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Abstract

We investigate the relationship between circuit bottom
fan-in and circuit size when circuit depth is fixed. We show
that in order to compute certain functions,a moderate reduc-
tion in circuit bottom fan-in will cause significant increase
in circuit size. In particular, We prove that there are func-
tions that are computable by circuits of linear size and depth
k with bottom fan-in 2 but require exponential size for cir-
cuits of depth k with bottom fan-in 1. A general scheme
is established to study the trade-off between circuit bottom
fan-inand circuit size. Based on this scheme, we are able to
prove, for example, that for any integer c, there are functions
that are computable by circuits of linear size and depth k
with bottom fan-in O(logn) but require exponential size for
circuits of depth k with bottom fan-in ¢, and that for any
constant € > 0, there are functions that are computable by
circuits of linear size and depth k with bottom fan-in logn
but require superpolynomial size for circuits of depth k with
bottom fan-in O(log' ~ n). A consequence of these results
is that the three input read-modes of alternating Turing ma-
chines proposed in the literature are all distinct.

1 Introduction

To prove lower bounds for various computational models
remains as one of the most challenging task in complexity
theory. Much progress has been made recently in deriving
lower bounds for computational models with limited ca-
pabilities, with the hope that these may lead to better lower
bounds for more general computational models and to better
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understanding of intrinsical complexity of computation.

One of the most successful trials is the derivation of lower
bounds for constant depth circuits. The first strong lower
bounds were given by Furst, Saxe, and Sipser [11], inde-
pendently by Ajtai [1], who show that the size of a constant
depth circuit computing parity function is superpolynomial.
The results were subsequently sharpened by Yao [17] who
derived an exponential lower bound. Héstad [13, 14] fur-
ther strengthened the result and obtained near optimal lower
bounds. A direct consequence of these results is that the
logarithmic time hierarchy [16], i.e., the set of languages
accepted by families of circuits of constant depth and poly-
nomial size, is a proper subset of P.

The logarithmic time hierarchy was further refined by
Sipser [16] who showed that for each integer £ > 1, there
are functions that are computable by a circuit of depth &
and polynomial size but require superpolynomial size for
circuits of depth £ — 1. Thus, all levels of the logarithmic
time hierarchy are distinct. Exponential lower bounds for
the depth k& to £ — 1 conversion were sequentially claimed
by Yao [17] and fully proved by Héstad [13, 14].

In this paper, we will further sharpen the separation re-
sults in the logarithmic time hierarchy by investigating the
relationship between circuit bottom fan-in and circuit size
when circuit depth is fixed. We show that in order to com-
pute certain functions, a moderate reduction in circuit bot-
tom fan-in will cause significant increase in circuit size. In
particular, We prove that there are functions that are com-
putable by circuits of linear size and depth & with bottom
fan-in 2 but require exponential size for circuits of depth k
with bottom fan-in 1. A general scheme is established to
study the trade-off between circuit bottom fan-in and cir-
cuit size. Based on this scheme, we are able to prove, for



example, that for any integer ¢, there are functions that are

. computable by circuits of linear size and depth k with bot-
tom fan-in O(log n) but require exponential size for circuits
of depth k& with bottom fan-in ¢, and that for any constant
€ > 0, there. are functions that are computable by circuits of
linear size and depth & with bottom fan-in log n but require
superpolynomial size for circuits of depth k& with bottom
fan-in O(log'~“n). Therefore, the computational power
of constant depth circuits depends not only on its depth,
but also strictly on its bottom fan-in when the depth of the
circuits is fixed.

Another motivation of our present research is from the
study of input read-modes of a sublinear-time alternating
Turing machine, which is an important computational model
in the study of complexity classes. A number of input read-
modes for sublinear-time alternating Turing machines have
appeared in the literature. In the standard model proposed
by Chandra, Kozen, and Stockmeyer [8], a computation
path of the machine can read up to O(logn) input bits in
time O(logn). Ruzzo [15] proposed an input read-mode
in which each computation path can read at most one in-
put bit and the reading must be performed at the end of the
path. An input read-mode studied by Sipser [16] insists
that each input reading takes time Q(logn). These input
read-modes have been carefully studied by Cai and Chen
[5], who have given a precise circuit characterization for
each read-mode for log-time alternating Turing machines of
constant alternations. Input read-modes of log-time alter-
nating Turing machines also find applications in the study
of computational optimization problems [6, 7].

