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Abstract

The objective of tree matching is to find the set of nodes
at which a pattern tree matches a subject tree. Several
sequential and parallel algorithms have been proposed
in the literature for this compute bound problem. Most of
the parallel algorithms are based on the theoretical
PRAM model of computation. In this paper, we propose
two efficient parallel - algorithins jfor tree pattern
matching based on the linear systolic array model. The
algorithms can be mapped onto any SIMD machine. The
algorithms require O(n+m) time to perform the matching
using either n or m processors, where n is the size of the
subject tree and m is the size of the pattern tree. The
algorithms represent a significant improvement over the
existing ones in view of implementation.

1. Introduction

Tree pattern matching is an important problem in
computing used for 3-D object recognition in image
understanding and vision systems. In 3-D object
recognition, there are two major components: (i) the
CAD-model which consists of 3-D  volume
representations of the boundaries of solid objects that are
transformed into model trees, and (ii) the graylevel
image which is preprocessed in order to separate
overlapping objects in the image and the object frees for
each object in the image has been extracted. The
recognition procedure comsists of two steps: (i) a
hypothesis generation step in which the object tree of
each object is matched to the model tree, (i) a
verification step in which each object is compared to a
projection onto the plane of the model [2]. Tree pattern
matching is also used in on-line interpreters and off-line
applications such as code optimization in compilers,
data-type specification and verification, and term
rewriting systems.
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Several sequential algorithms [4-7] and a few parallel
algorithms [8-9] have been proposed in the literature for
this computationally intensive problem. Most of the
existing parallel algorithms are based on various PRAM
models of computation. Smith and Lin have described a
VLSI chip for tree matching in [10] which is the only
hardware solution that could be found in the literature.
Their solution suffers from some limitations which could
be overcome in order to achieve a better solution. In this
paper, we propose two efficient parallel algorithms based
on a linear computational model for tree pattern
matching. The algorithms are systolic in nature and can
be mapped onto an SIMD computer or implemented as
special purpose VLSI chips. '

2. Problem Overview

The various definitions and the associated concepts are
iltustrated using the example in Figure 1. Tree pattern
matching consists of finding all nodes in a subject tree at
which a pattern tree matches. Let S be the subject tree
and P be the pattern tree. The variables in P are
represented by squares while the non variables are
represented by circles. The variables appear as leaf nodes
in the pattern tree. Our algorithms require the
transformation of trees into strings as well as numbering
the nodes of the trees in breadth-first manner.

Let £ be an alphabet of function symbols including
constants and ¥ a set of variable symbols. We assume
that £ U ¥ = @. Each function symbol f of T has a fixed
unique arity a¢f) which corresponds the number of
children of the node represented by f. A constant is a
function symbol whose arity is 0 and corresponds to a
leaf node.

Definition 1 A term is a symbol string defined
recursively as: (i) Any constant or variable is a term, and
(i) If s belongsto I thenfity, £) ..., fyp) is a term
given that each ¢; is a term itself.
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Definition 2 A term tree is an ordered labeled tree
whose nodes are either symbols of Z or V. A symbol of
V' will always appear as a leaf node in term trees,
Definition 3 The Euler Chain of a term tree, called £C,
is a string whose ciemenis are node numbers and is
generated by visiting each node of the tree in a preorder
depth-first sequence.

For example, in Figure 1, the Euler Chain of § (ECS) is
12425859521363731 while the Euler Chain of P (ECp) is
121343531.

Definition 4 The Euler String of a term tree, called ES,
is a string whose elements are node labels and is
generated by visiting each node of the tree in a preorder
depth-first sequence.

In Figure 1, the Euler String corresponding to the tree
represented by ES; is ffoffafaffffbfaff while the Euler
String corresponding to the tree represented by ES,, is
fXffYfaff. Note that by substituting the node numbers in
EC with node labels, we can derive the corresponding
ESg. Two term trees are equivalent if and only if their
respective Euler Strings are identical. This is true since,
if two Euler Strings are identical, their respective Euler
Chains must also be identical. In Euler chains, each node
can occur many times, Euler chains have the following
properties with regard to tree structure: (i) a leaf node
occurs only once in EC, (ii) the first and last occurrences
of a node represents the root of a tree, and (iii) if a node
has ¢ children then this node occurs c¢+1 times in EC. In
Figure 1, node 4 is a leaf and subsequently occurs only
once in EC. The first and last occurrences of node 1
represent the root of S. Since node 1 has two children, it
occurs three times in £C;.

