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1. Introduction

Although many algorithms have been developed so far
for structure alignment problem based on either distance-
based methods or vector-based methods, such as iterative
dynamical programming, Monte Carlo simulation, graph
theory, and mean field equations, only a few methods are
published for multiple structure alignment, such as progres-
sive structure alignment and Monte Carlo optimization.

In this paper, we propose a novel method for solving
multiple structure alignment problem, based on mean field
annealing technique. We define the structure alignment
as a mixed integer-programming (MIP) problem with the
inter-atomic distances between two or more structures as an
objective function[1]. The integer variables represent the
marchings among structures whereas the continuous vari-
ables are translation vectors and rotation matrices with each
protein structure as a rigid body. By exploiting the spe-
cial structure of continuous partial problem, we transform
the MIP into a nonlinear optimization problem (NOP) with
a nonlinear objective function and linear constraints, based
on mean field equations. To optimize the NOP, a mean field
annealing procedure is adopted with a modified Potts spin

model[2]. Since all linear constraints are embedded in the
mean field equations, we do not need to add any penalty

terms of the constramts to the error function. In other words,
there is no “soft constraint” in our mean field model and
all constraints are automatically satisfied during the anneal-

ing process, thereby not only making the optimization more
efficiently but also eliminating unnecessary parameters of
penalty that usually require careful tuning dependent on the
problems.

2 Pairwise Structure Alignment

Letny and ny be the atom numbers of two proteins, and
Xi = (af,2hy,ah,) € R (i =1, = 1,...,n;i =
2,j = 1,...,n2) be the atom coordinates of protein chains,
which correspond to C, atoms along the backbones in this
paper. A square distance metric between the chain atoms is

: 2 _ |yl 212 _ 3 1 2 )2
adopted, ie. di; = |X; — X7|° = 37 (wi, — 25 ,)°
The coordinate transformation of a rigid body is generally
expressed by a translation vector A € R? and a rotation
matrix R € R3*3,ie., XF = AF + R* X for the atom i of
the chain k, where there are three independent variables for
the translation vector and the rotation matrix respectively.
For pairwise structure alignment, we fix the coordinates of
the second protein chain, which is assumed to be longer
than the first chain. Therefore, a square distance between
the chain atoms is

=|A+ RX] - X7|? (1)
where A = A' and R = R'. We define binary variables
s;; to describe marching of two atoms for¢ =1, ...,n1;j =
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Figure 1. Two protein chains and assignment
matrix S
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1,...,n9:

if atom ¢ marches 7 in the other chain

1
5ij = { 0 otherwise )

We also consider the gaps in the protein chains by

~_J 1 if atom i marches a gap in the other chain 3)
%0 =0 0 otherwise
In the same way, sg; is defined for j = 1, ..., no.

Since each atom in one chain must match one atom in the
other (including gap), the following conditions are satisfied.

Zsij =1forj=1,...,n9 €]

> sy =1fori=1,..,m 5)

j=0
Figure 1 is an example illustrating the notation.
We assume that gap penalties have affine expression for
consecutive gaps. Let S represent all binary variables s;;.
Then we have an error function for the pairwise structure

alignment problem[1],
ni na

E(S,A,R) =Y sij|lA+ RX} - X}|?
=1 j=1
+Z/\1$’O+Z (m—A Sz 1,05i0
+Zx\ SOJ+Z ™= A so,] 1505 (6)

where \! and A? are position-dependent penalties for open-
ing a gap while 7 is a position-independent penalty for gap
extension proportional to the gap length. The first term is
total square distances between two protein chains. The sec-
ond and third lines are gap penalties corresponding to the
first and the second chains respectively.
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Therefore, pairwise structure alignment is a nonlinear
mixed integer programming with objective function eqn.(6)
and constraints eqns.(4)-(5) for binary variables s;;, (i =
0,1...,m1;5 =0, 1...,n9; (n1 + 1)(n2 + 1) — 1 discrete vari-
ables) and continuous real variables (A, R: six continuous
variables).