Based on Cai and Chen’s circuit characterizations and our
separation results in constant depth circuits, we are able to
show that the three proposed input read-modes for alternat-
ing Turing machines are all distinct. More precisely, if we
let T (resp. 1%, TI3) be the class of languages accepted
by log-time k-alternation alternating Turing machines using
Chandra, Kozen, and Stockmeyer’s (resp. Ruzzo’s, Sipser’s)
input read-mode, then we can show that for all integers £ > 1

NZ cIf cI¥ c Iy,

where C means “proper subset”. This gives a very detailed
refinement of the logarithmic time hierarchy, and shows the
rich structural properties of the logarithmic time hierarchy.

We briefly review the fundamentals related to the present
paper. For further discussion on the theory of circuit com-
plexity and alternating Turing machines, the reader is re-
ferred to [3, 10].

An (unbounded fan-in) Boolean circuit o, with input
r = 21%3-- -z, of length n is a directed acyclic graph.
The fan-in of a node in the circuit is the in-degree of the
node. The nodes of fan-in 0 are called inputs and are labeled
from the set {0,1,z,F1, "+, %n,Tn}- The nodes of fan-
in greater than O are called gates and are labeled either
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AND or OR. One of the nodes is designated the output
node. The size is the number of gates, and the depth is the
maximum distance from an input to the output. Without loss
of generality, we assume the circuits are of the special form
where all AND and OR gates are organized into alternating
levels with edges only between adjacent levels. Any circuit
may be converted to one of this form without increasing
the depth and by at most squaring the size [9]. In this
special form, the gates that are connected to input nodes
will be called bottom level gates, or depth 1 gates. The
gates that receive inputs from depth 1 gates will be called
depth 2 gates, and so on. The bottom fan-in of a circuit is
the maximum over fan-ins of all bottom level gates. The
following notations introduced by Boppana and Sipser [3]
will be especially convenient in our discussion.

Definition [3] A circuit « is a [T} -circuit (resp. X -circuit)
if o is a depth k circuit of size at most s with an AND-gate
(resp. an OR-gate) at the output. A circuit 8 is a IT;’*-circuit
(resp. Xy °-circuit) if 3 is a depth k + 1 circuit of size at most
s with bottom fan-in ¢ and an AND-gate (resp. an OR-gate)
at the output.

A family of circuitsisasequence {a, | n > 1} of circuits,
where o, is with input of length n. A family of circuits may
be used to define a language. A family {a, | n > 1} of
circuits is said to be a [2°" -family (resp. TE°"*°-family)
if there is a polynomial p such that foralln > 1, o, is a
™) -circuit (resp. T ~circuit).

The Sipser function f;", as defined in [13, 14], is given
by a tree circuit of depth k, in which every gate in the bottom
level has fan-in \/kmlog m /2, the fan-in of the output gate
is v/m/ log m, and the fan-in for all other gates is m. Each
variable z;, 1 < ¢ < n, occurs at only one leaf. Note
that the number n of variables of the function fI* equals
m*~1/k/2. The following theorem is proved by Hastad
[13, 14].

Theorem 1.1 ([13, 14]) There is no depth k circuit comput-
ing the Sipser function fi* with bottom fan-in m \/ e

H i
and less than 2%V N &= gates of depth > 2, form > my,
where my is a absolute constant.

The discussion of the present paper is centered on the
complexity of the function f,:"'b, formally defined as fol-
lows.

Definition Let C,’c"’b be the tree circuit defining the Sipser
function f7*, except that each bottom level gate of C,'c""" has

fan-in b instead of /kmlogm/2. Define fi™’ to be the
function computed by the tree circuit C™°.
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An O(logn)-time alternating Turing machine (log-time
ATM) is defined as an extension of the O(logn)-time de-
terministic Turing machines in the usual way [8]. Given
an input, the computation of a log-time ATM M can be
represented by an A-V tree. Each computation path in the
A-V tree can be divided into phases, which are the maximal
subpaths in which M does not make alternations. The first
configuration in each phase is called an alternation (config-
uration). In particular, the starting configuration of M is
always an alternation.

fm,Q(logm)

2 On circuits that compute f,

In this section, we consider the complexity of the function
f™?. where b = Q(logm). Note that the number n of
variables of the function f{** is n = bm*~2,/m/logm.

