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Abstract

Genetic economy dictates that complex biological struc-
tures like viruses exhibit some degree of symmetry and are
composed of sub-units repeated throughout the structure.
This symmetry has a profound effect upon the complexity
of computations required for structure determination from
experimental evidence. In this paper we report on the rela-
tionship between the symmetry and computational complex-
ity for 3D atomic structure determination of viruses, from
experimental data provided by electron microscopy.

1. Introduction

The knowledge of the 3D atomic structure of viruses
is invaluable for the design of anti-viral drugs, [Bra91].
The experimental evidence regarding the atomic structure
of viruses can be gathered using crystallographic methods;
in this case the biological material sample is exposed to a
beam of X-rays and we obtain and analyze an X-ray diffrac-
tion image. An alternative approach is provided by electron
microscopy; now the sample is exposed to a beam of elec-
trons and we obtain and then analyze a micrograph.

While crystallography is capable to produce high resolu-
tion electron density maps, up to

���������
Å and routinely

at � � � Å resolution, the crystallization of viruses is a rather
tedious and sometimes impossible task. On the other hand,
the samples of biological materials for electron microscopy
are easier to prepare, but routinely the resolution is limited
to
�	�
� ��� Å. More recent results [Böt97], [Con97] report

reconstructions at � � � ��� Å and there is real hope that this
limit can be pushed to the 
 ��� Å resolution range.

The 3D atomic structure determination using experimen-
tal evidence collected through electron microscopy, [Fra96],
[Bak99] involves several steps: identification of individual
particle projections, determination of the orientation of the

virus particle, for each projection, and finally the 3D recon-
struction. The last two steps are performed iteratively at in-
creasing resolutions, up to the limit allowed by the accuracy
of the experimental data.

Crystallography as well as electron microscopy are data
intensive scientific investigation techniques and require the
use of parallel computers. Our group has been involved
in the development of parallel algorithms for atomic struc-
ture determination of spherical viruses since early 1990’s,
[Cor93], [Cor95], [Mar97], [Mar98]. More recently we
have initiated a program to develop parallel algorithms
for the study of asymmetric objects using experimental
information from electron microscopy, [Lyn99], [Lyn00],
[Mar01] and environments to facilitate the use of parallel
programs [Bol00] for structural biology studies.

The study of macromolecules like viruses that do not
exhibit symmetry is computationally more demanding; the
lack of symmetry implies that we must collect a larger vol-
ume of experimental data to determine the 3D atomic struc-
ture. A virus exhibiting some form of symmetry is built out
of few sub-units and we only need to determine the elec-
tron density map of one sub-unit. Instead of reconstructing
a sub-unit and then applying the symmetry operators to re-
construct the entire virus, we have to conduct the 3D recon-
struction for the entire volume of an asymmetric virus.

In this paper we report on a parallel algorithm for orien-
tation refinement and discuss the computational complexity
of orientation refinement for non-symmetric particles. The
lack of symmetry and its effect upon the algorithms for 3D
reconstruction is discussed elsewhere, [Mar01].

This paper is organized as follows: Section 2 provides
a succinct introduction to virus structures and symmetry.
In Section 3 we outline the basic methodology for electron
density refinement in electron microscopy and in Section 4
we present an algorithm for parallel orientation refinement
and evaluate its complexity. In Section 5 we present some
experimental results confirming that our algorithm is sound,
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it is capable to identify the best match between a view with
unknown orientation and a set of views with known orien-
tations. Finally, we present our conclusions.

2. Virus Symmetry and Genetic Economy

Viruses are large macromolecules that cause various hu-
man, animal, and plant diseases. Viruses infect healthy cells
by attaching to them, then delivering their nucleic acid to
the host cell. Instead of expressing the cellular gene, the
biosynthetic system of an infected cell is forced to facili-
tate the replication, transcription, and translation of the vi-
ral gene. Then the virus particle created in the infected cell
leaves it to infect another host.

A virus consists of a nucleic acid genome, a protein shell
or capsid, and sometimes a membrane called an envelope
enclosing the capside. For example, in Figure 1 (a) we see a
schematic diagram of a spherical virus, called picona, with
a diameter of about 300 Å, and the radius of the RNA of
about

��� � Å. In Figure 1 (b) we show a schematic represen-
tation of a large enveloped virus called sindbis, with several
spiked proteins protruding out of the surface. The external
diameter of the syndbis virus is of about ����� Å, the diameter
of the neurocapsid core of about ����� Å, [Bra91].

