
Graph Matching by Graduated Assignment 

Steven Gold 

Department of Computer Science 
Yale University 

New Haven, CT 06520 

Abstract 
A new algorithm for graph matching, which uses 

graduated assignment is presented, along with exper- 
imental results demonstrating large improvements in 
speed and accuracy over previous techniques. The sof- 
tassign, a novel constraint satisfaction technique, is 
applied to a new graph matching energy function that 
uses a robust, sparse distance measure between the 
links of the two graphs. The softassign, which has 
emerged out of the neural network/statistical physics 
framework, enforces two-way (assignment) constraints 
without the use of penalty terms. The algorithm’s low 
order computational complexity [O(lm), where 1 and m 
are the number of links in the two graphs] compares fa- 
vorably with most competing approaches. The method, 
not restricted to any special class of graph, is applied to 
subgraph isomorphism, weighted graph matching, and 
attributed relational graph matching. Experiments on 
graphs generated from images and on randomly gen- 
erated graphs, including benchmarks against a relax- 
ation labeling algorithm and an algorithm employing 
Potts glass dynamics are reported. Over twenty-five 
thousand experiments were conducted. No comparable 
results have been reported by any other graph matching 
algorithm before in the research literature. 

1 Introduction 
Because of the great representational power of 

graphs, graph matching has been the focus of much 
research, .especially in areas of cognition such as com- 
puter vlslon [l]. Unfortunately graph matching is an 
intractable problem and most heuristics have resulted 
in algorithms that are very slow and of restricted ap- 
plicability. For example branch and bound techniques 
are of exponential time complexity and consequently 
only applicable in special situations where domain 
knowledge is included to reduce the search space size 
[2, 31. Non-linear optimization techniques such as re- 
laxation labeling [4, 5, 6] or previous efforts in neural 
networks [7, 8, 91 h ave also suffered from problems re- 
lated to speed, accuracy and restricted applicability. 
See [lo] for a more comprehensive review. 

Using newly developed techniques from statisti- 
cal physics, such as the softassign, we introduce a 
new, graduated assignment graph matching algorithm 
which addresses many of the above problems present 
in previous algorithms. The algorithm works on un- 
weighted, weighted, or attributed relational graphs 
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with missing or extra links and missing or extra nodes. 
Attributed relational graphs (ARGs) are graphs with 
multiple link types and multiple attribute types at- 
tached to each node. No structural restrictions are 
placed on the graphs in terms of planarity, fan-out, 
links to neighbors, etc. These graphs are unlabeled 
(or if labeled the algorithm is invariant under permu- 
tation of the labeling). 

The algorithm combines the use of a softassign with 
a new formulation of a graph matching energy function 
that uses a robust, sparse distance measure between 
the links of the two graphs. Softassign is a technique 
for satisfying two-way (assignment) constraints with- 
out penalty terms that is analogous to the softmax 
which enforces a one-way constraint. The first use 
of the softassign was in an algorithm for the assign- 
ment problem [ll]. This technique is ideally suited to 
the solution of matching problems which require two- 
way constraints, where an object in one set must be 
matched to at most one object to the other set and vice 
versa. The resulting optimization dynamics for match- 
ing problems can be described as one of graduated 
assignment. Graduated assignment algorithms itera- 
tively approximately solve a succession of assignment 
problems in a graduated fashion, slowly becoming 
more exact as the temperature is lowered. The gradu- 
ated assignment framework has already been applied 
to parametric assignment problems-point matching 
[12, 13, 141 and quadratic assignment problems- 
graph matching (equal size graphs only)[l4,15]. How- 
ever the graph matching algorithm in [14, 151 was only 
applicable to the matching of graphs with no missing 
or extra links and no missing and extra nodes. Here 
we have formulated a new energy function, including 
an explicit encoding of sparsity, and the resulting new 
algorithm has been applied to the much more difficult 
problem of matching graphs with missing and extra 
links and missing and extra nodes. 

We have included some benchmarks to analyze the 
impact of using softassign instead of the Potts glass 
dynamics (softmax and a penalty term) [16, 71 in 
graph matching. However, note that the Potts glass 
benchmark uses the new energy function, the formula- 
tion of which is also a significant, original contribution 
of this work. 