Let the number of nodes in the subject tree S be n and the
number of nodes in the pattern tree P be m. It can be
easily shown that the size of ESg is O() and the size of
ES, is O@m). Let k be the number of occurrences of
variables in ES), and v; the ith variable of ES, By
dropping the variables from ESP, a set of substrings is
obtained which consists of non variable symbols.

Definition 5 o; is defined as a substring which consists of -

non variable symbols occurring between two consecutive
variable symbols v;_; and v;.

In Figure 1, 61, 62 and 63 represent the strings f, ff and
faff respectively. Since there are k variables in ES),, there
must be (k+1) such substrings in ES,,. Note that there are
no variables to the left of 51 and to the right of 634 ; in
the example shown in Figure 1.

Definition 6 EC(i) represents the node at the ith entry
in ECg from the left.

In Figure 1, EC(8) = 9 corresponds to node 9 which
represents the symbol ‘a'.

Definition 7 Occurrence Status (OS) is a 2-bit field,
associated with each node, indicating first, last or other
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occurrence of a tree node in ECy. This field may have
any one of the following four values:

Occurrence Status (0S) Indication
0 unknown or middle occurrence
i first occurrence
2 last occurrence
3 first and last occurrence

In Figure 1, node 1 occurs 3 times at the 1st, 11th and
i7th entries from the left of EC; From the above
definition, OS(ECy(1)) = 1 and OS(EC(17)) = 2 and
OS(EC4(11)) = 0. On the other hand, node 4 occurs only
once which means OS(EC(3)) = 3.

3. Proposed Approach

The proposed algorithms are based on a linear SIMD
array architecture with bidirectional systolic data flow.
Each processing element (PE) in the array requires
simple hardware components such as an equality
comparator, registers and control logic. Both algorithms
consist of a simple preprocessing step followed by the
pattern matching computation. The preprocessing step
determines the first and last occurrences of each node in
EC;. In the matching step, the strategy is to find match
positions for each o; within ES; which will be combined
to determine at different nodes the matches between the
pattern and the subject. In this section, we describe the
basic strategy used in the matching step of the proposed
algorithm.

The matching of ESp and ES; is performed in the linear
systolic array. We will first look at the matching of a
single o; then extend it to the rest of the pattern. Let o;
= ©j ] ©j 2 - ©j be the substring of ES), between the
variables v;_j and v;, s; = s; 1 5 7 ... 5 ] be a substring of
ESg and C;=C; ; C; ... C; j be the set of nodes in EC;;
representing s;, each having size /. Let C; g and C; 74
be the nodes of EC; to the left and right of s;
respectively. With each node from C; g through C; 7, ; is
associated a data structure as introduced in Definition 7.
The fields of the data structure are (node x, position i,
08, last). Let s; 1.7 and v; be respectively the symbol of
s; and the variable both to the right of s; in ESs. The
matching process consists of: (i) testing of partial
matches, (ii) extraction of match parameters (MP), (iii)
insertion of match parameters in the data flow and (iv)
testing of legal substitutions and legal attachments. Each
step is described below.

3.1 Testing of Partial Matches

Now, we state the conditions required to test the partial
matches of each G within ESp which are for three cases:
(i) o1, (i) 0; where 2 <i <k and (iii) Oy 4.
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Case 1; oy has a partial match at some position p of ESg
iff: (i) o1 matches ES for each symbol starting from p
and (ii) ECy(p) and ECypt|cy]) are both first
occurrences of nodes in EC.