Envelope


Neurocapsid


RNA


Spikes
 (b)


300
 700


(a)


Figure 1. Viruses differ in terms of genome,
molecular mass, relative weights of the pro-
tein shell and the genome, shape, and size
as shown by the schematic diagrams of two
spherical viruses. (a) A picona virus with a di-
ameter of about 
���� Å. (b) A sindbis virus with
a diameter of about ����� Å.

Viruses differ in terms of genome, molecular mass, rel-
ative weights of the protein shell and the genome, shape,
and size. The genome consists of either RNA or DNA. The
molecular weight differs; for example the molecular weight

of the picona viruses is of about � ������� ��� daltons; about
���� of the weight is due to one long RNA molecule with
about ��������� nucleotides. There are spherical, cylindrical, as
well as other shapes of viruses. The size of a virus ranges
from say

��� � to ����� Å.
The protein shell of a spherical virus is made out of pro-

tein sub-units that are symmetrically arranged, while the
nucleic acid genome lacks symmetry. We have more de-
tailed knowledge of the viral capsides than about the nuclic
acid genome because it is easier to collect experimental ev-
idence about the structure of a symmetric object than about
an asymmetric object. For example, X-ray diffraction is
used for 3D atomic structure determination of the protein
shell, but the nucleic acid genome is not seen in virus X-ray
diffraction images.

A virus has to locate a specific docking site on a host cell.
The information about the structure of the capsid is criti-
cal in determining the compounds that can block the virus
binding site. This explains the interest of pharmaceutical
companies in the atomic structure of viruses.

The symmetry of the protein shell means that we have
a relatively small number of identical building blocks that
recognize each other and are able to assemble together
spontaneously. The principle of genetic economy requires
that the shell be built out of a few copies of identical units;
the amount of genetic information, thus the size of the
genome is considerably smaller for a symmetric virus par-
ticle. For example, one of the smallest known viruses, the
satellite tobacco necrosis virus has a diameter of

� ��� Å, a
protein shell of 60 sub-units, and its RNA is very small, has
about

� � � ��� nuclotides [Bra91].
The protein shell of spherical viruses have icosahedral

symmetry. An icosahedron, see Figure 2 (a), has
� � ver-

tices and an equal number of
���

fold axes, ��� faces and the
same number of 
 -fold axes; it has 
�� edges and the same
number of � � fold axes. An object placed on an icosahedron
is repeated  �� times by combining the symmetry operations
of the

�!�
fold, 
 � fold and � � fold axes. Indeed:� �#"�$�%	&('*)+$	, �-�/.  �� – copies of the object relative to

the 5-fold axes;����021�)3$�, � 
 .  �� – copies of the object relative to the
3-fold axes;
��4$	5�6�$�, � � .  �� – copies of the object relative to the
2-fold axes.

The capsid consists of 7 �  �� sub-units where 7 can be�
or more. Caspar and Klug have shown that the triangu-

lations number 7 .98;:#<=8?>@<=>!: , with
8

and
>

integers,
[Bra91]. Possible values for 7 are

� ��
����A�B�����A� � �!� � 
�� �+�+� .
For

8-.C>D.E�
, 7 . 
 and the protein shell consists of
 �  �� .F� ��� sub-units. Each asymmetric unit consists of

three proteins A,B, and C, see Figure 2 (b). In this case the
RNA contains the genetic blueprint of the three proteins, A,
B, and C.
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Figure 2. The Protein shell of spherical
viruses have icosahedral symmetry. (a) An
icosahedron has twelve, G � ��H , ��� fold axes of
symmetry one through each vertex, twenty,GI����H , 
 � fold axes, each going through the cen-
ter of each face, and thirty, GJ
���H , � � fold axes,
each going through the half point of an edge.
(b) For 7 . 
 each asymmetric unit (shown
with tick lines) consists of three proteins A,B,
and C

3. 3DAtomic Virus Structure Determination in
Electron Microscopy

The reconstruction of an K -dimensional object from a
set of GLK �M� H -dimensional projections is a well researched
mathematical problem with numerous applications. For ex-
ample, in medical imaging, a 3D representations of the hu-
man body can be obtained from a set of 2D images collected
at known relative orientations of the X-rays source, through
a procedure called Computer-Aided Tomography, or CAT-
scan.

