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Abstract The homotopy technique applied to (2) sweeps from an
initial value problem & = 0) to a periodic boundary value
Shooting, finite difference or Harmonic Balance tech- problem ¢ = 1):
nigues in conjunction with Newton’s method are widely em- . _ N
ployed for the numerical calculation of limit cycles of os- F(X, ,w0) =I(X) + VQ(X) + VQ(X) =0
cillators. The resulting set of nonlinear equations are nor- X = MX+(1-XM)Xy, 0<X <1 (3)
mally solved by damped Newton’s method. In some cases . B
however, divergence occurs when the initial estimate of whereV andV are block lower triangular and strictly block
the solution is not close enough to the exact one. A two-upper triangular matrices, respectively, aid= V + V.
dimensional homotopy method is presented in this paperNote that in (3)F is a mapF : R x R x R —
which overcomes this problem. The resulting linear set of R™, wherem = N - K. Associate now the normalized
equations employing Newton’s method is under-determinedangular frequency /wo with a second homotopy parameter
and is solved in a least squares sense for which a rigorous 2. wy is an initial estimate. The two-dimensional homo-
mathematical basis can be derived. topy method is therefore started with the initial conditions
(M, A2) = (0,1). The homotopy method employed is a
generalization of a technique presented by Deuflhard et al
1 Limit cycle calculation of oscillators [1].
The continuation method has been applied to different
We consider the autonomous circuit differential alge- oscillators where plain Newton methods failed because the

braic equations (DAEs) of dimensiai initial estimates of the solution were to far away from the
) d exact one. Most circuits are quartz crystal oscillators where
Fla(t) = i(x(t) + dt q(z(t)) =0 (1) finding the limit cycle is very difficult.

We assume that
Quadrature  Clapp  Colpitts  Pierce

¢ the DC operating point is unstable, i#zpc) = 0is

an unstable solution of (1) and fo/MHz 131 20 20 2
e the circuit DAE exhibits a periodic limit cycle fio 0.056 0.999978 0.99996 0.999976
Ts5(t) = z45(t + T') V t where the period is a priori steps 99 16 16 16
unknown.
The boundary value problem can be solved by finite dif-
ference techniques: For a numerical treatment (1) might Table 1. Results for various oscillators

be discretized using some sort of finite difference schemes  Tap1e 1 shows initial estimatg, final ratio f/f, and

choosingK' nodes on an equidistant mesh with the grid n mber of iterations for various oscillators. The number of

. o . - _ number of S
spacingAt = x, whereT'is the a priori unknown period  jerations is acceptable for all circuits under test.
of the limit cycle:

F(X) =I1(X) + VQ(X) =0. (2)  References
Here F, X, I, Q are vectors of the siz&/ - K- andV 1] p peufihard, B. Fiedler, P. Kunkel Efficient Numerical
represents the discretized time derivative. Unfortunately, fi- Pathfollowing beyond Critical PointsTechnical Report 278,
nite difference techniques often fail to converge when using Universitat Heidelberg, 1984.

plain Newton’s method.

YF]',F.

Proceedings of the 2002 Design, Automation and Test in Europe Conference and Exhibition (DATE’02) COMPUTER
1530-1591/02 $17.00 © 2002 IEEE SOCIETY