Case 2 o where 2 < i < k has a partial match at some
position p of ES; iff: (i) o; matches ES; for each symbol
starting from p, (ii) ECy(p-1) is the last occurrence of
some node in Ecg and (iii) EC(pHoql) is the first
occurrence of some node in ECg

Case 3: oy has a partial match at some position p of
ESg iff: (i) oy matches ES for each symbol starting
from p and (ii) EC(p-1) and ECy(pHoy41|-1) are both
last occurrences of nodes in Ec, Let us assume the
following configuration involving o;j:

Cio Ci1 Ci2--- Gy Cii+1
Si1o S22 - Sil Sil+1
Gi,] Gi,Z Gi,l Vi

Now, each PE in the systolic array will hold one element
of C;, s; and oj. In order to determine if each o has a
partial match, the following three conditions are tested
within each PE:
D if s; i = = Cij where 1 <j <! then condition 1 is true.
) if (i = 1and OS(C; 1) =1)

or(i> Iand(OS(C o) =201 08C; 9= 3))

then condition 2 is true.
() if(=k+1and OS(C; ) =2)

or (i <k+1 and (OS(C, 1+ =1

or OS(C;i 11 1) =3))

then condition 3 is true.
In the above, condition 1 tests for equality of the symbols
which corresponds to situation (i) in Cases 1, 2 and 3.
Next, in the case of o1, the occurrence of the first node of
ECy is checked which corresponds to (ii) in Case 1. In
the case of oy, (i =k+1 in condition 3), the occurrence
of the last symbol of oy is checked. This corresponds
to situation (ii) in Case 3. In the case of 5; where 2 <i<
k, the occurrence of the nodes to the left and to the right
of o is tested. This corresponds to (ii) and (iii) in Case 2.

3.2 Extraction of Match Parameters (MP)

For each substring o; when all the three conditions are
met, certain information is stored in a data structure
called MP (Match Parameters). The data corresponding
to oj is stored within the PE that corresponds to v;. AP
consists of five fields named as AP/ through A/P5 which
are defined as follows:

MPI: ifi <k+1then MPI = C, 1+] else MP1=C;
MP2: ifi < k+1 then MP2 = i,I+] else MP2 = i,]

MP3: ifi <k+1then MP3=C; ;1 1 last else MP3 =il
MP4: MP4 = |o;| or size of 5;

MP5: MP5 = i orindex of o;

In the above, MPI contains the node to the right of oy,
MP2 contains the position within £C; of that node's first
occurrence (of its last occurrence in the case of op1),
MP3 contains the position of its last occurrence within
EC, MP4 contains the length of o; and MPJ contains
index of o

3.3 Insertion of Match Parameters

After an MP is detected in a PE, it must be inserted into a
register and shifted to the next PE. During execution,
MPs will move from one side to another across the array
in a pipeline fashion. It is possible that during a cycle, a .
newly detected MP in a given PE may not be inserted
into the pipe. The stage at this PE is already occupied by
an MP which was detected several cycles earlier in a
distant PE and has just been shifted from the immediate
neighboring PE. We refer to this insertion conflict as a
collision. Collisions will be resolved by ‘using two pipes
instead of a single one. An individual stage of a pipe
consists of a shift register. Whenever there are no
collisions, MPs are inserted in Pipe 1, otherwise they are
inserted in pipe 2.

3.4 Detecting Legal Substitution & Legal Attachment

Let us assume that the match conditions were satisfied
for two consecutive o', say, o; and oj41. It is important
to note that MP3 indicates the position of the last
occurrence of the node to the right of o; which is equal
to (i+1,0). This also corresponds to the position of the
node to the left of oyyy. Given this scenario, oj is
matched with s; symbol by symbol, v; will be replaced by
the substring of the subject from the (7,/+1)th entry on the
right of s5; to the (i+1,0)th entry of the subject to the left
of 5;, 7, and o;,; will be matched with s;,. ; symbol by
symbol. If the matches are successful, the above results in
what we describe as the legal attachment of substring
iV to substring cj4.1. The successful substitution of v; by
the subtree rooted at C; ;. is referred to as a legal
substitution as in [11]. Both are defined below.

Definition 10 A legal substitution of a variable v; in ES,
is the replacement of v; by a substring of ESg where: (1)
the leftmost and rightmost nodes of this substring are.
respectively the first and last occurrences of some node x
in Esg and (ii) o has a partial match on the left of v;
which ends on the immediate predecessor node of the
first occurrence of x.