The same basic idea is used to reconstruct the 3D elec-
tron density map from 2D micrographs. The major differ-
ence is that in Cryo-TEM the actual reconstruction usesN different copies of the object, assumed to be identical
with each other, but each of them in a different orientation.
The sample observed with Cryo Transmission Electron Mi-
croscope, Cryo-TEM, consists of a frozen solution with N
identical copies of the virus, each frozen in a orientation

that is not known.
We are only concerned with the process of refining the

electron density map; we assume that we do have a low
resolution, possibly inaccurate electron density map and our
goal is to obtain a high resolution electron density map.

We have a 3D lattice with a size determined by the di-
mensions of the virus and with a variable number of grid
points, depending upon the resolution. For example assum-
ing a spherical virus with a radius of

� ��� Å, the number of
grid points is

� ����O at
� � Å resolution and

� ��������O at
�

Å
resolution. To determine the electron density map means
to determine the value of a real valued function at all grid
points.

The procedure for the atomic structure determination
consists of the following steps:

[Step A] Extract individual particle projections from mi-
crographs and identify the center of each projection.

[Step B] Determine the orientation of each projection.

[Step C] Carry out the 3D reconstruction of the electron
density of the virus.

[Step D] Dock an atomic model into the 3D density map.

Steps B and C are executed iteratively until the 3D elec-
tron density map cannot be further improved at a given res-
olution. The number of iterations for 3D reconstruction is
in the 10–20 range and one step of 3D reconstruction for
a medium size virus may take several hours on a sequen-
tial computer and minutes on a parallel system. It typically
takes weeks or even months to obtain an electron density
map using sequential programs for the orientation determi-
nation and for the 3D reconstruction.

Algorithms for Step A, which include automatic iden-
tification of particle projections, the determination of the
center and orientation of each virus particle projection are
discussed elsewhere [Mar97]. The basic algorithm for the
reconstruction of asymmetric objects in Cartesian coordi-
nates is presented in [Lyn99]. An improvement of the algo-
rithm that reduces the number of arithmetic operations by
two orders of magnitude is outlined in [Lyn00], and a de-
tailed presentation and analysis of the algorithms together
with preliminary experimental results are given in [Mar01].

4. Parallel Orientation Refinement

Given: (1) a set of N views and (2) the electron density
map, the goal is to find out the orientation of each view.
Figure 3 (a) shows an icosahedral virus and defines the three
angles determining the orientation of each particle, P��RQS�UT .

Several methods including the method of ”common
lines”, [Bak99] can be used to this end. Here we describe
a procedure for the refinement of orientations that is less
sensitive to the noise caused by experimental errors. The
basic idea is to project the electron density at known angles
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Figure 3. (a) The three angles used to charac-
terize the orientation of a view. (b) The set of
calculated views for an icosahedral virus at 

deg. resolution.

and then to compare each experimental view with the cal-
culated projection. Once we define the distance between an
experimental view and a calculated projection, the goal of
the search is to identify the calculated projection at the min-
imum distance from the experimental view. The procedure
does not make any assumptions about the symmetry, but is
capable to recognize the symmetry if one exists.

We describe now an algorithm where the search is con-
ducted in the Fourier domain. We first perform a Discrete
Fourier Transform, DFT, of the experimental view and then
compare it with a cut at a with a precise orientation through
the 3D DFT of the electron density map. In this algorithm
the distance between two V � V arrays of complex numbers:WYX(Z3[ .]\ 1 X(Z3[^�_ ` < ' �ba X(Z3[^�_ `dcLeBf ^�_ ` f;g andWYh(i g .j\ 1 h(i g^�_ ` < ' �Da h(i g^R_ ` c eBf ^R_ ` f;g

is computed as:

5;G W X(Z3[ � W h(i g H . �
V :

gk
^�l e

gk
`3l enm G \ 1 X(Z3[^�_ ` � 1 h(i

g^R_ ` c : <o\ a X(ZB[^�_ ` �pa h(i g^R_ ` c : H �

To compute the distance between the DFTs of two views
requires

q GLV : H
arithmetic operations. Given a resolution % , the compu-

tation to determine the distance, 5?G W X(Z3[ � W�h(i g H will use only
the Fourier coefficients up to % . In this case the number of
operations can be reduced accordingly.

