PE’s. 

The extended generalized fat tree XGFT(h,ml?. , 
rrlh,wl,. . ,wh) with ml  mh PE:‘s has a conne&vity 
equal to its degree of ~‘1, a diameter of 2h, and an edge 
bisection of Y(U)] . . IU~). The edge bisection can ad- 
ditionally be chosen independent, of t,he degree. Thus, 
we can construct fat trees t.ailored to the applicat,ion. 

As part of our future research, we intend to analyze 
scaveral implementation aspects of the generalized fat 
trees, such as con.&ructing a VLSI-layout and analyz- 
iltg other lower bound indicators such as the crossing 

number, the bandwidth and the vertex bisection of the 
fat trees. To improve the scalability of the network 
model, we plan to design an incomplete fat tree net- 
work providing an arbitrary number of processors. Fur- 
thermore, it is worthwhile to investigate fault-tolerant 
embeddings and communication algorithms. 
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