Strong evidence is presented that this algorithm 
may represent a breakthrough in the development of 
a graph matching method that is both fast and ac- 
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curate. It is of low order computational complexity 
- O(lm) where 1 and m are the links of the two 
graphs - yet powerful enough to often work on in- 
tractable problems like subgraph isomorphism, as well 
as weighted graph matching and attributed relational 
graph matching. We have demonstrated that it per- 
forms well on a selected problem from the research 
literature, applied it to graphs based on real images, 
conducted over twenty-five thousand experiments on 
100 node random graphs of varying types (graphs with 
only zero-one links, weighted graphs, and graphs with 
node attributes), and benchmarked it against a clas- 
sical graph matching technique - relaxation labeling. 
Comparable experimental success has never been re- 
ported before for any other graph matching algorithm. 

2 Algorithm Development 
2.1 Formulating the Objective 

The graduated assignment algorithm will be de- 
scribed using the case of weighted graph matching. 
We define the problem of weighted graph matching in 
the following manner. Given two undirected graphs G 
and g which may be sparse and whose links may take 
values in RI! find the match matrix M  such that the 
following obJective function is minimized. 

subject to VU Cf=, Mai 5 1 , Vi CtZf=, M,; < 1 i 
Vai l&j E (0, 1). 
Graphs G and g have A and I nodes respectively. 
{Ga<bj} is defined by: 

caibj = ’ 
{ 

if either Gab or gij is NULL 
c(G,b, gij) otherwise, 

{G,b} and {gij} are the adjacency matrices of the 
graphs, whose elements may be in R1 or NULL. These 
matrices are symmetric with NULL elements along the 
diagonal. So, G,b is the weight of the link between 
nodes a and b of graph G. The matrix M  indicates 
which nodes in the two graphs match: 

Mai = 
{ 

1 if node a in G  corresponds to node i in g 
0 otherwise, 

Note the two-way constraints on M. The function 
c(., .) is a similarity measure between the links of the 
two graphs. It is positive if two links are similar 
and negative if two links are dissimilar. By explic- 
itly defining C to be 0 when a link is missing (NULL) 
we are ensuring that C will also be s 

‘j 
arse when the 

graphs are sparse. The function c(., . must be cho- 
sen such that a value of zero is appropriate for miss- 
ing data. In all our experiments c(., .) was defined 
as: c(Gab, gij) = I - 8]G,b - gij] . The function c 

was so chosen, in order to yield an expected value of 
zero when the link weights are randomly selected from 
a uniform distribution in the interval [0, 11. The ex- 
pected value will be zero, because two points chosen 

from a uniform distribution in the unit interval will be 
on average 4 units apart. Note that the use of the L1 
norm makes c(., .) robust in the statistical sense. 

We transform our inequality constraints in (1) into 
equality constraints by introducing slack variables, a 
standard technique from linear programming. An ex- 
tra row and column are added to the match matrix M  
to hold our slack variables. Following the treatment in 
[15, 171 we employ Lagrange multipliers and an 2 log t 
barrier function to enforce the constraints, resulting in 
the following objective: 

E~~(hl;p,v)=-~~~~~M,i~bjc~ibj 
a=1 i=l b=l j=l 

. A+1 Id-1 

+$ }S T Mai(lOgMai - 1) 

a-l s-1 

a=1 i=l i=l a=1 

In the above we are looking for a saddle point by 
minimizing with respect to A4 and maximizing with 
respect to ,Y and Y, the Lagrange multipliers. 

The above objectives have been modified to handle 
ARGs as well [lo]. 

Note the graph matching formulation in (l), with 
the inclusion of the robust, sparse distance measure 
between links, is new. Previous energy functions, as in 
[14], even when modified with slacks to handle missing 
or extra nodes, perform very badly in comparison to 
the algorithm presented here when matching graphs 
of unequal sizes. 
2.2 The Algorithm 

In graph matching we have a two-way constraint: 
A node in graph G must correspond to only one node 
in graph g and vice versa. These two constraints can 
be satisfied using a result from [18]. In [18] it is proven 
that any square matrix whose elements are all positive 
will converge to a doubly stochastic matrix just by the 
iterative process of alternatively normalizing the rows 
and columns. (A doubly stochastic matrix is a matrix 
whose elements are all positive and whose rows and 
columns all add up to one-it may roughly be thought 
of as the continuous analog of a permutation matrix). 

Figure 1 depicts the algorithm used to minimize the 
objective in (2). Notice the contrast between softas- 
sign and softmax. In softmax, a one-way constraint is 
strictly enforced by normalizing over a vector. 