3 Mean Field Equations

We adopt mean field annealing[2] to solve the MIP prob-
lem by approximating real variable v;; € [0, 1] to the binary
variable s;; € {0, 1}. Define a free energy function

F(V,A,R) = E(V,A,R) —TH(V)
= E(V,A,R) +TZZ’UU lOg Uij (7)
=0 j=0

where 7' is a temperature for the annealing process, and
H(V') corresponds to the entropy function.
Then the MIP is changed to the following nonlinear pro-

4 Deterministic Annealing and Algorithm

From the analysis of the previous section, we get the fol-
lowing algorithm straightforward.

e STEP-O0: initialization. Set 7'(0),v (0 < v < 1: cool-
ing coefficient), A, 7, and all initial values of variables
vij, A, R. Let iteration index ¢t = 1.

e STEP-1: solve u;;(t) at iteration ¢ by iterative equa-

tions
1 O0E(\V(t-1))
) = — 18
uj( ) T(t—l) Bvij ( )
e STEP-2: solve w; either by Newton method from

eqn.(17) or by the following iterative equation until
converged. That is, iteratively calculate

etii(t)

gramming problem wi ™ Z 2"2 euzk(t)/w(’ld (19)
manimize F(V,A,R) forV,A,R (8)
subjectto Yl v =1 (j=1,..,n2) (9 If converged, rescale w; (t) to be 371, w; = 2.
na _ -
Yot =1 (i=1.,m). (10) e STEP-3: solve eqn.(16) at iteration ¢ for V' (¢).
Tu;rk}g ((I?g%tlgés of optimality for the Blb(jarush é(blehn- e STEP-4: If V is converged, terminate the computa-
2=V =0 0D tion. Otherwise, reduce the temperature T by T'(t) =
5E ~T'(t —1),and lett — ¢ + 1 and then goto STEP-1.
T(logvi; + 1 +Bi=03G=0,.,m;§=0,...,m) (12 . .
0v;j +T(logvij +1) +a; + i =0(i=0 ;) =0 nz) (12) Generally, when converged with a sufficient low T', v;;
ni ny will eventually approach either 0 or 1 due to eqns.(15)-(16),
ZUU =1(G=1,.,n); ZUU =1 (i=1,..,n1) (13which are then taken as s;;. On the other hand, (4, R) are
o o calculated by eqn.(14). Since all constraints are embedded

where a; and 3; are Lagrange multipliers corresponding to
eqn.(9) and eqn.(10) respectively, and ag = By = 0. Note
that there are three independent variables in R, and gg are
the partial derivatives for these three variables.

From eqn.(11), there exist differentiable functions f and

g fora given V
A=fV);R=g(V) (14)
provided that the Jacobian matrix of eqn.(11) for A and R

is not singular. Define 1 0F
Uij = — 4 (15)

T 6vij
fori =0,...,n1;7 = 0,...,ns. From eqns.(12)and the sec-

ond eqn. 0f(l3) we get  pUij
q o _gi (16)
Dortg evE fwy

fori = 0,. nl,j = 0 ., Tz, where w; = e®/T. Note

wo =1 due to ag =

Substltutmg eqn. (16) into the first eqn. of eqn.(13), for
Z—O nl,]—O,.ﬁl 2

Z Z 2 €u‘k/UJk

Therefore, we obtam the mean field equations (14)-(17),
which are equivalent to KKT conditions. All constraints are
automatically satisfied provided that eqns.(16)-(17) hold.
Besides, it is easy to show that eqns.(16)-(17) are scale in-
variant for w;, i.e. w; — kw; does not affect v;;. Notice
that E can be expressed as E(V) = E(V, A(V), R(V)) due
to eqns.(14).

7)

in the mean field equations, there is no “’soft constraint” in
our mean field model and all constraints are automatically
satisfied during the annealing process, which implies that
the proposed approach is much efficient and can be used for
exact structure alignment.

In addition, we can extend the algorithm as well as the
equations to the multiple structure alignment with a few
changes in the same manner, by defining additional binary
variables corresponding to the multiple chains.

5 Conclusion

This paper developed a new method for solving protein
structure alignment problem, based on mean field anneal-
ing technique. The proposed model is general and treats the
structure alignment in a more exact manner with implicit
complete exploration of the entire space. We have tested
our approach to several small-size alignment problems for
preliminary study, which verified the efficiency and effec-
tiveness of our algorithm.
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