We first consider the case b < 1/kmlogm/2.

Theorem 2.1 For klogm < b < \/kmlogm/2, the func-
tion f,zn ** cannot be computed by any depth k circuit of bot-

1 i)
tom fan-in ﬁk—ll;E-rE and size bounded by 22/ V fog =
form > my, where my is an absolute constant.

PROOF (SKETCH). We set ¢ = 288 Let (B;)]_, be the
partition of the variables of the function £ such that each
block B; is the set of variables leading into the same bottom
level gate of thetree circuit C;*. Let R} 5, R; 5, and pg(p)
be the probability spaces and the restriction introduced by
Hastad [13], respectively.

Suppose that the theorem is not true. Thus, there is a

I
depth k circuit Cy of size bounded by 212V2x=DV B ™ apq

. b . )
bottom fan-int < TFegm that computes the function f,';‘ ;

Then with the probability spaces R';, p and R g and the
restriction pg(p), and using the switching lemma [13], we
are able to construct a circuit that contradicts Theorem 1.1
(The proofis similar to the induction step in the proof given
by Héstad for Theorem 1.1). [1

Let b = /kmlogm/2 in Theorem 2.1, we obtain The-
orem 1.1. Note that the size bound is slightly improved.

The condition & < y/kmlogm/2 in Theorem 2.1 is
essential in its proof. For larger bottom fan-in b, we have
the following theorem.

Theorem 2.2 For b > 2./kmlogm/2, the function fi™*
cannot be computed by any depth k circuit of bottom fan-in

1 TR
ﬁzeﬁogm and size bounded by 22V V=™ for m > my,
where my is an absolute constant and e is the base of the
natural logarithm.

PROOF. Letgq = 1—'0—4@. Consider the following
probabilityspace R} of restrictions:
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For each variable z; of the function f} ° let
pt(z;) = # with probabilityg and else p* (z;) =
1.

The probability space R, is defined similarly except that
the value 1 is replaced by value 0.

From now on, we assume that the bottom level gates of
the tree circuit C}" )b defining ;" '* are AND gates. The case
when the bottom level gates of C,Z."’b are OR gates can be
proved similarly by using the probability space R instead
of the probability space R .

We first show that under a restriction p* € R;" , with very
large probability, the tree circuit C,:”’b computes a function
at least as hard as the Sipser function f”.

Let 7 be a bottom level gate in the tree circuit C’,T’b. The
gate 7 is an AND gate of fan-in b. Let p; = (%)¢’(1 — ¢)*~*
be the probability that the gate 7 gets exactly ¢ *’s under a
restriction p* € R} . First we consider the ratio

b—i+1
Di-1 t

For i € 1.02\/kmlogm/2, we have
b—1 S b—-1.02\/kmlogm/2

i T 1.02y/kmlogm/2

q b—1
1—¢ )

4
1—-¢

and

(1.04y/kmlogm/2)/b
1= (1.04/kmlog m/2)/b
1.04\/kmlogm/2
b — 1.04y/kmlogm/2

Thus, we have

Pi
Pi-i
S b—1.02\/kmlogm/2  1.04\/kmiogm/2
1.02\/kmlogm/2 b — 1.04y/kmlogm/2
, 2
= 3]

This gives (51/52) ~'p; for i

1.02/kmlogm/2.

Now under a restriction pt € R;]", the probability that
the gate 7 gets less than \/km log m/2 #’s is bounded by

N =yreys
>

i=0
v kmlogm/2

i=0

> pi < Jj =

2]

<

kmlo 2—-¢
(51/52)VEmeem/i=ip s



< 52p\/kmlogm/2
< 52(51/52)0.02\/16771logm/2p1‘02 T
S 52(51/52)0.02\/16771 logm/2

and 52(51/52)002Vkmlogm/2 js smaller than L for suffi-
ciently large m.

Since the circuit Cy*" has less than m*~} bottom level
gates, we conclude that under a restriction p* € R;', the

probabilitythat any bottomlevel gate of the tree circuit C}" )b
gets less than y/km logm/2 +’s is bounded by L.
Now suppose that the theorem is not true. Thus, thereis a

depth £ circuit Cy of bottom fan-in at most ﬁ?ﬁ and size

bounded by ZW Vimm such that the circuit Co computes
the function f,c . We show that under a restriction p* €
R+ with very large probability, the circuit Cp becomes a

m
depth k circuit of bottom fan-in at most B \/_ ]og el
Let u be a bottom level gate of fan-in ¢ < W inthe

circuit Cp, and let r; = ({)¢*(1 — ¢)°~* be the probability
that the gate u gets exactly ¢ +’s under arestriction p* € R} .
We have

c! cge )

(E)qi(l —q)" < m ( :

where the last inequality is based on Stitling’s approximation
(12]

‘1
1!