The softassign simply employs Sinkhorn’s tech- 
nique within a deterministic annealing context. 
In [ll], the softassign was used to solve the 
assignment problem, i.e. the minimization of: 

--&$-l2& MaiQai. For the quadratic assignment 
emg solved here, by doing a simple regroup- 

ing of terms in (l), -4 C&‘=, cf, M,i(Cfl’=, Xi=1 
hfbjcaibj) and using the values of M  from the previ- 
ous iteration, we can at each iteration produce a new 
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Figure 1: Left: Graduated assignment graph matching architecture. C’aiaj is a sparse distance measure between 
the two graphs and M,i is the match matrix. Right: Softassign. 

assignment problem for which the softassign then re- 
turns a doubly stochastic matrix. As the temperature 
is lowered a series of assignment problems are gener- 
ated, along with the corresponding doubly stochastic 
matrices returned by each softassign, until a permu- 
tation matrix is reached. Hence the name graduated 
assignment. 

The dynamics in Figure 1 may be obtained by 
evaluating the saddle points of the objective in (2). 
Sinkhorn’s method finds the saddle points for the La- 
grange parameters. 

Note the algorithm actually operates on non-square 
match matrices, with an extra row and column of slack 
variables to handle missing and extra nodes. This does 
not result in any major complications in the above. 

3 Experimental Results 
Experiments conducted include: i) Repeating an 

experiment with attributed relational graphs first con- 
structed by Eshera and Fu [3] who used a branch and 
bound method to perform the matching. ii) Hand de- 
signing attributed relational graphs from real images 
and matching them. iii) Generating twenty-five thou- 
sand random graphs of different types (unweighted 
graphs, weighted graphs and weighted graphs with bi- 
nary attributes) and testing them under varying con- 
ditions of noise. iv) Running benchmarks against a 
relaxation labeling algorithm and an algorithm em- 

lo 
rr 

ing Potts glass dynamics. A sample follows; see 
10 for the rest of the experiments. 

3.1 Graphs from Images 
In one experiment, we hand designed graphs from 

two real images, Figure 2 and Figure 3, representing a 
model, and representing the scene in which we wish to 
locate the model, respectively. We assumed a low-level 
image processing sub-system capable of edge detec- 
tion and curve grouping. Notice the large difference 
in scale, the occlusion, the large amount of clutter 
in the scene and even a small perspective difference. 
Three curves were created for the model and seven- 
teen curves for the scene (curves are not shown). Four 
types of features were then marked for points on these 
curves, corresponding to whether they were points on 

Figure 2: Image of scotch tape roll with features hand 
labeled 

straight lines, convex curves, non-convex curves or dis- 
continuities (break points) such as the end of the curve 
or at an inflection point. 44 (model) and 110 (scene) 
feature points were produced in the two images. 

Attributed relational graphs of 44 and 110 nodes 
each were created from these sets of features. Each 
node had four binary valued attribute types, corre- 
sponding to straight line, convex curve, non-convex 
curve or break point features. Eight different link 
types between nodes within a graph were created. 
The first link type was binary valued and set to 1 be- 
tween any two nodes corresponding to feature points 
on the same curve, NULL otherwise. The remain- 
ing link types were dependent on various parameters, 
such as the normalized distance between feature points 
within the same curve, the tangent angles to feature 
points on the curve, and the relationship between the 
curves the feature points lied on. The algorithm re- 
turned a match matrix with an assignment between 
the two graphs that was essentially correct except for 
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such as linear programming also fair very poorly in 
comparison [19]. 

Figure 3: Image of a table top scene with features 
hand labeled 

a small shift in the matching of the circular curve in 
the scotch tape in the model and the circular curve 
in the scotch tape in the scene. That is instead of 
matching 1 H 1,2 +-+ 2,3 H 3,4 c) 4... it matched up 
as 1 * 2,2 H 3,3 cs 4,4 H 5, . . . 

3.2 Benchmarks using Randomly Gener- 
ated Graphs 

Relaxation labeling [4] was chosen as a benchmark, 
because it is the only widely used graph matching 
method in the computer vision community, of low 
enough order computational complexity, to handle the 
size graphs we are examining. Branch and bound tech- 
niques, in contrast, are very slow and only suitable to 
either very small (< 20 nodes) or very problem specific 
graphs. For example, the the technique in [3] is still of 
approximately O(Pm’) complexity (where 1 and m are 
the number of links in the two graphs), even after the 
search space is pruned, and would run many orders of 
magnitude slower then our O(lm) graduated assigned 
algorithm on the 1000 link graphs we are testing. We 
did however, as noted above, repeat a specific branch 
and bound graph matching experiment from the lit- 
erature [3, lo]. In neural networks, computer vision, 
operations research, and theoretical computer science 
we have found no literature that reports experiments 
on algorithms that have produced comparable results 
on the size of the graphs we are working with. For ex- 
ample, using a neural network technique [7] obtained 
very poor results (< 25% accuracy) on graph isomor- 
phism with 75 node graphs of less then 30% connec- 
tivity. On a much harder 100 to 98 node subgraph 
isomorphism problem (much harder because the algo- 
rithm included slack variables to handle potentially 
missing or extra nodes) the graduated assignment al- 
gorithm was almost 100% accurate on all graphs of 
greater then 4% connectivity. (This experiment is not 
shown, a harder 100 to 90 node experiment is shown 
instead in Figure 4, for which the results are still excel- 
lent.) Other traditional computer science techniques, 