Step a. Construct the 3D Discrete Fourier Transform, DFT,
of the electron density map. Assuming that the size of elec-
tron density map is VIO , this step requires

q GJV O � VLr�6 : GLV O HsH
arithmetic operations.

Step b. Interpolate in the 3D Fourier domain and construct
a set of ��t planes, u .wv	x#y _ z�_ {n| for different P��}QS�UT an-
gles. The set u spans the search domain,��~�P�������~MPo~MP�� i Z ~�� ,��~=Q ����� ~=Q�~�Q � i Z ~�� , and��~�T�������~�TM~�T�� i Z ~M� .

At angular resolution � the cardinality of the set � is:

� � � .�P � i Z � P ������ �=Q � i Z � Q ������ ��T � i Z � T ������ �
This step requires

q GJV : � � � � H
arithmetic operations. For example, if � . � ��� deg. and

the search range is from � to � for all three angles, then the
size of the search space is very large:

� � � . G � ������H�O .�!� ��
�� ��� ��� .
Figure 3 (b) shows that the corresponding size for an

icosahedral particle at 
 deg. resolution consists of only�!�
calculated views; at � ��� deg. the size of the search space

is less than �A������� calculated views, [Bak99]. Thus for an
asymmetric particle the size of the search space increases
by six (6) orders of magnitude compared with an icosahe-
dral particle !! Moreover, when comparing two views of an
icosahedral virus particle, a calculated and an experimental
one, we could use only a shell of thickness corresponding
to the capsid, rather than the entire 2D image.

Step c. Given a set of N experimental views, � .v�� e � � : � ���+��� �s� �+�+��� � | construct the set of 2D DFTs:� .�v	� e � � : � �+���s� � � ���+�R� � | .
This step requires

q G N � V : � VJr�6 : GLV : H�H
arithmetic operations.
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Step d. Compare the DFT of each experimental view
� ����

with every
x ^ ��u and compute 5�� _ ^ . 5?G � �s� x ^ H the

corresponding distance function.
This step requires

q G � � � � N � V : H
arithmetic operations. If we are only using the DFT co-

efficients up to resolution % , this becomes:

q G � � � � N � % : H �
Step e. For every experimental view

� ���M� identify the
minimum distance

5 ������ . N '*K v 5�� _ e � �+�+� 5�� _ ^ �+��� 5 � _�� ��� | �
Assign to view

� � the orientation of the plane
x ����� .

This step requires

q G � � � � N H
arithmetic operations.
The practical implementation of the algorithm is consid-

erably more intricate than the brief description presented
above could suggest. The algorithm is embarrassingly par-
allel, each experimental view can be processed indepen-
dently by a different processor. But the 3D electron density
map and its DFT can be very large; the database of calcu-
lated views could require several TB for storage. We have
implemented a shared virtual memory where 3D ”bricks” of
electron density or its DFR are brought on demand in each
node when they are needed, a strategy presented in [Cor93].

A more sophisticated and efficient version of the algo-
rithms should be based upon a two-step approach. First,
perform a low resolution search to determine the approxi-
mate orientation and then carry out the high angular resolu-
tion search.

5. Experimental Results

An obvious question raised in connection with the pre-
vious algorithm is if the distance between a view whose
orientation we want to determine and a set of calculated
views with known orientations, each indexed by the three
orientation angles, has a monotonic variation and exhibits
a clear minimum. If this distance represented as a function
of the orientation of the calculated view oscillates, rather
than have a monotonic variation, then we cannot use this
algorithm to identify the best match between a view with
unknown orientation and calculated views with known ori-
entations.

Another question is related to the maximum angular res-
olution of the search process. To distinguish between the
detailed features of a virus structure we need to know the

orientation of a view with a precision ranging from
�

deg to� ��� deg, depending upon the resolution of the reconstruction
process.

To answer these questions we carried several tests. We
took the 3D electron map

� t � i [ of the sindbis virus at����� � Å resolution and projected it at several orientations to
obtain distinct reference views, � XUZB[� , with the correspond-
ing orientations GLP � �}Q � �sT � H .

Then we performed the 3D DFT of the electron density
map and obtained t � 7�G � t/� i [ H , a 
�t lattice of complex
numbers. We constructed a set of views by calculating sev-
eral cuts into this lattice for a range of angles around the
known orientations of the reference views.