<

¢ <=

i > 0.9(i/e)!V2mi > (i/e)’,

Let s = m, / o+ Under a restriction p* € R} the
probability that the gate x4 gets more than s *’s is bounded

by

fori > 1

m__
c . ¢
cge\?® 5:72 logm
Yoy (E) <3
. . 2 R )
i=s+1 i=s+1 i=s+1
Fori > s = —1 M we have (2% /-1 )/i <
2;72 logm?’ 252k logm

12 48 . Thus under a restriction p¥ € R+ the probabilitythat
the gate p gets more than s #’s is bounded by

i (12.48/25)' < (12.48/25)*
i=s+1

Since the circuit Cp has at most 2° bottom level gates, we
conclude that under a restriction p* € R}, the probability
that any bottom level gate of the circuit Cy gets more than s
*’s is bounded by

(12.48/25)° - 2

(24.96/25)°
(24.96/25) Y wm
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which is smaller than for sufficiently large m.
Thus, under a restrtctlon pt € R;‘, with probability

>1- ,—7‘1- - # > %, all bottom level gates of the tree circuit

C™? getat least \/km logm/2 +’s (thus C™ is converted
to acircuit computing a function at least as hard as the Sipser
function f;), and all bottom level gates of the circuit Cy

get at most ﬁz_k’ *’s. Note that if a bottom level

gate u of the circuit Cy gets at most T\I/'fk’

logm

logm *’s, then

either the gate u is eliminated from the bottom level (e.g.,
is an AND gate and gets an input with value 0) or the gate u

becomes a gate of fan-in at most 7— In any case,

logm
we have derived that there is an assignment that converts the
circuit Cy into a depth & circuit C” of bottom fan-in bounded

b 1 = and size bounded b 2#& V&= such that
Y 12v/ax \/ Togm y

the circuit C’ computes a function at least as hard as the
Sipser function fJ*. But this contradicts Theorem 1.1. [

3  On circuits that compute f;"”

In the previous section, we showed that for circuits to
compute the function fi**, b = Q(logm), an O(logm)
factor reduction in bottom fan-in may cause an exponential
increase in the circuit size. In this section, we will show
that in certain cases, even reducing the circuit bottom fan-in
by 1 will cause an exponential increase in the circuit size.
More precisely, we will show that the function f"
be computed by a depth & circuit of linear size and bottom
fan-in 2, but requires exponential size for depth k circuits of
bottom fan-in 1. Note that a depth k circuit of bottom fan-in
1 is actually a depth &k — 1 circuit.

We prove the above result with a new probability space
of restrictions. We start with the following lemmas.

Lemma 3.1 Partition the Boolean variables {z1,---,2n}
into groups of ¢ variables each. For each group, randomly
pick r variables and assign them 0. Let o be an OR of a
subset Sy of {z1, %1, -, Zn, Ty} such that S, contains at
least h negative literals T;. Then with the above random
assignment,

Pric 211 < ((c ~r)/e)*

Lemma 3.2 Partition the Boolean variables {zy,---,zp}
into groups of ¢ variables each. For each group, randomly
pick r variables and assign them 1. Let ¢ be an OR of a
subset Sy of {z1,T1,-++,%n, ETn} such that S, contains at
least h positive literals x;. Then with the above random
assignment,

Pric #£ 1] < ((c — r)/o)*

Now we are ready for the main theorem of this section.
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Theorem 3.3 The function f;" 2 cannot be computed by any

1 i
depth k — 1 circuit of size bounded by 2 2/xx=1 V T for
m > my, where my is an absolute constant.

PROOF. To simplify the expressions, we let s =
1 __/ m 1
TV TE AT TR Suppose that the theorem is not true

and that there is a depth & — 1 circuit C of size 2° that com-
putes the function f;" 2. Furthermore, we assume that the
gates in the bottom level of C are OR gates (the case that
the bottom level gates of C' are AND gates can be proved
similarly.)

