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Abstract

RNA secondary structure consists of elements such as
stems, bulges, loops. The most obvious and important
scalar number that can be attached to an RNA structure
is its free energy, with a landscape that governs the fold-
ing pathway. However, because of the unique geometry of
RNA secondary structure, another interesting single-signed
scalar number based on geometrical scales exists that can
assist in RNA structure computations. This scalar num-
ber is the second eigenvalue of the Laplacian matrix cor-
responding to a tree-graph representation of the RNA sec-
ondary structure. Because of the mathematical properties
of the Laplacian matrix, the first eigenvalue is always zero,
and the second eigenvalue (often denoted as the Fiedler
eigenvalue) is a measure of the compactness of the asso-
ciated tree-graph. The concept of using the Fiedler eigen-
value/eigenvector is borrowed from domain decomposition
in parallel computing. Thus, along with the free energy, the
Fiedler eigenvalue can be used as a signature in a clever
search among a collection of structures by providing a sim-
ilarity measure between RNA secondary structures. This
can also be used for mutation predictions, classification of
RNA secondary folds, filtering and clustering. Furthermore,
the Fiedler eigenvector may be used to chop large RNAs
into smaller fragments by using spectral graph partition-
ing, based on the geometry of the secondary structure. Each
fragment may then be treated differently for the folding pre-
diction of the entire domain.

1. Background

The idea of using spectral decomposition in the context
of searching and analyzing RNA structures was first pro-
posed in [1], with analogy to computer vision scales and
the digital total-variation image processing filter [2]. The

concept is borrowed from the field of domain decomposi-
tion in parallel computing, in which spectral-graph parti-
tioning methods are used to subdivide a large domain and
assign different processors to each subdomain in order to
achieve load-balancing. Let us examine the notion of scales
in RNA structures, with the various scales that are illus-
trated in Figure 1. The tertiary structure can be reduced to a
secondary structure, for which sophisticated computational
structure prediction methods based on energy minimization
exist (e.g., Zuker’s mfold and the Vienna RNA package).
The secondary structure can be further downscaled to a tree-
graph [12, 6, 11] and other graphs [4]. Furthermore, for pre-
dicting clever nucleotide mutations that will perturb a given
secondary structure [7], the idea of spectral decomposition
is to represent these graphs by a Laplacian matrix, and seek
the second eigenvalue of the Laplacian (often denoted as the
Fiedler eigenvalue [3] that corresponds to the connectivity
of the graph). Thus, at the coarsest scale, a single real posi-
tive number — the second eigenvalue of the Laplacian matrix
— exists that roughly indicates how the folding occurred as
opposed to other folding possibilities. This reduced spatial
information coexists with the energy of the folded structure,
both being real scalar numbers that are calculated indepen-
dently. Together, they form an effective signature for mea-
suring similarities and discriminating unwanted structures,
given a target folded structure. The second eigenvector of
the Laplacian matrix can be used to chop the structure of
large RNAs such as the ribosome into smaller fragments by
using a spectral-graph partitioning method [10] that mini-
mizes dependencies between fragments.

2. Biological Relevance

An example of predicting clever nucleotide mutations by
the eigenvalue method on a riboswitch structure [9] to sup-
press transcription termination in bacteria is depicted in Fig-
ure 2. Details on the method will given elsewhere.
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Figure 1. Scales in the RNA biomolecule:
(A) Tertiary structure of yeast phenylalanine
tRNA. (B) Secondary structure, suboptimal
prediction corresponding to experiment. (C)
Tree-graph representation. (D) Laplacian ma-
trix. (E) Spectrum of the Laplacian matrix. (F)
Second eigenvalue of the Laplacian matrix.

Figure 2. Thiamin pyrophosphate induced ri-
boswitch with a terminator hairpin (left). As a
conseqeunce of introducing a predicted mu-
tation found by the eigenvalue method, an an-
titerminator structure (right) emerges that de-
stroys the terminator hairpin responsible for
the transcription termination in Bacillus sub-
tilis and other Gram-positive bacteria.
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