In Figure 4 we illustrate the results for the reference view
with orientation G P .¡� �A�RQ . �����sT . 
���H , when Q is
constant, Q . ��� deg and the other two angles, P and T
cover a range of  �� values. First, in Figures 4 (a) we show
the case when the angular resolution is 
 deg and P and T
take values in the range:

� �� b~jP�~ ��� � and
�  �~�T¢~� ��� . We see some local minima, but the global minimum

is well defined and located at GLP .£� �A�UT . 
���H . This
minimum is obvious at

�
deg angular resolution, in Figure

4 (b). Figure 4 (c) shows the results of the search with the
angular resolution set to 0.1 deg and again the minimum is
well defined.

In Figure 5 we illustrate the results for the same refer-
ence view with orientation G P .¤� ���}Q . �����sT . 
���H ,
when T is constant, T . 
�� deg and the other two an-
gles, P and T cover a range of  �� values. First, in Figures
5 (a) we show the case when the angular resolution is 
 deg
and P and Q take values in the range:

� �� �~¥P¦~ ��� � ,
and

�
�  ]~§Q¨~ �  �� . Again, we see some local min-
ima, but the global minimum is well defined and located
at GLP .©� ���}Q . ����H . This minimum is obvious at

�
deg

angular resolution, in Figure 5 (b). Figure 5 (c) shows the
results of the search with the angular resolution set to 0.1
deg and again the minimum is well defined.

In Figures 6 (e) and (f) we show the results at
�

and � ���
deg angular resolution for the G P . ���RQ . �A�UT . ��H special
case. The distance function is symmetric in Q and T due to
conventions defining the three angles.

In Figure 6 we first illustrate the results for the same ref-
erence view with orientation GLP .ª� �A�RQ . ���A�UT . 
���H ,
when P is constant, P .«� � deg and the other two angles,P and T cover a range of  �� values. First, in Figures 6 (a)
we show the case when the angular resolution is 
 deg andQ and T take values in the range:

�
�  ¬~­Q9~ �  �� and�  o~�TM~ � �	� . Once again, we see some local minima, but
the global minimum is very well defined. This minimum is
obvious at

�
deg angular resolution, in Figure 6 (b). Figure

6 (c) shows the results of the search with the angular reso-
lution set to 0.1 deg and again the minimum is well defined.
Figure 6 (d) shows a close up for the 0.1 deg resolution.
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of a reference view and calculated cuts in the
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Figure 6. Plot of the distance between the DFT of a reference view and calculated cuts in the 3D DFT
of the electron density map. The reference view has the orientation G P .j� ���RQ . �����sT . 
���H in (a)-(d).
Search when P .±� � deg and Q and T cover a range of values at angular resolutions from 3 deg to
0.1 deg. (a) Angular resolution 
 deg,

�
�  �~FQ¯~ ��� � and
�  �~CT9~ � ��� . (b) Angular resolution

�
deg, �-~CQ=~] �� and

� �®~jT]~9��� . (c) Angular resolution � ��� deg,
� � � ��~CQ=~9��� � � . ��� � ��~¢T]~]
�� � � .

(d) Angular resolution � ��� deg,
� � � ��~wQ¢~w��� � � . ��� � �M~±T°~°
�� � � , detail. The reference view has

the orientation G P . ���RQ . ��T . ��H in (e)-(f). Search when P . � . (e) Angular resolution
�

deg,�
� �@~=QS�UT=~ � � . (f) Angular resolution � ����� deg,
�
��� �@~=QS�UT=~�� � � .
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One way to improve the results of the algorithm, sug-
gested by Tim Baker is to give more weight to higher fre-
quency components at higher angular resolution.

6. Conclusions

In this paper we discuss a novel algorithm for the re-
finement of orientations of individual virus particle projec-
tions for asymmetric particles and analyze its computational
complexity.

The symmetry of the protein shell means that we have
a relatively small number of identical building blocks that
recognize each other and are able to assemble together
spontaneously. The principle of genetic economy requires
that the shell be built out of a few copies of identical units;
the amount of genetic information. Thus the size of genome
is considerably smaller for a symmetric virus particle.

This symmetry has a profound effect upon the com-
plexity of computations required for structure determination
from experimental evidence. For an asymmetric particle the
size of the search space for orientation refinement increases
by six (6) orders of magnitude compared with an icosahe-
dral particle.
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