Randomly pick one variable from each pair #,;_; and
2; and assign it 0. This will reduce the tree circuit C} "
defining £ to the tree circuit C" defining .

Let T be an OR gate in the bottom level of the circuit C
such that 7 has more than s negative literals in its input, then
by Lemma 3.1,

Prir#1] < (1/2)**

Let 7y, .-, 7, 7 < 2%, be all the gates in the bottom level of
the circuit C such that there are more than s negative literals
in their input, then

Prin#lv.---Vvr #£1]
< Prim#Z1]+---+ Prir £1]
< 2/
= 1/2
Thus,

Prin=1A-- AT =1]12>1/2

Therefore, there is an assignment that converts the circuit
C? to the circuit C7»7 and eliminates all gates in the
bottom level of the circuit C' in whose input there are more
than s negative literals. Let the circuit obtained from C by
this assignment be C”.

Now partition the input of the function f; 7" into groups
of m variables each such that each group corresponds to the
inputs to a bottom level gate of the tree circuit C} 7", Ran-
domly pick half of the variables in each group and assign
them 1. The circuit C;'{* under such an assignment is con-

verted to the circuit C’,:"_’rl"/ 2 defining the function f;"_”lni 2,

Let & be an OR gate in the bottom level of the circuit
C' with more than s positive literals in its input, then by
Lemma 3.2,

Prlo # 1] < (1/2)*F

Let oy, ---, 03, t < 2°, be all the gates in the bottom level
of the circuit C’ with more than s positive literals in their
input, then

Prici21V---Vo, £1]
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PT[O’] ¥ 1]++P'I‘[0’t$ 1]
2°(1/2)*+!
1/2

INIA

Thus,
Prioy=1A- Aoy =1]2>1/2

Therefore, there is an assignment that converts the circuit
CroT to the circuit C;"_’T/ ? and eliminates all gates in the
bottom level of C’ that have more than s positive literals
in their input. Let the circuit obtained from C” by this
assignment be C*.

Since each gate in the bottom level of the circuit C”* has
neither more than s negative literals nor more than s posi-
tive literals in its input, the bottom fan-in of the circuit C”/

is at most 2s = ?Lr=
6/2(k-1)

m’% for sufficiently large m. Thus, we have con-
structed a circuit C” of depth k - 1, bottom fan-in less than

PR S— i
and size bounded by 2° = 212V/2:-DV #™

m/2
25e(k—=1)logm?’

such that C” computes the function f;’f_"lnl 2. This contra-
dicts Theorem 2.2. a

The following corollary will be used in Section 5.

Corollary 3.4 The function f,T’Z can be computed by a
circuit of depth k, linear size, and bottom fan-in 2, but cannot
be computed by any depth k — 1 circuit of polynomial size.

4 Trade-off between bottom fan-in and size

We first summarize the results in the previous two sec-
tions in the following theorem.

Theorem 4.1 For all integers b > 2 and sufficiently large
m, the function fi* can be computed by a depth k circuit of
linear size and bottom fan-in b, but requires size larger than

1 [0
2EVEV T for depth k circuits of bottom fan-in s ghe—r.

PROOF.  For the case 2 < b < klogm, since fe'kliom <
1, the theorem is implied by Theorem 3.3. The case

klogm < b < y/kmlogm/2 is proved in Theorem 2.1.
For the case \/kmlogm/2 < b < 2y/kmlogm/2, since
S S fZ’Z ::::::/ 2, the theorem is implied by Theo-

rem 2.1. Finally, the case b > 21/kmlogm/2 is proved by
Theorem 2.2. O

A number of important consequences follow directly
from Theorem 4.1.

Theorem 4.2 For any integers k > 1 and h > 1, and for
any real number r, there are functions that are computable



by a circuit of linear size and depth k with bottom fan-in
O(log" n), but requirs exponential size for depth k circuits
of bottom fan-inrlogh ' n.

By more careful selections of the bottom fan-in b in The-
orem 4.1, combined with a padding technique, we are able
to obtain general results for the trade-off between circuit
size and circuit bottom fan-in. We illustrate this technique
by the following theorem, which can be easily extended to
other cases using the same technique.

Theorem 4.3 For any integer k > 1 and for any real num-
ber € > 0, there is a function Fy that is computable by a
circuit of linear size and depth k with bottom fan-in logn,
but requires superpolynomial size for depth k circuits of
bottom fan-in O(log' ™€ n).