PG PR 

IO 20 
Percent Connectivity 

30 

Figure 4: Comparisons between graduated assignment 
(GA), relaxation labeling (PR), and Potts glass (PG) 
Subgraph isomorphism.. 90 node graphs of varying 
connectivity run against 100 node graphs. GA - 700 
trials. PR - 70 trials. PG - 700 trials. 

5 
Percent Noise 

Figure 5: Comparisons between graduated assignment 
(GA), relaxation labeling (PR), and Potts glass (PG) 
Weighted graph matching. 60 node graphs, 15% 
connectivity, 5% deleted links, 5% spurious links, run 
against 100 node graphs. GA - 600 trials. PR - 60 
trials. PG - 600 trials. 

The second benchmark was conducted against an 
algorithm which used the Potts glass dynamics [16] to 
minimize the objective in Section 2.1 with an addi- 
tional penalty term to enforce one constraint. Note 
this second algorithm is also original, since the for- 
mulation in Section 2.1 is new. It was designed to 
measure the performance of the softassign against the 
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Figure 6: Comparisons between graduated assign- 
ment (GA), relaxation labeling (PR 

h 
, 

(PG)Attnbuted relational grap 
and Potts glass 
matching. 40 

node graphs, 10% connectivity, 3 binary attributes, 
5% deleted links, 5% spurious links, 5% mislabeled 
attributes, run against 100 node graphs. GA - 1100 
trials. PR - 110 trials. PG - 1100 trials. 

softmax with a penalty term, wlhich is one facet of the 
improvements offered by the new algorithm. 

Figures 4, 5 and 6 display the results of these ex- 
periments on subgraph isomorphism, weighted graph 
matching, and attributed relational graph matching. 
In subgraph isomorphism, the x-axis displays the per- 
cent connectivity of the random graphs generated. In 
the other experiments the x-axis displays the percent 
noise added to the link weights in the randomly gener- 
ated graphs. Link weights were randomly chosen from 
a uniform distribution in the interval [0, 11. Then uni- 
form noise was added to the link weights in the in- 
tervals [O,O.l] and [O, 0.21 for the weighted graphs and 
the ARGs respectively. As noted in Figures 4, 5 and 
6 various size graphs were matched and other sources 
of noise were included. Running times of the gradu- 
ated assignment and Potts glass algorithms in these 
experiments range between 20 seconds and 2 minutes 
on a SGI Indigo workstation except for some of the 
subgraph isomorphism experiments involving graphs 
of higher connectivity. The relaxation labeling algo- 
rithm was between 5 and 15 times slower. 

Graduated assignment performs best by a wide 
margin. 

4 Conclusion 
A fundamentally new algorithm for inexact graph 

matching, applicable to any type of graph has been 
developed. By combining neural network techniques 
from statistical physics with a new energy function 
that explicitly encodes for sparsity large improvements 
in accuracy and speed are achieved over conventional 
techniques. A recently developed technique for con- 
straint satisfaction, softassign, removes the need for 
penalty terms or Lagrange multipliers within the non- 

linear objective used to formulate the problem. The 
result is a remarkably simple, yet effective two-step 
iterative procedure for graph matching. 

Powerful evidence has been provided of the algo- 
rithm’s performance, including experimental evidence 
on a scale never before provided for any graph match- 
ing technique. We have demonstrated that it will work 
on a problem from the research literature [3, lo], ap- 
plied it to graphs from real images, tested it on a wide 
variety of graphs under conditions of noise, and bench- 
marked it against a standard method. The method 
is universal-it is applicable to any type of graph. 
It has low order computational complexity (O(Zm)). 
And it is accurate-it will work on problems such 
as subgraph isomorphism which have proved difficult 
for non-linear methods. Graduated assignment graph 
matching holds enormous promise. 
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