Definition 11 A legal attachment of a substring o;v;
onto oy is: (1) a partial match of o ending at some
position p in Esg (ii) a legal substitution of v; starting
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from p+1 to some position q in ES and (iii) a partial
match of oy starting at q+1 in ESj,
In our configuration, the set of nodes in £Cg between the
(i,l+1)th entry and the (i+7,0)th entry represents the
Euler tour of the subtree of S rooted at the node
corresponding at the (i,/+1)th entry or at the (i+1,0)th
entry. These two entries represent the same node. During
the algorithm execution, many matches for various os
will occur. The purpose of tracking them is to test legal
substitutions of each variable from v; to v; and legal
attachment of each substring cjv; to the following (o
i+1vij+] ) forming the overall match from 61v; to o) 4.
If every test succeeds, then the pattern matches the
subject at the node in which o} starts matching ES¢.
Now, the question arises as to how to detect legal
substitutions and legal attachments.
Let us assume that cjv;ci+] corresponds to a successful
substitution and attachment in our configuration. As a
result, the following statement must be true: ‘

if i <k then(i+1,0) +lo;y [+ 1=(+1i+])

else (i+1,0) + lojq gl =@+
Indeed since (i+1,0) is the position in ECg of the last
node which replaced v;, the term (i+1,0) + |oj4jl + 1
corresponds to the position of the first node to the right of
Gj+1 within ECs. This condition holds only if i < k. In
the case of i = k, there is no variable immediately to the
right of o)y and consequently, (i+1,0) + |o;4 |
corresponds to the position within EC; of the last node at
which the pattern matches ES. This is the leftmost node
at which o starts matching ES; and represents the root
of the subtree at which P matches S. By positioning ES
at some node x in ECg and by testing the above
conditions for each ojv; from i=1toi=k+l, it becomes
possible to determine if P matches S at node x. If this test
is executed at each node of EC,, we can find the set of
all nodes where P matches S.

4. Systolic Algorithms

The two proposed systolic algorithms are described in
this section. Both algorithms are based on the same
computation within a PE. The difference is in the way the
pattern and the subject strings flow within the array.

4.1 Systolic Algorithm 1

The systolic architecture for algorithm 1 is shown in
Figure 2. The size of the linear array is (m + 2) where m

Syl The n + 1)th PE serves as a dummy processor
whlchpcontams the imaginary variable to the right of 6
k+1. This is to preserve the regularity of computation
within all the PEs. The (m + 2)nd PE does not contain
any pattern symbol, but includes a content addressable

memory (CAM) which is necessary for the matching
computation. At the beginning of Algorithm 1, ESP is
loaded into the array from left to right and it remains
stationary throughout the execution of the algorithm. ES
and EC; are loaded from the left side of the array with
the rightmost node and symbol first, then shifted right to
the next PE every clock cycle during execution.

The first (n + 1) PEs perform the same computation
during each cycle. The CAM PE tests for legal
attachment of each oj and detects matches in the tree.
The MPs of each o; are right shifted each cycle through
the array until they arrive at the CAM PE. Each entry in
the CAM is an MP data structure and will be referred to
as CAMMP. A field such as MP] within CAM.MP will
be referred to as CAMMPI. The MP structures that
arrive at the CAM PE through shifting will be referred to
as MP and their corresponding fields such as MP1I will be
referred as MPI1. The processing within the CAM PE at
each cycle is shown in the form of psendocode:

(C1) if MP5 = k+1 then insert MP in CAM
(C2) else if MPS = k then find CAM.MP

where MP3 + CAM.MP4 = CAM MP3
(C3) else find CAM.MP

where MP3 + CAMMP4 + 1 = CAMMP3
(C4) endif
(C5) if CAM MP is found then

(C6) if MP5 = 1 then declare match at CAM.MPI
(C7) else

(C8) MP1 = CAMMPI1

(C9) overwrite MP where CAM.MP is found
(C10) endif

(C1Dendif

The first entry to be inserted into the CAM will be the
MP corresponding to oy ;(C1). The statements (C2-C3)
test if some given o;v; is legally attached to the next
j+1 depending on the index of o. When a legal
attachment of two consecutive s is detected (C5) and the
index field AMP5 = 1 then, the pattern matches the subject
at the node whose MP is stored at CAM.MPI1(C6). Else,
the newly arrived MP overwrites the found CAM entry
after the node value contained in CAMMPI is
transferred to MPI(C8-C9). The reason behind this
transfer is to preserve the node stored in the MP of oy, ;.
This node is actually the root node of the subtree at
which the pattern tree matches the subject tree.