PROOF.

Theorem 4.2 to choose a function f}" ® of < m*=! variables
which can be computed by a depth £ circuit of linear size
and bottom fan-in b = 25¢k log"*! m but requires size

1 i
2/ V gm

when the bottom fan-in is < log" m.

Now make the function f;™° formally the function F
of n = 225¢klog" "' m \ariables by adding dummy variables
that are not used. The theorem now follows for the function
Fy since the size bound (1) is superpolynomial in » and
clog*n < logh m for any fixed constant ¢ when m is

sufficiently large. |

Choose h such that hhj > 1 — ¢, and then use

(D

In particular, if we let ¢ = 1 and h = 1, then we obtain
the following corollary that will be used in Section 5.

Corollary 4.4 For any integer k > 1, there is a function Fy,
that is computable by a circuit of linear size and depth k
with bottom fan-in log n, but requires superpolynomial size
for depth k circuits of bottom fan-in O(1).

5 Input read-modes of Turing machines

An important application of the above investigation is on
the input read-modes of a sublinear-time alternating Turing
machine, which is an important computational model in the
study of complexity classes.

To make sublinear-time Turing machines meaningful, we
allow a Turing machine to have a random access input tape
plus a read-write input address tape, such that the Turing
machine has access to the bit of the input tape denoted by
the contents of the input address tape.

A number of input read-modes for sublinear-time al-
ternating Turing machines have appeared in the litera-
ture. The standard input read-mode introduced by Chandra,
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Kozen, and Stockmeyer [8] allows a computation path of
an O(logn)-time alternating Turing machine to read up to
©(logn) input bits. Ruzzo [15] proposed an input read-
mode in which each computation path can read at most one
input bit and the reading must be performed at the end of
the path. An input read-mode studied by Sipser [16] insists
that the input address tape be always reset to blank after each
inputreading so that each input reading takes time Q(log n).

It can be shown that many complexity classes such as
NC* for k > 1 and AC* for k > 0 remain the same for
all these input read-modes of alternating Turing machines.
On the other hand, it was unknown whether these input
read-modes affect the classes of lower complexity such as
the levels in the logarithmic time hierarchy. Recently, Cai
and Chen [5] have given precise circuit characterizations
for each level of the logarithmic time hierarchy based on
each of the above three input read-modes. Combining these
characterizations with the separation results given in the
previous sections, we are able to show that all these input
read-modes are distinct.

Formally, the logarithmic time hierarchy is defined to be
the union of the following classes:

H]1H27""nk7"'

where I, is the class of languages accepted by a log-time
ATM that always starts with an A-state and makes at most k
alternations.

The above definition ignores the input read-modes of the
log-time ATMs thus is not very precise. To be more precise,
we will call

wny,. . m,...

the logarithmic time hierarchy based on Chandra-Kozen-
Stockmeyer’s model,

R iR R
nlvn2v""nk"“

the logarithmic time hierarchy based on Ruzzo’s model, and
Hf,Hf,---,Hf,---

the logarithmic time hierarchy based on Sipser’s model,
where I1Y (resp. ne, l'If ) is the class of languages accepted
by a log-time ATM based on Chandra-Kozen-Stockmeyer’s
input read-mode (resp. on Ruzzo’s input read-mode, on
Sipser’s input read-mode) that always starts with an A-state
and makes at most k alternations.

Theorem 5.1 ([5]) For all integers k > 1,

(1). Ifalanguage L is in the class TR, then L is accepted
bya I'I’,’;"I” ~family of circuits;

(2). IfalanguageL isinthe class 15, then L is accepted
by a T2°"Y"°family of circuits for some constant c;

(3). Ifalanguage L isin the class 1Y, then L is accepted
bya Hi"ly’d logn _camily of circuits for some constant d;
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Combining Theorem 1.1, Corollary 3.4, Corollary 4.4,
and Theorem 5.1, we obtain the following strong separation
of the logarithmic time hierarchy. The proof is omitted.

Theorem 5.2 Forallk > 1, we have IIE c TI{ C Y C
H,CRH, where C means “proper subset”.

Corollary 5.3 Forallk > 1, the kth levels of the logarith-
mic time hierarchy based on Chandra-Kozen-Stockmeyer’s
input read-mode, Sipser's input read-mode, and Ruzzo's in-
put read-mode are all distinct.
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