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Extended Abstract

Obtaining an optimal schedule for assigning tasks
onto distributed memory mac hines �DMMs� has been
proven to be NP�Complete� Several heuristic solutions
to the scheduling problem have been proposed which
are based on certain assumptions that allow the al�
gorithm to be executed in a polynomial time bound�
Even though the heuristics do not guarantee an opti�
mal solution� they have been shown to perform rea�
sonably well for many applications� It is di�cult to
judge the performance of these heuristics because for
a given directed acyclic graph �DAG�� it is practically
infeasible to obtain the optimal solution�

This paper proposes a method to compute the
lowerbound in a polynomial time bound� The idea
of the lowerbound is to obtain a solution as close to
optimal as possible� Also� the lowerbound should be
less than or equal to the optimal solution�

The lowerbound with the inclusion of the inter�
processor communication costs has been proposed in
���� We have observed that for some cases this algo�
rithm does not give a sharp lowerbound� Our scheme
provides a sharper lowerbound than the one proposed
in ���� Another scheme is presented in �	� which par�
titions the graph into certain parts and compute the
bound for each part to arrive at a sharper bound� To
compute the bound of each partition� they use the
same method as proposed in �� �� Thus� our scheme
can be used to improve upon the bound proposed in
�	� also�

We assume that the task graph is available in the
form of a DAG de
ned by the tuple �V�E� �� c�� where
V is the set of task nodes� E is the set of communica�
tion edges� � is the set of node computation costs and
c is the set of edge communication costs� The compu�
tation cost of any node i is depicted as � �i� and the
communication cost of an edge from task i to task j
is depicted as ci�j� Without loss of generalit y� it can
be assumed that there is one entry node and one exit
node� If there are multiple entry or exit nodes� then
the multiple nodes can always be connected through

a dummy node which has zero computation cost and
zero communication cost edges�

The algorithm to compute the lowerbound starts
from the entry node and terminates at the exit node�
At each stage� the earliest start time �est� and the
earliest completion times �ect� of a node are computed�
These times are computed using the equations and
de
nitions shown below�
PRED�i�� Set of predecessors of any task i� i�e� tasks
on which task i is data dependent�
est�i� � 
� for the entry node

est�i� � min
j�PRED�i�

max
k�PRED�i��k ��j

�ect�j�� ect�k� � ck�i����i�

ect�i� � est�i� � � �i�
The value of ��i� is computed in the algorithm for

each node i and is deducted from the earliest start
time of the task i� The value of ��i� for a task i is
zero if it satis
es one of the two conditions� �i� the
number of predecessors of task i is less than or equal
to one or �ii� The task i satis
es the cost�relationship
condition �CRC� given below�

To examine if the CRC is satis
ed at node i� we
need to compute the array ecc for each node i� The
array ecc is de
ned as follows�

ecci�j� � �ect�j� � cj�i� j� PRED�i� ���

Let m and n be the tasks that have the highest and
second highest values of ecc�j� for all j � PRED�i�
respectively� Then CRC is satis
ed at node i if�

� � �m� � cn�i if est�m� � est�n� or�

� � �m� � �cn�i�est�n��est�m�� if est�m� � est�n�

There can be three possible cases for m and n� In
the 
rst case only one value of m and n possible� If
only one distinct value of m and n are possible then
the CRC given above needs to be satis
ed for ��i� to
be zero� In the second case� there is only one m� but
multiple n are existent� In this case ��i� will be zero
if there is at least one pair of m and n which satisfy
the CRC� In the third case� there are multiple values
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of m� In this case ��i� will be zero if there is at least
one pair of m and n which satisfy the CRC� In this
case� the value of n is taken from the pool of values
for m�

If the CRC is satis�ed for a node i� then the value
of ��i� will be zero because we cannot lower the start
time of task i ���� If CRC is not satis�ed� we need
to compute the value of ��i�� This value of ��i� is
needed to obtain the lowest possible value of the start	
ing time of task i or est�i�� Due to space constraints
the details of the procedure to compute ��i�� in case
CRC is not satis�ed� is not provided here� The details
of the procedure to compute ��i� are given in �
��

The performance of the algorithm to compute the
lowerbound in cases where CRC is not satis�ed is il	
lustrated for two cases� In the �rst case� we take the
example DAG shown in Figure � and compute the
lowerbound obtained by our algorithm and by the al	
gorithm presented in ���� The start and completion
times for all the tasks of the DAG obtained by the two
algorithms are shown in Table �� The lowerbound ob	
tained by our algorithm is 
� whereas the lowerbound
obtained by the earlier algorithm is 

� The optimal
schedule for this DAG is 
�� Thus� our algorithm gives
a better bound than the earlier algorithm�

For the second case� we have taken the DAG shown
in Figure 
� For this DAG� we varied the costs shown
on the �gure as a	h in the range of � to 
� This gives
us ����� �
�� data sets� For each of these data sets we
computed three quantities� �i� lowerbound with our
algorithm� �ii� lowerbound with earlier algorithm� and
�iii� optimal Schedule� The DAG shown in Figure 

has �ve tasks� These �ve tasks can be scheduled on
one to �ve processors in �
 di�erent ways� For each
data set� we compute the schedule time obtained by
these �
 allocations and assign the lowest schedule
time to the optimal schedule�

From these results� we have observed the following�
�i� The lowerbound obtained by our algorithm is al	
ways higher than the lowerbound obtained by the ear	
lier algorithm� For the cases in which our lowerbound
is higher than the earlier lowerbound� our lowerbound
is ��� higher than the earlier lowerbound� �ii� The
lowerbound obtained by our algorithm is less than or
equal to the optimal schedule for all the data sets� The
lowerbound is within ��� of the optimal schedule on
the average�
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Figure �� Example Directed Acyclic Graph

Table �� Start and Completion Times

Earlier Algorithm Our Algorithm

Node EST ECT EST ECT
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Figure 
� Directed Acyclic Graph
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