It is important to note that whenever oy, has a partial
match at a new position p of ES;, the resulting MP is
inserted in a new entry of the CAM. The node in this MP
represents the root of the subtree at which the pattern
starts matching the subject. When oy legally attaches
onto Gy 41, its corresponding MP is inserted in the same
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CAM entry. The process is repeated for each subsequent
o that legally attaches onto its right neighbor. If one ¢
fails legally to attach at some point during execution,
then the CAM entry used for insertion becomes obsolete
for the match at position p. This means that the pattern
will not match the subject between the node at position p
of ESg (which is a last occurrence) and its first
occurrence in £Sg. This is why we insert the MP of every
partial match of cy.1 in a new CAM entry. It should be
noted that the size of the CAM is be at most O(log n)
where 7 is the size of the subject tree.

Let ESg = n and ES,, = m, then the time required to
execute Algorithm 11is; 7 = 2n +m + 2. It will take »
cycles to load the subject and the pattern concurrently
and » + m to match them.

4.2 Systolic Algorithm 2

The systolic array for algorithm 2 consists of n PEs
where |ESJ = |ECJ = n. All PEs are similar in
structure. Each PE will contain a node of ECg with its
associated data structure (node X, position i, OS, last), a
symbol of £S,, and a symbol of ES,, with its associated
data structure (symbol, position, vflag, size, index). At
the beginning of Algorithm 2, ECg and ES; are loaded
into the systolic array from left to right and remain
stationary throughout the execution of the algorithm. ES,

is loaded into the array from right to left with the
leftmost symbol first, then shifted left to the next PE
every clock cycle.

All PEs execute the same computation at each clock
cycle. Whenever there is a legal substitution by a
variable, its match parameters are written into the AP
data structures and shifted left to the next PE. The legal
substitution of v; is treated differently. If v; successfully
replaced a subtree in the subject, its match parameters are
written into its MP data structure but will not be shifted
to the left. The corresponding MP will remain in the
same PE where it was recorded. As the MP
corresponding to the match of opv) arrive from the right,
it will be used to test if there is a legal attachment of &
1v7 and oyvy. If it was successful, the match parameters
of o2v2 replace those of o1v;. As the MP corresponding
to other ojv; substrings arrive from the right they are
tested for legal attachment. The above process is repeated
for each ojv;. If there is a legal attachment for every o,
then there is a match at the node contained within the
match parameters of oy §.

Let ESg = n and ESp = m, then the time required to
execute Algorithm 2is: T = 2» + m. It will take n
cycles to load the subject and the pattern concurrently
and n + m to match them. The details of both systolic
algorithms and their analysis can be found in [3].

5. Performance Comparison and Conclusions

Table 1 provides a general comparison of the different
algorithms in terms of processing time, number of
processors and computational model. The main
advantage of our algorithms is that they can be efficiently
implemented in any SIMD parallel machine or can be
realized as special purpose VLSI chips. The
computations as well as the logic within each PE is very
simple requiring only a comparator, some registers and
associated control logic. In order to maintain a small
clock cycle for the chip, the CAM may be partitioned into
smaller sizes if required.
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Figure 1. An example of subject and pattern trees.
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Figure 2. Systolic array for algorithm 1

Output

n = size of subject tree; m = size of pattern tree; £ = number of variables in the pattern tree

Algorithms Time Complexity Number of Computational
Processors Model

Bottom-up [4] O(2M+n) 1 Sequential
Top-down [4] O(mn) 1 Sequential
Kosaraju [71 | om0 73polylog(m)) 1 Sequential
Dubiner et al. [5]1 | O@mO-Spolylog(m)) 1 Sequential
Ramesh et. al [11] O(m + nk) 1 Sequential
Ramesh et. al : alg. 1 [9,12] O(nlogn) 0(2-%) EREW PRAM
Ramesh et. al : alg. 2 [9,12] O(log2n) O(nk/log2n) CREW PRAM
Tarora et al [13] O(log n) nm/log n CREW PRAM
Smith & Lin [10] O(m+n) VLSI
This work:
Proposed Algorithm 1 O(m-+n) m Systolic
Proposed Algorithm 2 O(m+n) n Systolic

Table 1. Summary of tree pattern matching algorithms
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